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PREFACE 


This book is the fourth edition of one with the same title originally published 
in two volumes. When a second edition was called for, the book was almost 
entirely re-written, but, for subsequent editions, no such extensive revision has 
seemed to be necessary. In the intervals between editions new researches are 
made, or the Author may become acquainted with some that appeared before 
the last edition, but were unknown to him at the time of writing it. It 
happened, for example, that much of the literature published just before, and 
during, the years 1914-1918 was not available for the third edition. It is 
desirable to incorporate some account of, or reference to, such researches. Thus 
the book tends to expand, but efforts have been made to keep it within moderate 
bounds. It is hoped, however, still to present a fair picture of the subject in 
its various aspects, as a mathematical theory, having important relations to 
general physics, and valuable applications to engineering. 

The present edition differs from its predecessors by additions and revisions. 
The most important additions are (i) a discussion of the theory of a rectangular 
plate, clamped at the edges, and bent by pressure applied to one face; (ii) a 
discussion of the theory of the resistance of a plate to pressure, when it is so 
thin that the extension of the middle plane, due to deformation of that plane 
into a curved surface, cannot be neglected; (iii) an account of the process by 
which stress-strain relations are deduced from the molecular theory of a 
crystalline solid. The last of these appears as an expansion of Note B. The 
reason for adopting this course is not that the subject appears to the Author 
to be unimportant, but that the theory developed in the text is essentially 
macroscopic, and a structure theory, though desirable, would disturb the logical 
development. No account has been given of the approximate methods that 
figure so largely in some recent books, e.g. those of J. Prescott and of Tiraoschenko 
and Lessels, botn of which appeared too late for citation at the appropriate 
places in the text. The most important revision concerns the theory of the 
equilibrium of a sphere. It has been found to be possible to simplify very 
considerably the easier parts of that theory, and thus to lead, by comparatively 
elementary methods, to the most important geophysical applications of the 
subject. This revision necessitated a re-numeration of the relevant Articles 
(171-180), and another slight revision entailed a similar change ih AftSSIps 
92 and .93, but, with these exceptions, the numeration is the same as that 
the third edition, where new Articles or Chapters were marked with the 
letters ‘‘a” or New Articles, which are additions, not revisions, in the 
present edition, are marked with letters beginning at thus “335c.” A few 
Articles have been re-written without comment, and a few misprints and 
other errors in the third edition have been corrected. The Author avails him- 
self of this opportunity to express his grateful thanks to correspondents who 
have sent him such corrections. 

A. E. H, LOVE 

>XFORD 

•ctofeer, 19S6 
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HISTORICAL INTRODUCTION 


iThe Mathematical Theory of Elasticity is occupied with an attempt to 
reduce to calculation the state of strain, or relative displacement, within a 
solid body which is subject to the action of an equilibrating system of forces, 
or is m a state of slight internal relative motion, and with endeavours to 
obtain results which shall be practically important in applications to archi- 
tecture, engineering, and all other useful arts in which the material of con- 
struction is solid. Its history should embrace that of the progress of our 
experimental knowledge of the behaviour of strained bodies, so far as it has 
'|)een embodied in the mathematical theory, of the development of our con- 
ceptions in regard to the physical principles necessary to form a foundation 
f®r theory, of the growth of that branch of mathematical analysis in which the 
process of the calculations consists, and of the gradual acquisition of practical 
rules by the interpretation of analytical results. In a theory ideally worked 
out, the progress which we should be able to trace would be, in other par- 
ticulars, one from less to more, but we may say that, in regard to the assumed 
physical principles, progress consists in passing from more to less. Alike in 
experimental knowledge obtained, and in the analytical methods and 
esalts, nothing that has once been discovered ever loses its value or has to 
De discarded; but the physical principles come to be reduced to fewer and 
core general ones, so that the theory is brought more into accord with that 
)f other branches of physics, the same general principles being ultimately 
Mjuisite and sufficient to serve as a basis for them all. And although,* in 
;hc case of Elasticity, we find frequent retrogressions on the part of the 
ixperimentalist, and errors on the part of the mathematician, chiefly in 
idopting hypotheses not clearly established or already discredited, in pushing 
extremes methods merely approximate, in hasty generalizations, and in 
uisunderstandings of physical principles, yet we observe a continuous progress 
I all the respects mentioned when we survey the history of the science from 
be initial enquiries of Galileo to the conclusive investigations of Saint-Venant 
nd Lord Kelvin. 

The first mathematician to consider the nature of the resistance of solids 
' rupture was Galileo’. Although he treated solids as inelastic, not being in 
session of any law connecting the displacements produced with the forces 
Nucing them, or of any physical hypothesis capable of yielding such a law, 
bis enquiries gave the direction which was subsequently followed by many 
pvestigators. He endeavoured to determine the resistance of a beam, one 
|d of which is built into a wall, when the tendency to break it arises £rom 

’ QsUleo Gtlild, DUemi e Dimoitnzioni tMtemtiekt, Laid«n, 1688. 
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its own or an applied weight; and he concluded that the beam tends to turn 
about an axis perpendicular to its length,, and in the plane of the wall. This 
problem, and, in particular, the determination of this axis, is known as Galileo s 
problem. 

In the history of the theory started by the question of Galileo, undoubtedly 
the two great landmarks are the discovery of Hooke s Law in 1660, and the 
formulation of the general equations by Navier in 1821. Hooke’s Law pro- 
vided the necessary experimental foundation for the theory. When the general 
equations had been obtained, all questions of the small strain of elastic bodies 
were reduced to a matter of mathematical calculation. 

In England and in France, in the latter half of the I7th century, Hooke 
and Mariotte occupied themselves with the experimental discovery of whati 
we now term stress-strain relations. Hooke® gave in 1678 the famous law of 
proportionality of stress and strain which bears his name, in the words Ut 
tensio sic vis; that is, the Power of any spring is in the same proportion with 
the Tension thereof.” By ‘"spring” Hooke means, as he proceeds to explain, 
any “springy body,” and by “tension” what we should now call “extension," 
or, more generally, “strain.” This law he discovered in 1660, but did not 
publish until 1676, and then only under the form of an SLnagmm^ceiiinosssttuu. 
This law forms the basis of the mathematical theory of Elasticity, and we shal 
hereafter consider its generalization, and its range of validity in the light of 
modem experimental research. Hooke does not appear to have made any 
application of it to the consideration of Galileo’s problem. This application 
was made by Mariotte^ who in 1680 enunciated the same law independently. 
He remarked that the resistance of a beam to flexure arises from the exten- 
sion and contraction of its parts, some of its longitudinal filaments being 
extended, and others contracted. He assumed that half are extended, and 
half contracted. His theory led him to assign the position of the axis, required 
in the solution of Galileo’s problem, at one-half the height of the section abov 
the base. 

In the interval between the discovery of Hooke’s Law and that of tl: 
general differential equations of Elasticity by Navier, the attention of tho 
mathematicians who occupied themselves with our science was chiefly direct 
to the solution and extension of Galileo’s problem, and the related theoric 
of the vibrations of bars and plates, and the stability of columns. The fin 
investigation of any importance is that of the elastic line or elastica by Jamf 
Bernoulli* in 1705, in which the resistance of a bent rod“ts assumed to 
from the extension and contraction of its longitudinal filaments, and tb 

^ Eobert Hooke, De Potentia rettitutiva, London, 1678. 

3 E, Mariotte, Train da mouvement des eauxy Paris, 1686. 

< Bernoulli’s memoir is entitled, ^V^table hypotb^se de la rdsistanoe des soiides, aveclj 
demonstration de la oourbure des corps qoi font ressort,* and will be found in his ooUei 
works, t. 2, Geneva, 1744. 
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equation of the curve assumed by the axis is formed. This equation practi- 
;ally involves the result that the resistance to bending is a couple proportional 
,0 the curvature of the rod when bent, a result which was assumed by Euler 
n his later treatment of the problems of the elastica, and of the vibrations 
)f thin rods. As soon as the notion of a flexural couple proportional to the 
curvature was established it could be noted that the work done in bending a 
’od is proportional to the square of the curvature. Daniel Bernoulli® sug- 
gested to Euler that the differential equation of the elastica could be found 
by making the integral of the square of the curvature taken along the rod 
minimum; and Euler®, acting on this suggestion, was able to obtain the 
liflferential equation of the curve and to classify the various forms of it. One 
form is a curve of sines of small amplitude, and Euler pointed out’ that in 
this case the line of thrust coincides with the unstrained axis of the rod, so 
that the rod, if of sufficient length and vertical when unstrained, may be bent 
by a weight attached to its upper end. Further investigations® led him to 
fissign the least length of a column in order that it may bend under its own 
pr an applied weight. Lagrange® followed and used his theory to determine 
|;he strongest form of column. These two writers found a certain length 
* lich a column must attain to be bent by its own or an applied weight, and 
?y concluded that for shorter lengths it will be simply compressed, while for 
3ater lengths it will be bent. These researches are the earliest in the region 
elastic stability. 

In Euler’s work on the elastica the rod is thought of as a line of particles 
lich resists bending. The theory of the flexure of beams of finite section 
IS considered by Coulomb*®. This author took account of the equation of 
uilibrium obtained by resolving horizontally the forces which act upon the 
rt of the beam cut off by one of its normal sections, as well as of the 
nation of moments. He was thus enabled to obtain the true position of 
e “neutral line,” or axis of equilibrium, and he also made a correct calcu- 
tion of the moment of the elastic forces. His theory of beams is the most 
act of those which proceed on the assumption that the stress in a bent 
^am arises wholly from the extension and contraction of its longitudinal 
aments, and is deduced mathematically from this assumption and Hooke’s 
aw. Coulomb was also the first to consider the resistance of thin fibres to 
►rsion**, and it is his account of the matter to which Saint- Venant refers 

See the 26th letter of Daniel Bernoulli to Euler (October, 1742) in Fuss, Corretpondance 
pHmatique et phytique^ t. 2, St Petersburg, 1843, 

the Additarnentum *De ourvis elasticis’ in the Methodm inveniendi liiieas curvas maximi 
proprietaU gaudentes^ Lausanne, 1744. 

Histoire de VAcadimie^ t. 13 (1757). 

Acta Acad, Petropolitanm of 1778, Pan prior^ pp. 121 — 193. 

Mmellaufa Taurinensia, t. 6 (1773). 

'Essai surune application des regies de MojcimU et Minimis k quelques Probl^mes de Statique, 
Jatifa k I’Architeotnre,* M€m,„,par divers savans, 1776, 

’ Butoire de VAcadimie for 1784. pp. 229—269, Paris, 1787. 
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under the name Fancienne throne, but his formula for this resistance was not 
deduced from any elastic theory. The formula makes the torsional rigidity 
of a fibre proportional to the moment of inertia of the normal section about 
the axis of the fibre. Another matter to which Coulomb was the first to pay 
attention was the kind of strain we now call shear, though he considered it in 
connexion with rupture only. His opinion appears to have been that rupture" 
takes place when the shear of the material is greater than a certain limit. 
The shear considered is a permanent set, not an elastic strain. 

Except Coulomb’s, the most important work of the period for the general 
mathematical theory is the physical discussion of elasticity by Thomas Young. 
This naturalist (to adopt Lord Kelvin’s name for students of natural science) 
besides defining his modulus of elasticity, was the first to consider shear as 
an elastic strain". He called it “detrusion,” and noticed that the elastic 
resistance of a body to shear, and its resistance to extension or contraction, 
are in general different; but he did not introduce a distinct modulus of 
rigidity to express resistance to shear. He defined “the modulus of elasticity 
of a substance"” as “a column of the same substance capable of producing a 
pressure on its base which is to the weight causing a certain degree of com- 
pression, as the length of the substance is to the diminution of its length." 
What we now call “Young’s modulus” is the weight of this column per unit 
of area of its base. This introduction of a definite physical concept, associated 
with the coefficient of elasticity which descends, as it were from a clear sky. 
on the reader of mathematical memoirs, marks an epoch in the history of 
the science. 

Side by side with the statical developments of Galileo’s enquiry there were 
discussions of the vibrations of solid bodies. Euler* and Daniel Bernoulli “ 
obtained the differential equation of the lateral vibrations of bars by variatiuo 
of the function by which they had previously expressed the work done in 
bending". They determined the forms of the functions which we should now 
call the “normal functions,” and the equation which we should now call the 
“period equation,” in the six cases of terminal conditions which arise according 

" See the introdoction to the memoir first qnoted, Mem....par diver* eavane, 1778. 

" A Count of Leeturet on Natitral Philotophy and the Mechanical Aru, London, 180', 
Lecture xin. It ie in Eelland’e later edition (1845) on pp. 105 rt teq. 

" Loc. eit. (footnote 18). The definition wag given in Section nc of ToL 2 of the £14 
edition, and omitted in Kelland’a edition, hnt it ie reproduced in the MitceUaneotu Worla < 
Dt Young. _ 

" *De vibrationihae...laminamm elaetioaram...,’ and ‘De sonie multifiariie qnoe lamioM 
ela8ticBe...edant...’ publiehed in Commentarii Academia Seientiarum Imferialii PetropolitMr* 
t. IS (1751). The reader mnet be cautioned that in wriUngs of the ifitb eentnrp a “lamiM 
means a straight rod or curved bar, supposed to be cut from a tlun plate or ejrlindrioal 
by two normal sections near together. This nsage lingers in many 

" The form of the energy-fonetion and the notion of obtaining the difleiwntiid egnatioe < 
varying it are due to D. Bemonlli The process was canied ont by Baler, and the ^ 
functions and the period equations were determined by 
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the ends are free, clamped or simply supported. Ohladni^^ investigated 
jhese modes of vibration experimentally, and also the longitudinal and torsional 
vibrations of bars. 

The success of theories of thin rods, founded on special hypotheses, appears 
)0 have given rise to hopes that a theory might be developed in the same 
yay for plates and shells, so that the modes of vibration of a bell might be 
leduced from its form and the manner in which it is supported. The first to 
ittack this problem was Euler. He had already proposed a theory of the 
•esistance of a curved bar to bending, in which the change of curvature 
played the same part as the curvature does in the theory of a naturally 
straight bar^**. In a note “De Sono Campanarum^® ’’ he proposed to regard 
bell as divided into thin annuli, each of which behaves as a curved bar. 
This method leaves out of account the change of curvature in sections through 
Jie axis of the bell. James Bernoulli®® (the younger) followed. He assumed 
nhe shell to consist of a kind of double sheet of curved bars, the bars in one 
sheet being at right angles to those in the other. Reducing the shell to a plane 
plate he found an equation of vibration which we now know to be incorrect. 

James Bernoulli's attempt appears to have been made with the view of 
[liscovering a theoretical basis for the experimental results of Chladni con- 
eriiing the nodal figures of vibrating plates". These results were still unex- 
ilaincd when in 1809 the French Institut proposed as a subject for a prize 
Iho investigation of the tones of a vibrating plate. After several attempts 
|h(' prize was adjudged in 1815 to Mdlle Sophie Germain, and her work was 
|)ubli8hed in 1821”. She aasumed that the sum of the principal curvatures 
the plate when bent would play the same part in the theory of plates as 
:i curvature of the elastic central-line in the theory of rods, and she pro- 
ed to regard the work done in bending as proportional to the integral of the 
iiare of the sum of the principal curvatures taken over the surface. From 
is assumption and the principle of virtual work she deduced the equation of 
xural vibration in the fonn now generally admitted. Later investigations 
ve shown that the formula assumed for the work done in bending was 
3oiTect. 

During the first period in the history of our science (1638 — 1820), while 
est* various investigations of special problems were being made, there was 
cause at work which was to lead to wide generalizations. This cause was 

K. F. F. Chladni, DU Akmtik^ Leipzig, 1S02. The author gives an account of the history of 
^ own experimental reaearohes with the dates of first publication. 

In the Meihodtu itivenimdi.,. p. 274. See also his latex writing «Genuina pxineipia... 
*<tatu ftquilihrii ei motn eorpomm.../ Nov* Comm, Acad. Petrapolitana^ 1. 15 (1771)* 

A'ov. Comm, dead. PttropoUtana, 1. 10 (1766). 

'Essai th^orique aur let ribxmtions dea plaques ^lastiquea...,* Nov, Acta PetropoUtaimt 

s (1789). 

publiriied at Leiptig in 1787. See Die dleuflii, p* rii. 

P liccfcercbei mr la MorU des twrfacu 4la$tiqum, Faria, IS21. 
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physical speculation concerning the constitution of bodies. In the eighteenth 
century the Newtonian conception of material bodies, as made up of small 
parts which act upon each other by means of central forces, displaced the 
Cartesian conception of b, plenum pervaded by “vortices.” Newton regarded 
his “molecules” as possessed of finite sizes and definite shapes**, but his 
successors gradually simplified them into material points. The most definite 
speculation of this kind is that of Boscovich^ for whom the material points 
were nothing but persistent centres of force. To this order of ideas belong 
Laplace s theory of capillarity*® and Poisson's first investigation of the equi- 
librium of an “elastic surface*®,” but for a long time no attempt seems to have 
been made to obtain general equations of motion and equilibrium of elastic 
solid bodies. At the end of the year 1820 the fruit of all the ingenuity 
expended on elastic problems might be summed up as — an inadequate theory 
of flexure, an erroneous theory of torsion, an unproved theory of the vibrations 
of bars and plates, and the definition of Young s modulus. But such an estimate 
would give a very wrong impression of the value of the older researches. The 
recognition of the distinction between shear and extension was a preliminary 
to a general theory of strain; the recognition of forces across the elements of 
a section of a beam, producing a resultant, Wks a step towards a theory of 
stress; the use of differential equations for the deflexion of a bent beam and 
the vibrations of bars and plates, was a foreshadowing of the employment of 
differential equations of displacement; the Newtonian conception of the con- 
stitution of bodies, combined with Hooke's Law, offered means for the formation 
of such equations; and the generalization of the principle of virtual work in 
the Micanique Analytique threw open a broad path to discovery in this as in 
every other branch of mathematical physics. Physical Science had emerged 
from its incipient stages with definite methods of hypothesis and induction 
and of observation and deduction, with the clear aim to discover the laws by 
which phenomena are connected with each other, and with a fund of analytical 
processes of investigation. This was the hour for the production of general 
theories, and the men were not wanting. 

Navier*^ was the first to investigate the general equations of equilibrium 
and vibration of elastic solids. He set out from the Newtonian conception of 
the constitution of bodies, and assumed that the elastic reactions arise from 
variations in the intermolecular forces which result from changes in the mole- 
cular configuration. He regarded the molecules as material points, and assumed 
that the force between two molecules, whose distance is slightly increased, is 
proportional to the product of the increment of the distance and some function 

** See, in particular, Newton, Optiks, 2nd Edition, London, 1717, the Slat Query. 

^ B. J. Bosoovich, Theoria Philosphia Naturalis redacta ad unicam legem virium in nature 
existentium, Venice, 1748. 

^ Micanique CSUste^ Supplement au 1(P Livre, Paria, 1806. 

^ PaHe, M4m. de Vlnetitut, 1814. 

^ Parie^ iidm. Acad. Scieneet, t. 7 (1827). The memoir waa read in May, 1821. 
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3 f the initial distance. His method consists in forming an expression for the 
component in any direction of all the forces that act upon a displaced molecule, 
ind thence the equations of motion of the molecule. The equations are thus 
:>btained in terms of the displacements of the molecule. The material is assumed 
bo be isotropic, and the equations of equilibrium and vibration contain a single 
constant of the same nature as Youngs modulus. Navier next formed an 
Eixpression for the work done in a small relative displacement by all the forces 
wrhich act upon a molecule; this he described as the sum of the moments (in 
bhe sense of the Mecanique Analytique) of the forces exerted by all the other 
(Bolecules on a particular molecule. He deduced, by an application of the 
palculus of Variations, not only the differential equations previously obtained, 
lint also the boundary conditions that hold at the surface of the body. This 
[Yipmoir is very important as the first general investigation of its kind, but its 
irguments have not met with general acceptance. Objection has been raised 
xgainst Navier s expression for the force between two “molecules,” and to his 
method of simplifying the expressions for the forces acting on a single “mole- 
cule.” These expressions involve triple summations, which Navier replaced 
by integrations, and the validity of this procedure has been disputed 

In the same year, 1821, in which Navier s memoir was read to the Academy 
bhe study of elasticity received a powerful impulse from an unexpected quarter. 
Fresnel announced his conclusion that the observed facts in regard to the 
interference of polarised light could be explained only by the hypothesis of 
transverse vibrations^. He showed how a medium consisting of “molecules* 
connected by central forces might be expected to execute such vibrations and 
to transmit waves of the required type. Before the time of Young and Fresnel 
3uch examples of transverse waves as were known — waves on water, transverse 
vibrations of strings, bars, membranes and plates — were in no case examples 
of waves transmitted through a medium; and neither the supporters nor the 
opponents of the undulatory theory of light appear to have conceived of light 
waves otherwise than as “longitudinal** waves of condensation and rarefaction, 

For criticisms of Navier’s memoir and an account of the discussions to which it gave rise, 
see Todhunter and Pearson, History of the Theory of Elasticity y vol. 1, Cambridge, 1886, pp. 139, 
‘^21, 277: and cf. the account given by H. Burkhardt in his Report on *Entwickelungen 
Inach oscillirenden Functionen’ published in the Jahreshericht der Deutschen Mathematiker- 
^'minigungy Bd. 10, Heft 2, Lieferung 3 (1903). It may not be superfluous to remark that the 
conception of molecules as material points at rest in a state of stable equilibrium under their 
mutual forces of attraction and repulsion, and held in slightly displaced positions by external 
forces, is quite different from the conception of molecules with which modem Thermodynamics 
has made us familiar. The “molecular** theories of Navier, Poisson and Cauchy have no very 
intimate relation to modern notions about molecules. See, however, Note B at the end of 
this book. 

® See E. Verdet, (Euvres complUes Augustin Fresnel, t. 1, Paris, 1866, p. Ixxxvi, also 

629 et 8eq» Yerdet points out that Fresnel arrived at his hypothesis of transverse vibrations 

1816 {loc, cit, pp. lV, 386, 894). Thomas Young in his Article ‘Chromatios* {Encycl, Brit 
^^Vplementy 1817) regarded the lupuinous vibrations as having relatively feeble transverse 

components. 
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of the type rendered familiar by the transmission of sound. The theory of 
elasticity, and, in particular, the problem of the transmission of waves through 
an elastic medium, now attracted the attention of two mathematicians of the 
highest order: Cauchy** and Poisson® — the former a discriminating supporter, 
the latter a sceptical critic of Fresnel’s ideas. In the future the developments 
of the theory of elasticity were to be closely associated with the question of 
the propagation of light, and these developments arose in great part from the 
labours of these two savants. 

By the Autumn of 1822 Cauchy®* had discovered most of the elements of 
the pure theory of elasticity. He had introduced the notion of stress at a 
point determined by the tractions per unit of area across all plane elements 
through the point. For this purpose he had generalized the notion of hydro- 
static pressure, and he had shown that the stress is expressible by means of 
six component stresses, and also by means of three purely normal tractions 
across a certain triad of planes which cut each other at right angles — the 
‘'principal planes of stress.” He had shown also how the differential coeflBcients 
of the three components of displacement can be used to estimate the extension 
of every linear element of the material, and had expressed the state of strain 
near a point in terms of six components of strain, and also in terms of the 
extensions of a certain triad of lines which are at right angles to each other— 
the “principal axes of strain.” He had determined the equations of motion 
(or equilibrium) by which the stress-components are connected with the forces 
that are distributed through the volume and with the kinetic reactions. By 
means of relations between stress-components and strain-components, he had 
eliminated the stress-components from the equations of motion and equilibrium, 
and had arrived at equations in terms of the displacements. In the later 
pu]>lished version of this investigation Cauchy obtained his stress-strain rela- 
tions for isotropic materials by means of two assumptions, viz.; (1) that the 
relations in question are linear, (2) that the principal planes of stress are 
normal to the principal axes of strain. The experimental basis on which 
these assumptions can be made to rest is the same as that on which Hooke’s 
Law rests, but Cauchy did not refer to it. The equations obtained are those 
which are now admitted for isotropic solid bodies. The methods used in these 

Caachy’s studies in Elasticity were first prompted by his being a member of the Commissioi 
appointed to report upon a memoir by Navier on elastic plates which was presented to the Pari 
Academy in August, 1820. 

® We have noted that Poisson had already written on elastic plates in 1814. 

Cauchy’s memoir was communicated to the Paris Academy in September, 1822, but i 
was not published. An abstract was inserted in the Bulletin dee Scieneee d la Socfdtd philo 
matHquBf 1828, and the contents of the memoir were given in later publioatione, vix. in twc 
Articles in the volume for 1827 of Cauchy’s Exercicee de mathimatique and an Article in th* 
volume fw 1828. The titles of these Articles are (i) * De la pression ou tension dans un oorpi 
Bolide,’ (ii) 'sur la condensation et la dilatation des corps solides,’ (iU) *Sur les dqnationsqo 
ezpnmciit les conditions d’Squiltbre ou les lois de mouvement int^rieitr d’un corps solide* 

last of tiiese contains the correct equations of Elasticity. 
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investigations are quite different from those of Navier’s memoir. In particular, 
no use is made of the hypothesis of material points and central forces. The 
resulting equations differ from Navier's in one important respect, viz,: Navier’s 
equations contain a single constant to express the elastic behaviour of a body, 
while Cauchy’s contain two such constants. 

At a later date Cauchy extended his theory to the case of crystalline bodies, 
and he then made use of the hypothesis of material points between which 
there are forces of attraction or repulsion. The force between a pair of points 
was taken to act in the line joining the points, and to be a function of the 
distance between them ; and the assemblage of points was taken to be homo- 
geneous in the sense that, if A, B, C are any three of the points, there is a 
point D of the assemblage which is situated so that the line CD is equal and 
parallel to ABy and the sense from C to D is the same as the sense from A 
to B. It was assumed further that when the system is displaced the relative 
displacement of two of the material points, which are within each other’s ranges 
of activity, is small compared with the distance between them. In the first 
memoir*® in which Cauch y made use of this hypothesis he formed an expression 
for the forces that act upon a single material point in the system, and deduced 
differential equations of motion and equilibrium. In the case of isotropy, the 
equations contained two constants. In the second memoir*^ expressions were 
formed for the tractions across any plane drawn in the body. If the initial 
state is one of zero stress, and the material is isotropic, the stress is expressed 
in terms of the strain by means of a single constant, and one of the constants 
of the preceding memoir must vanish. The equations are then identical with 
those of Navier. In like manner, in the general case of seolotropy, Cauchy 
found 21 independent constants. Of these 15 are true “elastic constants,” 
and the remaining 6 express the initial stress and vanish identically if Ahe 
initial state is one of zero stress. These matters were not fully explained by 
Cauchy. Clausius**, however, has shown that this is the meaning of his work. 
Clausius criticized the restrictive conditions which Cauchy imposed upon the 
arrangement of his material points, but he argued that these conditions are 
lot necessary for the deduction of Cauchy’s equations. 

The first memoir by Poisson* relating to the same subject was read before 
he Paris Academy in April, 1828. The memoir is very remarkable for its 

Exercices de ntalMmatiquey 1828, * Bar T^qailibre et le moavemeut d'un eyst^me de points 
^at^riels BoUioit^s par des forces d’attraction on de rdpnlsion mutnelle.* This memoir foUows 
Immediately after that last quoted and immediately precedes that next quoted. 

^ Exercicei d€ nuUhimatique, 1828, *De la pression ou tension dans un systems de points 

^ * Ueber die Veriittderungen, welohe in den bisher gebrauchliohen Formeln ftir das Gleiohge- 
wicht and die Bewegnng elastischer fester Kdrper dureh neuere Beobaehtungen nothwendig 
8«worden aind,* Am, Phy$, Chem, Bd. 76 (1849). 

^ *M4moire stir r^qoilibre et le ifiouvement des corps dlastiques,* Pori#, de VAcad,^ t. 8 

( 1829 ). 
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numerous applications of the general theory to special problems. In his in* 
vestigation of the general equations Poisson, like Cauchy, first obtains the 
equations of equilibrium in terms of stress-components, and then estimates 
the traction across any plane resulting from the “intermolecular*' forces. The 
expressions for the stresses in terms of the strains involve summations with 
respect to all the “molecules,” situated within the region of “molecular” ac- 
tivity of a given one. Poisson decides against replacing all the summations 
by integrations, but he assumes that this can be done for the summations 
with respect to angular space about the given ‘‘molecule,” but not for the 
summations with respect to distance from this “molecule.” The equations of 
equilibrium and motion of isotropic elastic solids which were thus obtained 
are identical with Naviers. The principle, on which summations may be 
replaced by integrations, has been explained as follows by Cauchy — The 
number of molecules in any volume, which contains a very large number of 
molecules, and whose dimensions are at the same time small compared with 
the radius of the sphere of sensible molecular activity, may be taken to bt 
proportional to the volume. If, then, we make abstraction of the moh*cule' 
in the immediate neighbourhood of the one considered, the actions of all ihei 
others, contained in any one of the small volumes referred to, will be equiva- 
lent to a force, acting in a line through the centroid of this volume, which] 
will be proportional to the volume and to a function of the distance of thr 
particular molecule from the centroid of the volume. The action of th ' 
remoter molecules is said to be “regular,” and the action of the nean^r (Uic? 
“irregular”; and thus Poisson assumed that the irregular action of the nean 
molecules may be neglected, in comparison with the uction of the remote 
ones, which is regular. This assumption is the text upon which Stokis 
afterwards founded his criticism of Poisson. As w^e have seen, (Cauchy arrivei 
at Poissons results by the aid of a different assumption*^. Clausius^’' hch 
that both Poisson’s and Cauchy’s methods could be presented in unexceptinn 
able forms. 

The theory of elasticity established by Poisson and Cauchy on the thcr 
accepted basis of material points and central forces was applied by them anc 
also by Lam4 and Clapeyron’*' to numerous problems of vibrations and 

^ ‘On the Theories of the.,, Equilibrium and Motion of Elastic Solids,* Cambridga 
8oc, Tram., vol. 8 (1845). Reprinted in Stokes’s Math, and Phy$. Papers, vol. 1, Cambridge, 

1880, p. 75. 

** In a later memoir prenented to the Academy in 1829 and published in «/. di Vkeole 
technique, 1. 13 (1881), Poisson adopted a method quite similar to that of Cauchy (footnote 34i 
Poisson extended his tbeoi^ to esolotropic bodies in his *M^rnoire sur I’^uilibrc ct Ic inouvf 
ment des corps cristanis^es,’ read to the Paris Academy in 1H89 and published after his death in 
Patu, M4m. de VAcad., i, 18 (1842). 

** ‘Mteoixe sur T^uilibre int^rieur des corps solides homog^nes,* Paris, 
savants, t. 4 (1838). The memoir was published also in J. /. Math. (Creife), Bd. 7 (18^^)’ ' 
tod been presented to the Paris Academy, and the report on it hy Poinsot and Wavier i» 

1828. In regard to the general theory the method adopted was that of Wavier. 
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itatical elasticity, and thus means were provided for testing its consequences 
experimentally, but it was a long time before adequate experiments were made 
0 test it. Poisson used it to investigate the propagation of waves through an 
sotropic elastic solid medium. He found two types of waves which, at great 
listances from the sources of disturbance, are practically ‘‘longitudinal” and 
transverse,” and it was a consequence of his theory that the ratio of the 
velocities of waves of the two types is \/3 : 1^. Cauchy applied his equations 
,0 the question of the propagation of light in crystalline as well as in isotropic 
nedia. The theory was challenged first in its application to optics by Green^^, 
ind afterwards on its statical side by Stokes®’. Green was dissatisfied with 
>he hypothesis on which the theory was based, and he sought a new foundation; 
Stokes’s criticisms were directed rather against the process of deduction and 
some of the particular results. 

The revolution which Green effected in the elements of the theory is 
iornparable in importance with that produced by Navier’s discovery of the 
Lfoneral equations. Starting from what is now called the Principle of the 
Conservation of Energy he propounded a new method of obtaining these 
‘(juations. He himself stated his principle and method in the following 
words: — 

*'ln what(iver way the elements of any material system may act upon each 
‘other, if all the internal forc(‘S exerted be multiplied by the elements of their 
‘rcspc’ctivo directions, the total sum for any assigned portion of the mass will 
‘always be the exact differential of some function. But this function being 
known, we can imTuediately apply the general method given in the Mecanique 
"Arnilyfique, and which appears to be more esj)ecially applicable to problems 
“that relate to the motions of systems composed of an immense number of 
• particles mutually acting ujx)n each other. One of the advantages of ihis 
“method, of great inij)orUince, is that wc are necessarily led by the mere 
process of the calculation, and with little care on our part, to all the equations 
“and conditions which are requisite and sufficient for the complete solution of 
“any problem to which it may be applied.” 

The function here s[K)ken of, with its sign changed, is the potential energy 
')f the strained elastic bocly p(?r unit of volume, expressed in terms of the 
oinponents of strain; and the differential ct>efficients of the function, with 
csfK^ct to the components of strain, art^ the components of stress. Green 
'np[)osed the function to be ca|)able of being expanded in powers and products 
‘t the components of strain. He therefore arranged it as a sum of homogeneous 

See the addition, of date November IS28, to the memoir quoted in footnote 86. Cauchy 
fpcorded the name re«uU in the Exercicev tU mathmatiyutt 1830, 

f'Xfrcicea de 1830, 

‘On the lawft of reOexion and refraction of light at the common surface of two non- 
J’ystuJUzt^ media,^ Cambridge Phil Soe. Tram,, vol, 7 The date of the memoir is 1887. 

t iH reprinted in Mathematical Paptr$ qf the late George Green, London, 1871, p. 248. 



12 


mSTOEIOAL INTEODUCTION 


functions of these quantities of the first, second and higher degrees. Of thesi 
terms, the first must be absent, as the potential energy must be a true minimun 
when the body is unstrained; and, as the strains are all small, the second tem 
alone will be of importance. From this principle Green deduced the equation! 
of Elasticity, containing in the general case 21 constants. In the case o, 
isotropy there are two constants, and the equations are the same as those o 
Cauchy's first memoir®. 

Lord Kelvin" has based the argument for the existence of Green's strain 
energy-function on the First and Second Laws of Thermodynamics. Fron 
these laws he deduced the result that, when a solid body is strained withoui 
alteration of temperature, the components of stress are the differential co 
efficients of a function of the components of strain with respect to these 
components severally. The same result can be proved to hold when 
strain is effected so quickly that no heat is gained or lost by any part oj 
the body. 

Poisson's theoiy leads to the conclusions that the resistance of a body tc 
compression by pressure uniform all round it is two-thirds of the Young's 
modulus of the material, and that the resistance to shearing is two-fifths ( 
the Young's modulus. He noted a result equivalent to the first of these^, 
and the second is virtually contained in his theory of the torsional vibrations 
of a bar" The observation that resistance to compression and resistance 
shearing are the two fundamental kinds of elastic resistance in isotropic bodie 
was made by Stokes", and he introduced definitely the two principal modulusesj 
of elasticity by which these resistances are expressed — the ‘‘modulus of com 
pression" and the “rigidity," as they are now called. From Hooke's Law an 
from considerations of symmetry he concluded that pressure equal in 
directions round a point is attended by a proportional compression withou 
shear, and that shearing stress is attended by a corresponding proportionfi 
shearing strain. As an experimental basis for Hooke's Law he cited the fac 
that bodies admit of being thrown into states of isochronous vibration, 
a method analogous to that of Cauchy's first memoir®, but resting on thi 
above-stated experimental basis, he deduced the equations with two constant! 
which had been given by Cauchy and Green. Having regard to the varying 
degrees in which different classes of bodies — liquids, soft solids, hard solids- 
resist compression and distortion, he refused to accept the conclusion from 
Poisson's theory that the modulus of compression has to the rigidity the ratio 
5:3. He pointed out that, if the ratio of these moduluses could be regarde 

" Sir W. Thomson, Quart. J. of Math., vol. 5 (1855), roprinted in PhU, Mag. (Ser. 6), vol ' 
(1878), and also in Mathematical and Phyeical Papere by Sir William Tham$on, vol. 1, Oambrid 
1882, p. 291. 

AnmaUe de Ckimie et de Phynque, t. 36 (1827). 

" Thii theory is given in the memoir eited in footnote 36. 

"See footnote 37. The distinction between the two kinds of elastieity had beon noted I 
Ponoelet, Introduction h la Mdcanique indmtrielU, phyeique ct expdritnentate, Meta, 1839. 
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,s infinite, the ratio of the velocities of ‘‘longitudinal” and “transverse” waves 
irould also be infinite, and then, as Green had already shown, the application 
if the theory to optics would be facilitated. 

The methods of Navier, of Poisson, and of Cauchy’s later memoirs lead to 
quations of motion containing fewer constants than occur in the equations 
btained by the methods of Green, of Stokes, and of Cauchy’s first memoir. 
The importance of the discrepancy was first emphasized by Stokes. The 
juestions in dispute are these — Is elastic seolotropy to be characterized by 
11 constants or by 16, and is elastic isotropy to be characterized by two 
onstants or one? The two theories are styled by Pearson*’ the “multi-con- 
tant” theory and the “rari-constant” theory respectively, and the controversy 
onceming them has lasted almost down to the present time. It is to be 
inderstood that the rari-constant equations can be included in the multi- 
onstant ones by equating certain pairs of the coefficients, but that the 
ari-constant equations rest upon a particular hypothesis concerning the con- 
titution of matter, while the adoption of multi-constancy has been held to imply 
lenial of this hypothesis. Discrepancies between the results of the two 
heories can be submitted to the test of experiment, and it might be thought 
hat the verdict would be final, but the difficulty of being certain that the 
ested material is isotropic has diminished the credit of many experimental 
nvestigations, and the tendency of the multi-constant elasticians to rely on 
experiments on such bodies as cork, jelly and india-rubber has weakened their 
irguments. Much of the discussion has turned upon the value of the ratio 
)f lateral contraction to longitudinal extension of a bar under terminal tractive 
oad. This ratio is often called “Poisson’s ratio.” Poisson*® deduced from his 
:heory the result that this ratio must be The experiments of Wertheim 
m glass and brass did not support this result, and Wertheim** proposed to 
take the ratio to be J — a value which has no theoretical foundation. The 
experimental evidence led Lam6 in his treatise*® to adopt the multi-constant 
equations, and after the publication of this book they were generally employed. 
Saint-Venant, though a firm believer in rari-constancy, expressed the results 
of his researches on torsion and flexure and on the distribution of elasticities 
round a point®* in terms of the multi-constant theory. Kirchhoff ®‘ adopted 
the same theory in his investigations of thin rods and plates, and supported 
it by experiments on the torsion and flexure of steel bars®*; and Clebsch in 

Todhunter and Pearson, HUtory of the Theory of EUuiicity^ vol. 1, Cambridge, 1886, 
P. 496. 

** AnmUi de Chimie, t. 28 (1848). 

** Le^om »ur la thiorie matMmatigue de Vilaetkiti du eorpe iolideif Paris, 1852. 

The memoir on torsion is in Mivu dee Savants dtrangen, t 14 (1855), that on flexure is in 
I de Math. (B4r. 2), t 1 (1856), and that on the distribution of elastieities is in <r. de 

{LiemvUle), (84r. 2), ti 8 (1868), 
tf. /. Math. (CreUe), Bd. 40 (IsilU)), and Bd. 56 (1859). 

Ann. Phys. Cflm. (Poyymdorjf), Bd. 108 (1859). 
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his treatise” used the language of bi-constant isotropy. Kelvin and Tait” 
dismissed the controversy in a few words and adopted the views of Stokes. 
The best modem experiments support the conclusion that Poisson’s ratio can 
differ sensibly from the value { in materials which may without cavil be treated 
as isotropic and homogeneous. But perhaps the most striking experimental 
evidence is that which Voigt” has derived from his study of the elasticity of 
crystals. The absence of guarantees for the isotropy of the tested materials 
ceased to be a difficulty when he had the courage to undertake experiments 
on materials which have known kinds of seolotropy”. The point to be settled 
is however, more remote. According to Green there exist, for a material of 
the most generally molotropic character, 21 independent elastic constants. The 
molecular hypothesis, as worked out by Cauchy and supported by Saint- Venant, 
leads to 15 constants, so that, if the rari-coristant theory is correct, there must 
be 6 independent relations among Green’s 21 coefficients. These relations 
I call Cauchy’s relations”. Now Voigt’s experiments were made on the torsion 
and flexure of prisms of various crystals, for most of which Saint-Venant’s 
formula for seolotropic rods hold good, for the others he supplied the required 
formulae. In the cases of beryl and rocksalt only were Cauchy’s relations even 
approximately verified; in the seven other kinds of crystals examined there 
were very considerable differences between the coefficients which these relations 
would require to be equal. 

Independently of the experimental evidence the rari-constant theory has 
lost ground through the widening of our views concerning the constitution of 
matter. The hypothesis of material points and central forces does not now 
hold the field. This change in the tendency of physical speculation is due to 
many causes, among which the disagreement of the rari-constant theory of 
elas^city with the results of experiment holds a rather .subordinate position. 
Of much greater importance have been the development of the atomic theorj' 
in Chemistry and of statistical molecular theories in Physics, the growth of 
the doctrine of energy, the discovery of electric radiation. It is now recognized 
that a theory of atoms must be part of a comprehensive thooiy, which must 
include also sub-atomic constituents of matter (electrons), and that the 
confidence which was once felt in the hypothesis of central- forces between 
material points was premature. To determine the laws of the elasticity of 
solid bodies without knowing the nature of the atoms, we can only invoke the 
known laws of energy as was done by Green and Ijord Kelvin; and we may 

“ Tkearie der EUuticiUlt fetter Kiirper, Leipziff, 1862. 

” Thomson and Toit, Natural PhiUuopky, Ist edition Oxford 1867, 2nd edition Cambridge 
1879—1888. 

“ W. Voi^ Am. Phyi. Chem. {Wiedemann), Bde. 81,(1887). 84 and 85 (1888), 88 (1889). 

“ A eertain assnmption, first made by F. E. Neumann, is involved in the statement tbs* 
***« 7 ">nll*******^ * crystal as regards elastieity is known from the erystallographie form. 

. eiq)lioiUy by Saint- Venant in the memoir on torsio# 

of 1856. (Bee footnote 60.) 
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place the theory on a firm basis if we appeal to experiment to support the 
statement that, within a certain range of strain, the strain*energy*fanction is 
a quadratic function of the components of strain, instead of relying, as Qreen 
did, upon an expansion of the function in series. 

The problem of determining the state of stress and strain within a solid 
body which is subjected to given forces acting through its volume and to 
given tractions across its surface, or is held by surface tractions so that its 
surface is deformed into a prescribed figure, is reducible to the anal)rtical 
problem of finding functions to represent the components of displacement. 
These functions must satisfy the differential equations of equilibrium at all 
points within the surface of the body and must also satisfy certain special 
conditions at this surface. The methods which have been devised for in- 
tegrating the equations fall into two classes. In one class of methods a special 
solution is sought and the boundary conditions are satisfied by a solution in 
! the form of a series, which may be infinite, of special solutions. The special 
solutions are generally expressible in terms of harmonic functions. This class 
of solutions may be regarded as constituting an extension of the methods of 
expansion in spherical harmonics and in trigonometrical series. In the other 
class of methods the quantities to be determined are expressed by definite 
integrals, the elements of the integrals representing the effects of siTigulorities 
distributed over the surface or through the volume. This class of solutions 
jonstitutes an extension of the methods introduced by Green in the Theory 
>f the Potential. At the time of the discovery of the general equations of 
Elasticity the method of series had already been applied to astronomical 
problems, to acoustical problems and to problems of the conduction of heat"; 
/he method of singularities had not been invented* The application of the 
nethod of series to problems of equilibrium of elastic solid bodies was initiated 
)y Lam^ and Clapeyron*. They considered the case of a body bounded by 
in unlimited pla^-^ to which pressure is applied according to an arbitrary law. 
Larn6* later considered the problem of a body bounded by a spherical surface 
a.nd defonned by given surface tractions. The problem of the plane is 
essentially that of the transmission into a solid body of force applied locally 
jto a small part of its surface. The problem of the sphere has been developed 
)y Lord Kelvin**, who sought to utilize it for the purpose of investigating 
he rigidity of the Earth* and by G. H. Darwin in connexion with other 

See Barkhardt, * Entwickelangen naoh oaoillireadsD Functionen,* Jahreihericht der Deutieh^n 
^^^thmatiker^Vereifiigungt Bd. 10, Haft 2. 

^ It WEB invented by Green, An Euny on th€ Application 4^ Mathematical AnalyHi to the 
of MUctHeity and Magnetim, Nottingham, 1828 , Beftriitled in Mathematical Papen 0/ 
late George Orem, London, IS71. 
d€ Math. (Liomilie), 1. 12 (ISW). 

PfiiL Trane, May, $oe„fol. 15S (186S). Baa nko Math, and Fhye, Papere, vol. 8 (Cambridge, 
p. 851, and Kelvin and Tait; Nat, PhiL, Part lu 
^ ^rit, Aeeoc. M$p, 1076, Math, and Phye, Pe^pm^ voL 8, p. 812. 
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problems of cosmical physics®. The serial solutions employed are expressec 
in terms of spherical harmonics. Solutions of the equations in cylindrica 
coordinates can be expressed in terms of Bessel’s functions**, but, except foi 
spheres and cylinders, the method of series has not been employed verj 
successfully. The method of singularities was first applied to the theory o 
Elasticity by E. Betti**, who set out from a certain reciprocal theorem of tht 
type that is now familiar in many branches of mathematical physics. Fronr 
this theorem he deduced incidentally a formula for determining the average 
strain of any type that is produced in a body by given forces. The methoc 
of singularities has been developed chiefly by the elasticians of the Italiai 
school. It has proved more effective than the method of series in the solutioi 
of the problem of transmission of force. The fundamental particular solution 
which expresses the displacement due to force at a point in an indefinitely 
extended solid was given by Lord Kelvin**. It was found at a later date by 
J. Boussinesq*' along with other particuhir solutions, which can, as a mattei 
of fact, be derived by synthesis from it. Boussinesq’s results led him to a 
solution of the problem of the plane, and to a theory of “local perturbations," 
according to which the effect of force applied in the neighbourhood of any 
point of a body falls off very rapidly as the distance from the point increiises. 
and the application of an equilibrating system of forces to a small part of a 
body produces an effect which is negligible at a considerable distance from 
the part. To estimate the effect pnxiuced at a distance by forces applied 
near a point, it is not necessary to take into account the m<.>dc of application 
of the forces but only the statical resultant and moment. The direct method 
of integration founded upon Betti's reciprocal theorem wius applied to tht 
problem of the plane by V. Cerruti**. Some of the results were found in- 
dependently by Hertz, and led in his hands to a theory of impact and a 
theory of hardness*. 

A different method for determining the state of stress in a body has been 
developed from a result noted by O. B. Airy™. He observed that, in the case 
of two dimensions, the equations of equilibrium of a body deformed by surface 

® Phil. Train. Roy. Soc., vol. 170 (1879), and vol. 173 (1882). Reprint^ in Q. H. Darwin'* 
Scientific Papere, vol. 2, Cambridge 1908, pp. 1, 469. 

** L. Pochhammer, J.f. Math. (CreUc), Bd. 81 (1876), p. 33. 

“ ll Nuovo Cimento (Ser.2), tt. 6 — 10 (1872 et uq.). 

•* Sir W. Thomson, Cambridge and Dublin Math. J., 1848, reprinted in Math, ami P¥- 
Paperg, vol. 1, p. 97. 

^ For Boussinesq’s earlier researches in regard to simple solutions, see jParw, C, it., ttw 
(1878 1879) and tt. 98—98 (1881—1883). A more complete account is given in his book, 
catiam des potentieU h VHude de Viquilibre et du mouvem^nt dei §olide$ elagtiqueHq PariSt 188*5. ' 

^ Moma, Acc, Lincei, Mem, fig, mat, 1882. 

J* /. Math, (Crelle)^ Bd. 92 (1882), and Verhandlungen deg Vereim lur fh/drd^tig ^ 
Q4^trhefleme$, Berlin, 1882. The memoirs are reprinted in Ge$. Werke vw HeinrUh 
Bd. 1. Leipzig, 1895, pp. 165 and 174. 

BfiU Amc, Rep, 1862, and PhiL Trane, Rap, Sae,, vol 168 (1863), p, 49. 
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ractions show that the stress-components can be expressed as partial differential 
joefficients of the second order of a single function. MaxwelP^ extended the 
esult to three dimensions, in which case three such “stress-functions” are 
•equired. It appeared later that these functions are connected by a rather 
jomplicated system of differential equations^. The stress-components must 
n fact be connected with the strain-components by the stress-strain relations, 
ind the strain-components are not independent; but the second differential 
joeflScients of the strain-components with respect to the coordinates are con- 
lected by a system of linear equations, which are the conditions necessary to 
jecure that the strain-components shall correspond with a displacement, in 
iccordance with the ordinary formulae connecting strain and displacement^^®. 

[t is possible by taking account of these relations to obtain a complete system 
)f equations which must be satisfied by stress-components, and thus the way 
s open for a direct determination of stress without the intermediate steps of 
brming and solving differential equations to determine the components of dis- 
3 lacement’^ In the case of two dimensions the resulting equations are of a 
muple character, and many interesting solutions can be obtained. 

The theory of the free vibrations of solid bodies requires the integration 
of the equations of vibratory motion in accordance with prescribed boundary 
conditions of stress or displacement. Poisson*® gave the solution of the 
problem of free radial vibrations of a solid sphere, and Clebsch® founded the 
general theory on the model of Poisson’s solution. This theory included the 
extension of the notion of “ principal coordinates” to systems with an infinite 
number of degrees of fn^edom, the introduction of the corresponding “normal 
functions,” and the proof of those properties of these functions upon which the 
expansions of arbitrary functions dejjend. The discussions which had taken 
place before and during the time of Poisson concerning the vibratio!:\3 of 
ptrings, bars, membranes and plates had prepared the way for Clebsch’s gene- 
ralizations. Before the publication of Clebsch s treatise a different theory 
pad been propounded by Lame^®. Acquainted with Poisson’s discovery of two 
lypes of waves, he concluded that the vibrations of any solid body must fall 
ito two corresponding classes, and he investigated the vibrations of various 
odies on this assumption. The fact that his solutions do not satisfy the 
onditions which hold at the boundaries of bodies free from surface traction is 
' f^uflScient disproof of his theory; but it was finally disposed of when all the 
ftodes of free vibration of a homogeneous isotropic sphere were determined, 
it was proved that the classes into which they fall do not verify 

1 ^‘ h:dinburgh H&g, Sfac. Tram,, vol. 26 (1870). Reprinted in Maxwell’s Scientific Papera^ 

1-2, p. 161. 

W. J, Ibbeteon, An Elementary TreatUe on the Mathematical Theory of perfeet^/ Elastic 
London, IS87. 

Baint Venant gave the idenfioal relations between strain 'Componeats in his edition of 
suer’s Risumi des Leyons ii*r Vappluation de la Mdeanique, Paris, 1864, * Appendioe V 
' J- H. MicheU, London Math, Soe, Proc., vd. 81 (1900), p. 100. 
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Lamp’s supposition. The analysis of the general problem of the vibrations 
of a sphere was first completely given by P. Jaerisch^®, who showed that the 
solution could be expressed by means of spherical harmonics and certain 
functions of the distance from the centre of the sphere, which are practically 
Bessers functions of order integer This result was obtained indepen- 
dently by H. Lamb^®, who gave an account of the simpler modes of vibration 
and of the nature of the nodal division of the sphere which occurs when any 
normal vibration is executed. He also calculated the more important roots 
of the frequency equation. L. Pochhammer’’ has applied the method of normal 
functions to the vibrations of cylinders, and has found modes of vibration 
analogous to the known types of vibration of bars. 

The problem of tracing, by means of the equations of vibratory motion, 
the propagation of waves through an elastic solid medium requires investi- 
gations of a different character from those concerned with normal modes of 
vibration. In the case of an isotropic medium Poisson*^® and Ostrogradsky’® 
adopted methods which involve a synthesis of solutions of simple harmonic 
type, and obtained a solution expressing the displacement at any time in 
terms of the initial distribution of displacement and velocity. The investi- 
gation was afterwards conducted in a different fashion by Stokes®®, who showed 
that Poisson’s two waves are waves of irrotational dilatation and waves of 
equivoluminal distortion, the latter involving rotation of the elements of the 
medium. Cauchy®^ and Green®^ discussed the propagation of plane waves 
through a crystalline medium, and obtained equations for the velocity of propa- 
gation in terms of the direction of the normal to the wave-front. In general 
the wave-surface has three sheets; when the medium is isotropic all the sheets 
are spheres, and two of them are coincident. Blanchet®* extended Poisson’s 
resists to the case of a crystalline medium. Christofifel®* discussed the advance 
through the medium of a surface of discontinuity. At any instant, the sur- 
face separates two portions of the medium in which the displacements are 
expresi^ by different formulae; and Christoflfel showed that the surface moves 
normally to itself with a velocity which is determined, at any point, by the 
direction of the normal of the surface, according to the same law as holds 
for plane waves propagated in that direction. Besides the waves of dilata- 

J, /. Math. (CreUe), Bd. 88 (1880). 

^ Lofndm Math, 8oc, Proc,, toI. 13 (1882). 

" J. f. Math, (CrelU), Bd. 81 (1876), p. 824. 

78 Paris, Mim, de VAead., t. 10 (1831). 

7® St Petersburg, M4m. de VAcad., 1. 1 (1831). 

88 « On the Dynamical Theory of Diffraction,* Cambridge Phil. See, Tram., Tol. 9 (1849). 
Reprinted in Stokes’s Math, and Phys. Papers, vol. 2 (Cambridge, 1883). 

8^ Cambridge Phil, Soe, Trans,, Tol. 7 (1839). Reprinted in Green’s Mathematical Papen, 
p. 298. 

^ J.de Math. {lAawiUe), t. 5 (1840), t. 7 (1842). 

8® Anst* a Mat. (Set. 2), t. 8 (1877). Reprinted in £. B. Chrietoffel, Ges. math, Abhandlungeni 
Bd. 2, p, Bl, Deipsig 1910, 
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tion and distortion which can be propagated through an isotropic solid body 
Lord Rayleigh** has investigated a third type which can be propagated over 
the surface. The velocity of waves of this type is less than that of either of 
the other two. 

Before the discovery of the general equations there existed theories of 
the torsion and flexure of beams starting from Galileo’s enquirj aud a sug- 
gestion of Coulomb’s. The problems thus proposed are among the most 
important for practical applications, as many problems that have to be dealt 
with by engineers can, at any rate for the purpose of a rough approximation, 
ibe reduced to questions of the resistance of beams. Cauchy was the first to 
attempt to apply the general equations to this class of problems, and his 
iWestigation of the torsion of a rectangular prism**, though not correct, is 
historically important, as he recognized that the normal sections do not 
remain plane. His result had little influence on practice. The practical 
treatises of the earlier half of the last century contain a theory of torsion with 
a result that we have already attributed to Coulomb, viz., that the resistance 
to torsion is the product of an elastic constant, the amount of the twist, and 
the moment of inertia of the cross-section. Again, in regard to flexure, 
the practical treatises of the time followed the Bemoulli-Eulerian (really 
Coulomb s) theory, attributing the resistance to flexure entirely to extension 
and contraction of longitudinal filaments. To Saint-Venant belongs the 
credit of bringing the problems of the torsion and flexure of beams under the 
general theory. Seeing the diflSculty of obtaining general solutions, the 
pressing need for practical purposes of some theory that could be applied to 
the strength of structures, and the improbability of the precise mode of 
application of the load to the parts of any apparatus being known, he was led 
to reflect on the methods used for the solution of special problems before the 
formulation of the general equations. These reflexions led him to the invention 
of the semi-inverse method of solution which bears his name. Some of the 
habitual assumptions, or some of the results commonly deduced from them, 
may be true, at least in a large majority of cases; and it may be possible by 
retaining some of these assumptions or results to simplify the equations, and 
thus to obtain solutions— not indeed such as satisfy arbitrary surface con- 
ditions, but such as satisfy practically important types of surface conditions. 

The first problem to which Saint-Venant applied his method was that 
of the torsion of prisms, the theory of which he gave in the famous memoir 
on torsion of 1855*®. For this application he assumed the state of strain to 
consist of a simple twist about the axis of the prism, such as is implied in 
Coulomb’s theory, combined with the kind of strain that is implied by a 
longitudinal displacement variable over the cross-section of the prism. The 
effect of the latter displacement is manifested in a distortion of the sections 

** lon^n HMh, Soc. Proc., vol. 17 (1887), or Scientific Paper$t vol. 2, Cambridge, 1000, p. e41. 

Exereicee de mathimatiquei 4me Ann^e, 1829. 
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into curved surfaces. He showed that a state of strain having this charactei 
can be maintained in the prism by forces applied at its ends only, and that 
the forces which must be applied to the ends are statically equivalent to a 
couple about the axis of the prism. The magnitude of the couple can be 
expressed as the product of the twist, the rigidity of the material, the square 
of the area of the cross-section and a numerical factor which depends upon 
the shape of the cross-section. For a large class of sections this numerical 
factor is very nearly proportional to the ratio of the area of the section to the 
square of its radius of gyration about the axis of the prism. Subsequent 
investigations have shown that the analysis of the problem is identical with 
that of two distinct problems in hydrodynamics, viz., the flow of viscous liquid 
in a narrow pipe of the same form as the prism“ and the motion produced 
in frictionless liquid filling a vessel of the same form as the prism when the 
vessel is rotated about its axis«^. These hydrodynamical analogies have re- 
sulted in a considerable simplification of the analysis of the problem. 

The old theories of fiexure involved two contradictory assumptions: (1) that 
the strain consists of extensions and contractions of longitudinal filaments, 
(2) that the stress consists of tension in the extended filaments (on the side 
remote from the centre of curvature) and pressure along the contracted fila- 
ments (on the side nearer the centre of curvature). If the stress is correctly 
given by the second assumption there must be lateral contractions accom- 
panying the longitudinal extensions and also lateral extensions accompanying 
the longitudinal contractions. Again, the resultant of the tractions across 
any normal section of the bent beam, as given by the old theories, vanishes, 
and these tractions are statically equivalent to a couple about an axis at 
right angles to the plane of bending. Hence the theories ai’e inapplicable to 
any case of bending by a transverse load. Saint- Venant* adopted from the 
older theories two assumptions. He assumed that the extensions and cou- 
tractions of the longitudinal filaments are proportional to their distances from 
the plane which is drawn through the line of centroids of the normal sections 
(the “central-line'*) and at right angles to the plane of bending. He assumed 
also that there is no normal traction across any plane drawn parallel to the 
central-line. The states of stress and strain which satisfy these conditions in 
a prismatic body can be maintained by forces and couples applied at the endj 
only, and include two cases. One case is that of uniform bending of a bai 
by couples applied at its ends. In this case the stress is correctly given bj 
the older theories and the curvature of the central-line is proportional tc 
the bending couple, as in those theories; but the lateral contractions and 
extensions have the effect of distorting those longitudinal sections which ai 
at right angles to the plane of bending into anticlastic surfaces. The second 

^ J. Bouasinesq, J. de Math. {LiowUU), (86r, 2), t. 16 (1871). 

^ Kelvin and Tait, Nat. PhU., Part 2. p. 242. 

“ See the memoirs of 1865 and 1856 cited in footnote 50. 
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case of bending which is included in Saint-Venant's theory is that of a canti- 
lever, or beam fixed in a horizontal position at one end, and bent by a vertical 
load applied at the other end In this case the stress given by the older 
theories requires to be corrected by the addition of shearing stresses. The 
normal tractions across any normal section are statically equivalent to a 
couple, which is proportional to the curvature of the central-line at the section, 
as in the theory of simple bending. The tangential tractions across any 
normal section are statically equivalent to the terminal load, but the magni- 
tude and direction of the tangential traction at any point are entirely deter- 
minate and follow rather complex laws. The strain given by the older theories 
requires to be corrected by the addition of lateral contractions and extensions, 
as in the theory of simple bending, and also by shearing strains corresponding 
with the shearing stresses. 

In Saint-Venant’s theories of torsion and flexure the couples and forces 
applied to produce twisting and bending are the resultants of tractions exerted 
across the terminal sections, and these tractions are distributed in perfectly 
definite ways. The forces and couples that are applied to actual structures 
are seldom distributed in these ways. The application of the theories to 
practical problems rests upon a principle introduced by Saint-Venant which 
has been called the “principle of the elastic equivalence of statically equi- 
pollent systems of load.” According to this principle the effects produced by 
deviations from the assigned laws of loading are unimportant except near the 
ends of the bent beam or twisted bar, and near the ends they produce merely 
“local perturbations.” The condition for the validity of the results in practice 
IS that the length of the beam should be a considerable multiple of the greatest 
diameter of its cross-section,' 

Later researches by A. Clebsch" and W. Voigt* have resulted in con- 
siderable simplifications of Saint-Venant’s analysis. Clebsch showed that the 
single assumption that there is no normal traction across any plane parallel 
X) the central-line leads to four cases of equilibrium of a prismatic body, vk, 
1) simple extension under terminal tractive load, (2) simple bending by 
ouples, (3) torsion, (4) bending of a cantilever by terminal transverse load, 
oigt showed that the single assumption that the stress at any point is inde- 
-ndent of the coordinate measured along the bar led to the first three cases, 
id that the assumption that the stress is a linear function of that coordinate 
ids to the fourth case. When a quadratic function is taken instead of a 
ear one, the case of a beam supported at the ends and bent by a load which 
distributed uniformly along its length can be included* The case wTiere the 
d is not uniform but is applied by means of surface tractions which, so far as 
y depend on the coordinate measured along the beam, are rational integral 

Theoratisohs BMSin Uber die Blsirtieitltivsrhlltttim der Ki 7 sun«,’ iSSmid- 

»>.Bd.S4(lSS7). 

H. MkbsU, (imri. J. ^ UnHK tol 8S (1901)- 
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functions, can be reduced to the case where the load is uniform”. It appears 
from these theories that, when lateral forces are applied to the beam, the 
relation of proportionality between the curvature of the central-line and the 
bending moment, verified in Saint- Venant’s theory, is no longer exact”. Unless 
the conditions of loading are rather unusual, the modification that ought to 
be made in this relation is, however, of little practical importance. 

Saint- Venant^s theories of torsion and of simple bending have found their 
way into technical treatises, but in some current books on applied Mechanics 
the theory of bending by transverse load is treated by a method invented by 
Jouravski” and Rankine”, and subsequently developed by Grashof” The 
components of stress determined by this method do not satisfy the conditions 
which are necessary to secure that they shall correspond with any possible 
displacement^^. The distribution of stress that is found by this method is, 
however, approximately correct in the case of a beam of which the breadth is 
but a small fraction of the depth”. 

The most important practical application of the theory of flexure is that 
which was made by Navier” to the bending of a beam resting on supports. 
The load may consist of the weight of the beam and of weights attached to 
the beam. Young’s modulus is usually determined by observing the deflexion 
of a bar supported at its ends and loaded in the middle. All such applications 
of the theory depend upon the proportionality of the curvature to the bending 
moment. The problem of a continuous beam resting on several supports was 
at first very diflScult, as a solution had to be obtained for each span by Navier's 
method, and the solutions compared in order to determine the constants of 
integration. The analytical complexity was very much diminished when 
Clapeyron” noticed that the bending moments at three consecutive supports 
are, connected by an invariable relation, but in many particular cases the 
analysis is still formidable. A method of graphical solution has, however, been 
invented by Mohr”, and it has, to a great extent, superseded the calculations 

E. Aimansi, Roma^ Acc. Lincei Rend. (Ser. 6), 1. 10 (1901), pp. 338, 400. In the second of 
these papers a eolation of the problem of bending by uniform load is obtained by a method whicl 
differs from that used by Miohell in the paper jnst cited. 

” This result was first noted by K, Pearson, Quart, J, of Math. ^ vol. 24 (1889), In connexioc 
with a particular law for the distribution of the load o?er the cross-section. 

” Am. de$ pontt et ehaiu$iet, 1856. 

^ Applied Mechanics, 1st edition, London, 1868. The method has been retained in later editione 

” EUisticitdt imd Festigkeit, 2nd edition, Berlin, 1878. Orashof gives Sunt-Venant’s theory 
as well 

^ Saint-Yenant noted this result in his edition of Navier^s Legons, p. 894, 

” In the second edition of his Legm (1838). 

” Paris^ C. R., 1 45 (1867). The history of Olapeyron^s theorem is given by J, M. HeppeJ 
LondoUf Bay. Soe. Proc., voL 19 (1871). 

” ^Beitrag zur Theorie des Fa^werks,* Zeitsehrift des Arehitekten-' und Ingenieur^Veret^ 
zu Bamaoer, 1874. This is the reference given by MfiUer-Breslau. Ldvy gives an acconnt of th< 
method in his Statique Graphique, t. 2, and attributes it to Mohr. A slightly different aoooufl 
is given by Canevazzi in MemoHe deW AccademAa di Bologna (Bar. 4), 1. 1 (1880). The nietho( 
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that were formerly conducted by means of Clapeyron's “Theorem of Three 
Moments.” Many other applications of the theory of flexure to problems of 
frameworks will be found in such books as Mttller-Breslau’s Die Neueren 
Methoden der Feetigkeitelehre (Leipzig, 1886), Weyrauch's Theorie JSlastischer 
KOrper (Leipzig, 1884), Ritter s Anwendungm der graphischm Statik (Zurich, 
1888). A considerable literature has sprung up in this subject, but the use 
made of the Theory of Elasticity is small. 

The theory of the bending and twisting of thin rods and wires — ^including 
tljte theory of spiral springs — was for a long time developed, independently 
ofj the general equations of Elasticity, by methods akin to those employed 
b 3 ^\ Euler. At first it was supposed that the flexural couple must be in the 
oscillating plane of the curve formed by the central-line; and, when the 
equlj»tion of moments about the tangent was introduced by Binet^®®, Poisson^®^ 
concluded from it that the moment of torsion was constant. It was only by 
slow degrees that the notion of two flexural couples in the two principal planes 
sprang up, and that the measure of twist came to be understood. When 
these elements of the theory were made out it could be seen that a know- 
ledge of the expressions for the flexural and torsional couples in terms of the 
curvature and twist would be sufficient, when combined with the ordinary 
conditions of equilibrium, to determine the form of the curve assumed by the 
central-line, the twist of the wire around that line, and the tension and 
shearing forces across any section. The flexural and torsional couples, as well 
as the resultant forces across a section, must arise from tractions exerted 
across the elements of the section, and the correct expressions for them must 
be sought by means of the general theory. But here a difficulty arises from 
the fact that the general equations are applicable to small displacements 
only, while the displacements in such a body as a spiral spring are hf no 
means small. Kirchhoff^®* was the first to face this diflSculty. He pointed 
out that the general equations are strictly applicable to any small portion of 
a thin rod if all the linear dimensions of the portion are of the same order 
of magnitude as the diameters of the cross-sections. He held that the 
equations of equilibrium or motion of such a portion could be simplified, for 
a first approximation, by the omission of kinetic reactions and forces dis- 
tributed through the volume. The process by which Kirchhoff developed bis 
theory was, to a great extent, kinematical. When a thin rod is bent and 
twisted, every element of it undergoes a strain analogous to that in one of 

has bm extended by Caiman, Die graphitehe Statikt Bd. 1, ZMoh, 1875. See also Bitter, Die 
tlaitieehe Linie und ikre Anwendmg avf den ccntmuirliehen Balken^ ZUrioh, 1888. 

^®® J, de vAeole polyteeknique, 1. 10 (1815). 

Correepondance itir VieoUt polyteekmquef t. 8 (1816). 

^®> They are dne to Samt<Yenaiit, Parir, C. R, it. 17, 10 (1848, 1844). 

m dae Gleichgewieht and die Rewe^ung ^ei nneadlioh dilimen alastiadieii Stabea,’ 

/. ilatii. {€trelk)t Bd. 66 (1869). The theory is also in Kmdihoil’s VwUmigm dter mtk 
hyHkf Meehmik (8rd edition, Leipaig, 1688). 
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Saint- Venant's prisms, but neighbouring elements must continue to fit. To 
express this kind of continuity certain conditions are necessaiy, and these 
conditions take the form of differential equations connecting the relative 
displacements of points within a small portion of the rod with the relative 
coordinates of the points, and with the quantities that define the position 
of the portion relative to the rod as a whole. From these differential equa- 
tions Kirchhoff deduced an approximate account of the strain in an element 
of the rod, and thence an expression for the potential energy per unit of 
length, in terms of the extension, the components of curvature and the twist. 
He obtained the equations of equilibrium and vibration by varying the 
energy-functioBL In the case of a thin rod subjected to terminal forces only 
he showed that the equations by which the form of the central-line is deter- 
mined are identical with the equations of motion of a heavy rigid body about 
a fixed point This theorem is known as “ Kirchhoff ’s kinetic analogue.” 

Kirchhoff ’s theory has given rise to much discussion. Clebsch" proposed 
to replace that part of it by which the flexural and torsional couples can be 
evaluated by an appeal to the results of Saint-Venant’s theories of flexure 
and torsion. Kelvin and Tait“ proposed to establish Kirchhoff’s formula 
for the potential energy by general reasoning. J. Boussinesq"** proposed to 
obtain by the same kind of reasoning Kirchhoff’s approximate expression 
for the extension of a longitudinal filament. Clebsch* gave the modified 
formul® for the flexural and torsional couples when the central-line of the 
rod in the unstressed state is curved, and his results have been confirmed 
by later independent investigations. The discussions which have taken 
place have cleared up many difficulties, and the results of the theory, as 
distmguished from the methods by which they were obtained, have bUn 
confirmed by the later writers** 


The apphcations of Kirchhoff’s theory of thin rods include the theory 
of the etorca which has been investigated in detail by means of the theorem 

Kdvm and Tait , and vanous problems of elastic stability. Among the 
to we may mention the problem of the buckling of an elastic ring sub- 

•* •» poi"'* 


^ (Lmville), (Sit. 2), 1. 16 (1871). 

de mieanique appUqu4e, 



HISTOEIOAL INTRODFOTION 


25 


axis of the cylinder. When terms above a certain order (the fourth power of 
the radius) are neglected, the equations for flexural vibrations are identical 
with Euler’s equations of lateral vibration. The equation found for the 
longitudinal vibrations had been obtained by Navier*“. The equation for 
the torsional vibrations was obtained first by Poisson*. The chief point of 
novelty in Poisson’s results in regard to the vibrations of rods is that the 
coefficients on which the frequencies depend are expressed in terms of the 
constants that occur in the general equations; but the deduction of the 
generally admitted special differential equations, by which these modes of 
vibration are governed, from the general equations of Elasticity constituted 
an advance in method. Reference has already been made to L. Pochhammer’s 
more complete investigation’’. Poisson’s theory is verified as an approxi- 
mate theory by an application of Kirchhoff’s results. This application has 
been extended to the vibrations of curved bars, the first problem to be solved 
being that of the flexural vibrations of a circular ring which vibrates in its 
own plane 

An important problem arising in connexion with the theory of longitudinal 
vibrations is the problem of impact. When two bodies collide each is thrown 
into a state of internal vibration, and it appears to have been hoped that 
a solution of the problem of the vibrations set up in two bars which impinge 
longitudinally would throw light on the laws of impact. Poisson”® was the 
first to attempt a solution of the problem from this point of view. His 
method of integration in trigonometric series vastly increases the difficulty 
of deducing general results, and, by an unfortunate error in the analysis, he 
arrived at the paradoxical conclusion that, when the bars are of the same 
material and section, they never separate unless they are equal in length. 
Saint-Venant”* treated the problem by means of the solution of the equation 
of vibration in terms of arbitrary functions, and arrived at certain results, 
of which the most important relate to the duration of impact, and to the 
existence of an apparent ‘‘coefficient of restitution” for perfectly elastic 
bodies”*. This theory is not confirmed by experiment. A correction sug- 
gested by Voigt”*, when worked out, led to little better agreement, and it 
thus appears that the attempt to trace the phenomena of impact to vibra- 
tions must be abandoned. Much more successful was the theory of Hertz”®, 
obtained from a solution of the problem which we have named the problem 

Bulletin den Scieneee h la Sociite pkHomathigue^ 1824. 

w B. Hoppe, /, /, Math. (CrelU), Bd. 78 (1871)- 

”® In hit Traits de MSoanique^ 1888. 

‘ Sur le ohoo longitudinal de deux Inirret ^lattiqoet...,’ J.de Math. {LiouvilU)^ (84r. 2), t. 18 
(1867). 

”* Of. Hopkinson, Mmenpef of Mathematicif vol. 4, 1874. 

”* Ann. Phyi. Chem. (Wiedemann), Bd. 19 (1882). See alto Hautmaninger in the tame 
Annalen, Bd. 26 (1886). 

H4 4 ^^ber die Berdbmng letter elatiitoher Kdrper,’ J, f. Math. (CreUe), Bd. 92 (1882). 
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dLrie the duStion of impact and the size and shape of the ^ that come 
into contact. The theory yielded a satisfactory comparison with experiment. 

The theory of vibrations can be applied to problems concemmg vanons 
kinds of shocks and the effects of moving loads. The inertia as well as the 
elastic reactions of bodies come into play in the resistances to strain under 
rapidly changing conditions, and the resistances called into action are some- 
times described as "dynamical resistances.” The special problem of the 
longitudinal impact of a massive body upon one end of a rod was discussed 
by S6bert and Hugoniot“‘ and by Boussinesq"*. The conclusions which they 
arrived at are tabulated and illustrated graphically by Saint-Venant**’. 
But problems of dynamical resistance under impulses that tend to produce 
flexure are perhaps practically of more importance. When a body strikes 
a rod perpendicularly the rod will be thrown into vibration, and, if the body 
moves with the rod, the ordinaiy solution in terms of the normal functions 
for the vibrations of the rod becomes inapplicable. Solutions of several 


problems of this kind, expressed in terms of the normal functions for the 
compound system consisting of the rod and the striking body, were given by 
Saint-Veiumt™. 

Among problems of dynamical resistance we must note especially Willis’s 
problem of the travelling load. When a train croe-ses a bridge, the strain is 
not identical with the statical strain which is produced when the same train 
is standing on the bridge. To illustrate the problem thus presented Willis'” 
proposed to consider the bridge as a straight wire and the train as a heavy 
particle deflecting it. Neglecting the inertia of the wire he obtained a 
certain differential equation, which was subsequently solved by Stokes'”. 
Later writers have shown that the effects of the neglected inertia are very 
important. A more complete solution has been obtained by E. Phillips'® 
and Saint-Venant'*, and an admirable prids of their results may be read 


Pori., C. R., t. 96 (1882). 

Applkatmt det PoUnikU..., Psri*, 1885. The resolti were given in a note in Parti, C. R., 
t. 97 (1888). 

*• reprinted m an appendix to hie Translation of 

ClebMh’e Treatiie (ParU, 1888). 

Ohapto Clebsoh’ just cited, Nott du f 61. Of. Lord Baylei^, T*«rp Sound, 
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in the second volume of Todhunter and Pearson’s History (Articles 378 
et Bsq.). 

We have seen already how problems of the equilibrium and vibrations of 
plane plates and curved shells were attempted before the discovery of the 
general equations of Elasticity, and how these problems were among those 
which led to the investigation of such equations. After the equations had 
been formulated little advance seems to have been made in the treatment of 
the problem of shells for many years, but the more special problem of plates 
attracted much attention. Poisson" and Cauchy" both treated this problem, 
proceeding from the general equations of Elasticity, and supposing that all 
the quantities which occur can be expanded in powers of the distance from 
the middle-surface. The equations of equilibrium and free vibration which 
hold when the displacement is directed at right angles to the plane of the 
plate were deduced. Much controversy has arisen concerning Poisson’s boundary 
conditions. These expressed that the resultant forces and couples applied at 
the edge must be equal to the forces and couples arising from the strain. 
In a famous memoir Kirchhoff^*® showed that these conditions are too 
numerous and cannot in general be satisfied. His method rests on two 
assumptions: (1) that linear filaments of the plate initially normal to the 
middle-surface remain straight and normal to the middle-surface after strain, 
and (2) that all the elements of the middle-surface remain unstretched. 
These assumptions enabled him to express the potential energy of the bent 
plate in terms of the curvatures produced in its middle-surface. The equations 
of motion and boundary conditions were then deduced by the principle of 
virtual work, and they were applied to the problem of the flexural vibrations 
of a circular plate. 

The problem of plates can be attacked by means of considerations of the 
same kind as those which were used by Kirchhoff in his theory of thin rods. 
An investigation of the problem by this method was made by Gehring" and 
was afterwards adopted in an improved form by Kirchhoff". The work is 
very similar in detail to that in Kirchhoff's theory of thin rods, and it leads to 
an expr^sion for the potential energy per unit of area of the middle-surface 
of the plate. This expression consists of two parts: one a quadratic function 
of the quantities defining the extension of the middle-surface with a coefficient 
proportional to the thickness of the plate, and the other a quadratic function 

" In tht mmoit oi ISSS. A large part of flie mfostigatioii ie reprodneed in Todhunter and 
Pearaon*! BUtcry. 

" In an Article *Sar r^nilibie et le mouwnent d*iine plaque sdide’ in the JSxereiert de 
maMmsHqui, wd. B (18BS). Most of this Artiole also is repr^uoed hy Todhunter and Feanon. 

" Math, (Cretis), Bd. 40 (1860). 

" iEqnationibiis differentialihiis quibns aqnilihrsiini et motus lamiiMi oxTstidlina 
deflninntitr* (Dies.), Berlin, 1860. The analyids may he read in Kirohhoffs rerfmapen Oter 
matA Pkyi., Mtehaidk, and pi^ of it alio in OMibh*e Tmtiae. 

" Uker malA JPhpi., M^hanik. 
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of the quantities defining the flexure of the middle-surfiice with * ooeflScient 
proportional to the cube of the thickness. The equations of small motion 
are deduced by an application of the principle of virtual work. When the 
displacement of a point on the middle-surface is veiy small the flexure 
depends only on displacements directed at right angles to the plane of the 
plate, and the extension only on displacements directed parallel to the plane 
of the plate, and the equations fall into two sets. The equation of normal 
vibration and the boundary conditions are those previously found and discussed 
by Kirchhoff®. 

As in the theory of rods, so also in that of plates, attention is directed 
rather to tensions, shearing forces and flexural couples, reckoned across the 
whole thickness, than to the tractions across elements of area which give rise 
to such forces and couples. To fix ideas we may think of the plate as hori- 
zontal, and consider the actions exerted across an imagined vertical dividing 
plane, and on this plane we may mark out a small area by two vertical lines 
near together. The distance between these lines maybe called the “breadth” 
of the area. The tractions across the elements of this area are statically 
equivalent to a force at the centroid of the area and a couple. When the 
“breadth” is very small, the magnitudes of the force and couple are pro- 
portional to the breadth, and we estimate them as so much per unit of length 
of the line in which our vertical dividing plane cuts the middle plane of the 
plate. The components of the force and couple thus estimated we call the 
“stress-resultants” and the “stress-couples.” The stress-resultants consist of 
a tension at right angles to the plane of the area, a horizontal shearing force 
and a vertical shearing force. The stress-couples have a component about 
the normal to the dividing plane which we shall call the “ torsional couple,” and 
a comnonent m the vertical plane containing this normal which we shall call 
the “flexural couple.” The stress-resultants and stress-couples depend upon 
the direction of the dividing plane, but they are known for all such directions 
when they are known for two of them. Clebsch" adopted from the KirchhoflP- 
Uehnng theory the approximate account of the strain and stress in a small 
po ion of the plate bounded by vertical dividing planes, and he formed 

“ terms of stress-resultants and stress- 
horriontal sh ^^t involving the tensions and 

the vertical stress-couples and 

T' ‘hat, when the expres- 
middle plane the vp ‘ he deformation of the 
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All the theory of the equations of equilibrium in terms of stress-resultants 
and stress-couples was placed beyond the reach of criticism by Kelvin and 
Tait“. These authors noticed also, that, in the case of uniform bending, the 
expressions for the stress-couples could be deduced from Saint-Venant’s theory 
of the anticlastic flexure of a bar; and they explained the union of two of 
Poisson's boundary conditions in one of Kirchhoffs as an example of the 
principle of the elastic equivalence of statically equipollent systems of load. 
More recent researches have assisted in removing the difSculties which had 
been felt in respect of Kirchhoffs theory'®*^. One obstacle to progress has been 
the lack of exact solutions of problems of the bending of plates analogous to 
those found by Saint-Venant for beams. The few solutions ol’ this kind which 
have been obtained**^ tend to confirm the main result of the theory which has 
not been proved rigorously, viz. the approximate expression of the stress- 
couples in terms of the curvature of the middle-surface. 

The problem of curved plates or shells was first attacked from the point of 
view of the general equations of Elasticity by H. Aron He expressed the 
geometry of the middle-surface by means of two parameters after the manner 
of Gauss, and he adajited to the problem the method which Clebsch had used 
for plates. He carrived at an expression for the potential energy of the strained 
shell which is of th(‘ same form as that obtiiined by Kirchhotf for plates, but 
the quantities that define the curvature of tht' middle-surface were replaced 
by the differences of their values in the strained and unstrained states. 
E. Mathieu*** axlapted to the problem the method which Poisson had used for 
plates. He (»bserved that the modes of vibration possible to a shell do not fall 
into classes characterized res|x^ctively by normal and tangential displacements, 
and he adopted equations of motion that could be deduced from Aroffs 
formula for the potential encTgy by retaining the terms that depend on the 
stretching of the middle-surface only. Lord Rayleigh***^ proposed a diflerent 
theory. He concluded from physical reasoning that the middle-surface of a 
vibrating shell lemains unstretched, and determined the character of the 
displacement of a point of the middle-surface in accordance with this condition. 
The direct application of the Kirchhoff-Gehring method^® led to a formula for 
the potential energ}’ of the s«ime form as Aron s and to equations of motion 
and boundary conditions wdiich were difficult to reconcile with Loixi Rayleigh's 
theory, Ijiter investig^itions have shown that the extensional strain which 

*** ISee, for example^ J. Ik>U8«ineiiq, «/. (U Math^ {Liounlle)^ (Ser. 2). t. 16 (1871) and 
f^r. d), t. 5 (1879). H. Lamb, Londtm Math, Proc., vol. 21 (189(.^); J. H. Miohell, London 
Hoe* Proc., vol. 81 (1900), p. 121; J. Hadamard, Ami\ Math, Soe, Tram,, vol. 3 (1902), 
Soma aolutions were given by Saint-Venant in the * Annotated Clebsoh,’ pp. 3S7 €t $eq. 
Others will be found in Chapter XXII of this book. 

J./ Math. (CreZhr), Bii. 78 (1874). 

J, de VAtoli polyUchniqui^ t. 81 (1888)* 

London Math, 8oe. Proe., yoL 18 (1882). 

A. B. ff. Love, Phil. Tram. Hoy. Soc. (Ser, A), vol. 179 (1888). 
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was thus proved to be a necessary concomitant of the vibations may be 
practically confined to a narrow region near the edge of the ahell, but 
in this region, it may be so adjusted as to secure the mtis&ctiou of the' 
boundary conditions while the greater part of the shell vibmtes aocoidinw to 
Lord Bayleigh’s type. * 

Whenever very thin rods or plates are employed in constructions it beoom 
necessary to consider the possibility of buckling, and thus there arises ^ 
general problem of elastic staMity. We have already seen t ha t the first ‘ 
vestigations of problems of this kind were made by Euler and Lamran ** 1 * 
number of isolated problems have been solved. In all of them tv^^es of 
equilibrium with the same type of external forces are possible, and the oitlina 
proof”* of the determinacy of the solution of the equations of Elasticit ^ 
defective. A general theory of elastic stability has been DiY>nr»^\“ 
G. E Bryan- He arrived at the result that the theorem of ISlaS; 
cannot fail except m cases where large relative displacements can be ^ 
pamed by very small strarns, as in thin rods and plates, and in 
displacements differing but slightly Irom such as are possible in alSd’tT 
can take place, as when a sphere is compressed within « «' i 
slightly smaller diameter. In all cases where two modes of 
possible the criterion for determining the mode that will ^ 

The history of the mathematical theory of Elastieirbr i . 

development of the theory has not been ^Ld t 

it has been founded and shaped hive ^ ll IT 
losophy than in material progress in trvini? to A “ Natural Bhi- 

tiymg to make it more rerlforteble ^rom , wwld than in 

possibly have resulted that the theorv h *ttitude of mind it may 

«» ietolfetoe, pie ebich to™ 

•touted 007 kigUy. The ditooseioj, the, h.,! 7 ?^ matt be 

number and meaning of the elastic const place concerning the 

^nditequestiormofncernW t “tu^^ “g^t on Lt 

feraction. The efforts that havl C . ^ 

% mem of the hypothesis of a med^m ^ Phenomena 

“ solid body led in the fi«it ^ pl>yaical character 

-“-te example of a medi^: wth^ of a 

havinv conclusion thattK*"* viluahioiu, and, 

issued^ ®^'“»cter assumed i '* laminifiawBi medium 

Thet?,;; widening of (Trld ^ They have thus 

"““■-I- •>». b... bee, U» lUbi. rf %bb 

the eqnatwna cf equilibrium 


Camiriif, Pita ^ MetkmOi. 
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of an uotrojHC solid body form part of an aDal}rtical theory vhich is of great 
importance in pure mathematics. The application of these methods to the 
problem of the internal constitution of the Earth has led to results which must 
influence profoundly the course of speculative thought* both in Geology and in 
cosmical Physics. Even in the more technical problems, such as the trans- 
mission of force and the resistance of bars mid plates, attention has been 
directed, for the most part, rather to theoretical than to practical aspects of 
the questions. To get insight into what goes on in impact, to bring the theory 
of the behaviour of thin bars and plates into accord with the general equations 
— these and such-like aims have been more attractive to most of the men to 
whom we owe the theory than endeavours to devise means for effecting 
economies in engineering constructions or to ascertain the conditions in which 
structures become unsafe. The fact that much material progress is the indirect 
outcome of work done in this spirit is not without significance. The equally 
significant fact that most great advances in Natural Philosophy have been 
made by men who had a first-hand acquaintance with practical needs and ex- 
perimental methods has often been emphasized ; and, although the names of 
Green, Poisson, Cauchy show that the rule is not without important exceptions, 
yet it is exemplified well in the history of our science. 



CHAPTER I 

ANALYSIS OF STRAIN 


1. Extension. 

Whenever, owing to any cause, changes take place in the relative positions 
of the parts of a body the body is said to be “strained.” A very simple 
example of a strained body is a stretched bar. Consider a bar of square 
section suspended vertically and loaded with a weight at its lower end. Let 
a line be traced on the bar in the direction of its length, let two points of the 
line be marked, and let the distance between these points be measured. 
When the weight is attached the distance in question is a little greater than 
it was before the weight was attached. Let I, be the length before stretching, 
and I the length when stretched. Then (l-k)!k is a number (generally a 
very small fraction) which is called the extension of the line in question. If 
this number is the same for all lines parallel to the length of the bar, it may 
be called “the extension of the bar.’’ A steel bar of sectional area 1 square 
inch (= 6 4515 cm.*) loaded with 1 ton (= 1016 ().5 kilogmmmes) will undergo 
an extension of about 7 x 10“'. It is clear that for the measurement of such 
small quantities as this rather elaborate apparatu.s and refined methods of 
observation are required*. Without attending to methods of measurement 
we may consider a little more in detail the state of strain in the stretched 
bar. Let e denote the extension of the bar, so that its length is increased in 
the ratio 1 + e:l, and consider the volume of the portion uf the bar contained 
between any two marked sections. This volume is increased by stnrtching 
the i)ar, but not in the ratio 1 + e ; 1. When the bar is stretched longitudinally 
in contrite laterally. If the linear lateral contraction is e\ the sectional area 
is diminished in the ratio (1 - e')* : 1, and the volume in question is increased 
in the ratio (1 +e)(l -e')»; 1. In the case of a bar under tension e' is a 
certam multiple of e, say ce, and a is about J or J for very many raateriak 

e IS veiy small and e> is neglected, the areal contraction is 2<rs, and the 
cubical dilatation is (1 - 2<r) e. 


SoncThZ”! f' ‘he cooniinate r 

V z when tb ^ • il • ^ particle of the bar which has the coordinates 
weight into a v** will move after the attachment of the 

through a distanl^^r” particle which was at the cnrigin move 

•See, fore 3^(1 -oc). f, + l(l+s). 
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The state of strain is not very simple. If lateral forces could be applied to 
the bar to prevent the lateral contraction the state of strain would be very 
much simplified. It would then be described as a “simple extension,'* 

2. Pure shear. 

As a second example of strain let us suppose that lateral forces are applied 
to the bar so as to produce extension of amount €i of lines parallel to the axis 
of a: and extension of amount e, of lines parallel to the axis of y, and that 
longitudinal forces are applied, if any are required, to prevent any extension 
or contraction parallel to the axis of z. The particle which was at (x, y, z) 
will move to (x-H 6i^r, y -f c^y, z) and the area of the section will be increased 
in the ratio (1 -f €i)(l -t-Cy) : 1. If e, and €« are related so that this ratio is 
e(pial to unity there will be no change in the area of the section or in the 
vulume of any portion of the bar, but the shajKj of the section will be distorted. 
Either Cj or is then negative, or there is contraction of the corresponding 
(»f lilies. The strain set up in the bar is called “pure shear/* Fig. 1 
K*low shows a .s<juare A BCD distorted by pure shear into a rhombus 
f the Slime area. 

3. Simple shear. 

.\s a thin! example of strain let us suppose that the bar after being dis- 
..>rted by pure? shear is timied iKslily about its axis. We suppr>se that the 
Aih of X is the direction in which contniction place, and we put 

— €| =» 2 tan a. 

Then we c'an show that, if the rotation is t>f amount a in the sense from y to x, 
hr position reached by any jmrticle is one that could have been reached by 
ihr sliding of all the particles in the dir(*ction of a certain line through 
iisianccs pnq>ortional to the distances of the particles from a certain plane 
’ iitaming this line. 

{ I -f I,} ( 1 li ami 2 Um a, vre liave 

i Cl — Una, I -f <5«»8 Cc a + Un a. 

liy th#‘ jrnre shear, the jiarticle which wa« at (x, y) in moved U> (X|, y,)» where 
jr, (sec a - Uii o), yi«y (sec a -I- tan a) ; 
hy the mUtion it is moved again to (x,, y,), where 

X| <j<i« e-f yi sin a, y* « X| mil n-fyj cos a ; 

'»'» thfit we have X|*»x ^ tan a { — x cos a *fy ( 1 + sin a)}, 

yi««y4.Un a { - x(l -ain a)-^y cesaj. 
writing for |fr - a, we have 

Xi-X'f* tali «cos|^(-x sin 
yt-y+i tans sin +yoos|ffi; 

uliaerve that 

-xisin irfS.d^yiSoa - jpsitt 
ib&t 


#oos shft ^ 4 1 Im a ( • 
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. • „= T and Y which are obtained from those of « and y 

Hence, takmg ax jj, sense from x towards y, we see that 

.i (x% is ««»«i Kj- <*“ p"" 

rotation to the point (Z,. F*), where 

Xj = Z+2tana . F, F.*F. 

Thus every plane of the material which is parallel to the plane of (X, t) sUdes 
innt itself in the direction of the axis of X through a distance proportional 
^ di,tan«, of the pUne to the phme of (X The kind of ^ juet 
Tescribed is called a “simple shear.” the angle a is the “angle of the shear, 
and 2 tan « is the “amount of the shear.” 



* square A BCD distorted by pure shear into a rhombus 
the angle of the sh^ h. A’OA", and the angle ilOZ is half the complement 

“1! “““ ““ ** doecrihed In tanm of otal* 

•^p e shear, but for the discnssima of complex states of strain 
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and for the expression of them by means of simpler strains we require a 
general kinematical theory*. 


4, Displacement. 

We have, in every case, to distinguish two states of a body — a first state 
and a second state. The particles of the body pass fix)m their positions in the 
first state to their positions in the second state by a displojcmmU The 
displacement may be such that the line joining any two particles of the body 
has the same length in the second state as it has in the first; the displacement 
is then one which would be possible in a rigid body. If the displacement alters 
the length of any line, the second state of the body is described as a strained 
state,” and then the first state is described as the ''unstrained state.” 

In what follows we shall denote the coordinates of the point occupied by 
a particle, in the unstrained state of the body, by x, y, x, and the coordinates 
of the point occupied by the same particle in the strained state by 

y + v. r + w. 

Then u, u, w are the projections on the axes of a vector quantity — the dis- 
placement. We must take u, v, w to be continuous functions of ar, y, x, and 
we shall in general assume that they are analytic functions. 

It is clear that, if the displacement (u, tr, w) is given, the strained state is 
entirely determined; in particular, the length of the line joining any two 
particles can be determined. 


5. Displacement in simple extension and simple shear. 


The displacement in a simple extension parallel to the axis of jp is given by the 
equations 

pa*0, irwO. ^ 

wbere s is the amount of the extension. If s is native there is cofUracH<m, 


The dispiaoement in a simple shear of amount « ( *2 tan o), by which lines parallel to the 
axis of s slide along themselves, and particles in any plane parallel to the plane of (x, y) 
remain in that plane, is given by the equations 


umty, i«0, wmO, 

In Fig. 2, ^7 is a segment of a line parallel to the axis of x, which subtends an angle 
at 0 and is bisected by Oy. By the simple shear |)articles lying on the line OA are 
displaced so as to lie on OB. The particle at any point P on AB 'm displaced to Q on 
so that PQmAB, and the particles on OP are displaoed to points on OQ. A iiarailcaogmm 
such as OPNM becomes a psraltelogram such aa Qi^KM. 

If the angle xOP»0 we may fmive that 

. 2tantttan*d 

^^®**,iac*d^2tanotand* ^ ^ l+2lanotattd* 

particular, if oot xO^mi, so that, if $ is small, it is the complement of the angle 


' The grea^ part of the Iheoiy is due to Cau<diy(ai^ introduodon). Some Imprmiueuti 
tmAi hy <^beeh in his tieadsiof im, and olheis wife made hy Xelvia and fili» Nm. 
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in the strained state between two lines of particles which, in the unstrained state, were at 
right angles to each other. 



Fig. 2. 


6. Homogeneous strain. 

In the cases of simple extension and simple shear, the component displace- 
ments are expressed as linear functions of the coordinates. In general, if a 
body is strained so that the component displacement can be expressed in this 
way, the strain is said to be homogeneous. 

Let the displacement corresponding with a homogeneous strain be given by 
the equations 

u = ai,a; + aijy-4-aM2;, v = a^x + a^y a„z, w = 0,1® + Oay + aa,x. 

Since x, y, z are changed into x u, y v, z w, that is, are transformed by 
a linear substitution, any plane is transformed into a plane, and any ellipsoid 
is transformed, in general, into an ellipsoid. We infer at once the following 
characteristics of homogeneous strain: — (i) Straight lines remain straight, 
(ii) Paraliel straight lines remain parallel, (iii) All straight lines in the same 
direction are extended, or contracted, in the same ratio, (iv) A sphere is 
transformed into an ellipsoid, and any three orthogonal diameters of the 
sphere are transformed into three conjugate diameters of the ellipsoid, 
(v) Any ellipsoid of a certain shape and orientation is transformed into a 
sphere, and any set ot conjugate diameters of the ellipsoid is transformed 
into a set of orthogonal diameters of the sphere, (vi) There is one set of three 
orthogonal lines in the unstrained state which remain orthogonal after the 
strain; the directions of these lines are in general altered by the strain. In the 
unstrained state they are the principal axes of the ellipsoid referred to in (v); 
in the strained state, they are the principal axes of the ellipsoid referred to 
in (iv). 

The ellipsoid referred to in (iv) is called the strvm eUipsoid", it has the 
property that the ratio of the length of a line, which has a given direction in 
the strained state, to the length of the corresponding line in the unstrained 
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state, is proportional to the central radius vector of the surface drawn in the 
given direction. The ellipsoid referred to in (v) may be called the reciprocal 
strain ellipsoid] it has the property that the length of a line, which has a 
given direction in the unstrained state, is increased by the strain in a ratio 
inversely proportional to the central radius vector of the surface drawn in the 
given direction. 

The principal axes of the reciprocal strain ellipsoid are called the principal 
axes of the strain. The extensions of lines drawn in these directions, in the 
unstrained state, are stationary for small variations of direction. One of them 
is the greatest extension, and another the smallest, 

7. Relative displacement. 

Proceeding now to the general case, in which the strain is not necessarily 
homogeneous, we take (a? + x, y + y, 2 : -f a) to be a point near to {x, y, z\ and 
(t/ + u, v + v, w; + w) to be the corresponding displacement. There will be 
expressions for the components u, v, w of the relative displacement as series 
in powers of x, y, a, viz. we have 


du 


du 

du 


0 

It 

N 

•f 

^ dy 

dz 


dv 

+ 

dv 

dv 

\ 

V ss X — 

dx 


dz 

+ y 

dw 


dw 

. dw 

i 



^ dy 

dz 



where the terms that are not written contain powers of x, y, a above the first. 
When X, y, a are sufficiently small, the latter terms may be neglected. The 
quantities u, v, w are the displacements of a particle which, in the unstrained 
state, is at (a? + y + y, ^ + a), relative to the particle which, in the same 
state, is at (a;, y, z\ We may accordingly say that, in a sufficiently small 
neighbourhood of any point, the relative displacements are linear functions of 
the relative coordinates. In other words, the strain about any point is sensibly 
homogeneous. All that we have said about the effects of homogeneous strain 
upon straight lines will remain true for linear elements going out from a 
point. In particular, there will be one set of three orthogonal linear elements, 
in the unstrained state, which remain orthogonal after the strain, but the 
directions of these lines are in general altered by the strain. The directions, 
in the unstrained state, of these linear elements at any point are the ‘‘principal 
axes of the strain” at the point. 

8. Analysis of the relative displacement^. 

In the discussion of the formul© (1) we shall confine our attention to the 

♦ Stokes, Cambridge Phil, 8oe. Trans,, vol. 8 (1846), Math, and Pkgs, Papers, vol. 1, p. 76. 
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displacement near a point, and shall neglect terms in z, y, s above the first. 
It is convenient to introduce the following notations; 




dv 



dw 


due 

5 




dz 


dw 

dv 

9w . 

dw 


dv . 

du 

dy dz' 


* ■ 



dio 
dv ' 

dv 

~dz’ 


dw 

dx 

as 

dv 

dx 

du 

dy’ 


The formulae (1) may then be written 

▼ = = + e^y + + «r,z, ( 3 ) 

w = ' Js**z + ■Je^y + e*** ~ WyZ + w^y.^ ^ 

The relative displacement is thus represented as the resultant of two dis- 
placements, expressed respectively by such forms as e„x -f- Je»yy 4- and 
- er^y + v„x; and there is a fundamental kinematical distinction between the 
cases in which the latter displacement vanishes and the cases in which it does 
not vanish. When it vanishes, that is when tv*, Wy, tv* vanish, the component 
displacements are the partial differential coefficients, with respect to the 
coordinates, of a single function so that 

dd> di d<f> 

and the line-integral of the tangential component of the displacement taken 
round any closed curve vanishes, provided that the curve can be contracted 
to a point without passing out of the space occupied by the body. Such a 
function as ^ would be called a “displacement-potential." Through each point 
(z, y, s) there passes one quadric sur&ce of the family 

SaeZ* -h y* + eB** + ey,y« + Cm,*z + e«yiy = const (4) 

and the displacement that is derived, as above, firom a displacement-potential, 
is, at each point, directed along the normal to that surfsme of the family (4) 
which passes through the point The linear elements that lie along the 
principal axes of these quadrics in the unstrained state continue to do so in 
the strained state, or the three orthogonal linear elements which remain 
orthogonal retain their primitive directions. The strain involved in such 
displacements is desmib^ as a “pure strain.” We learn that the relative 
displacement is always compounded of a displacement involving a pure strain 
and a displacem^t represented by such expressions as > v^y + VyZ The line- 
integral of the latter displacement taken round a closed curve does not vanish 
(c£ Article 15> infra). If the quantities ««, Vy, are small, the terms such 
as — v^y + «yS represent a displacement that would be possible in a rigid 
body, viz. a small rotation of amount 4- vy 4 «,*) about an axis in direc- 
^on (vy : «y ; Wf). For this reason the ^splacement corresponding with a pure 
strain is often described as “irrotational.” 



EXTENSION 07 A UNEAB ELEMENT 


39 


8 - 10 ] 

9. Strain oorresponding with amall displacement*. 

It is clear that the changes of size and shape of all parts of a body will be 
determined when the length, in the strained state, of eveiy line is known. 
Let 1, m, n be the direction cosines of a line going out from the point («, y, a). 
Take a very short length r along this line, so that the coordinates of a 
neighbouring point on the line are a; + lr, y + mr, z + nr. After strain the 
particle that was at («, y, z) comes to (as + w, y + v, z + w), and the particle 
that was at the neighbouring point comes to the point of which the coordinates 
are 


1 ; . . . 3m 3m\ 

^ + lr+u + r(l^+mg^+ng^). 

. f,dv dv dv\ 


. . . /j9w; . dw dw\ 

z + nr-\‘W + r\^l dz)* 


provided r is so small that we may neglect its square. Let be the length 
after strain which corresponds with r before strain. Then we have 

r(( f 1 + » j’lv li ^ + » fi + ^ 


rfi/i . M 

. 3m 

3m)* . 1 

ii 3i> , 

(i . 

[. ^1’ 


+ m 5 --fn 

3y 
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,0m; . 3m; dw' 

When the relative displacements are very small, and squares and products 

0'l£ . • 

of such quantities as ••• can be neglected, this formula passes over into 
ooo 

Tj sss r (1 + €xx^ + e^ylm), (7) 

where the notation is the same as that in equations (2). , 

10. Components of strainf. 

By the formula (7) we know the length rj of a line which, in the unstrained 
state, has an assigned short length r and an assigned direction {I, tn, a), as 
soon as we know the values of the six quantities Zyy, egg, egg, 
These six quantities are called the “components of strain.” In the case of 

* In the applioetions of the theory to strains in elastic solid bodies, the displacements that have 
to be ooosideted are in general so small that squares and producto of first diflerential ooeffiments 
of tt, V, w with respect to *, y, * can be neglected in comparison with thdr first powers. The 
more general theory in which thU simplification is not made will be discussed in the Appendix to 

this Chapter. , . , v .i 

t Wh*" the relative displacement is not small the strain is not specified completely by the 
quantities This matter is considered in the Appendix to this Chapter. LordKdvin 

has ealled attention to the nnsymmetrioal character of the strain-eomponents hra specified. 
Three of tK^" , in fact, are extensions and the remaining three are shearing strains. He baa 
worked out a symmetrical system of strain-eomponents which worfd be tte «t^^ «rf ^ 
parallel io the edges of a tetrahedron. See Edinburgh Roy. 8oc. Proc.^ vol. 24 (1902), and Phu. 
Mag. (Ser. 6), voL 8 (1908), pp. 95 and 444. 
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homogeneous strain they are constants; in the more general case they are 
variable from point to point of a body. 

The extension e of the short line in direction (Z, m, n) is given at once by 
(7) in the form 

SO that the three quantities e^z are extensions of linear elements, which, 

in the unstrained state, are parallel to axes of coordinates. 

Again let (Zi, Wi) be the direction in the strained state of a linear 
element which, in the unstrained state, has the direction (Z, m, n), and let e be 
the corresponding extension, and let the same letters with accents refer to a 
second linear element and its extension. From the formulae (5) it appears that 


=?.K 


- 0U 01^ 0't4 

1 4- + m ^ 

ox, oy oz 


with similar expressions for mi, Wj. The cosine of the angle between the two 

elements in the strained state is easily found in the form 

ZiZ/ 4- mim/ + = {IV -h mm! + nri) (1 — s — a ) -f 2 {egJX + eyymm + e^^nn') 

+ Byz (mn' 4- m!n) 4- Bzx {nV 4- w'Z) 4- Sajy (Zm' + Vm) (9) 

If the two lines in the unstrained state are the axes of x and y the cosine of 
the angle between the corresponding lines in the strained state is e^y^ In like 
manner Byz and are the cosines of the angles, in the strained state, between 
pairs of lines which, in the unstrained state, are parallel to pairs of axes of 
coordinates. 

Another interpretation of the strain-components of type Big^, is afforded 
immediately by such equations as 

dv du 


from which it appears that e^y is made up of two simple shears. In one of 
these simple shears planes of the material which are at right angles to the 
axis of X slide in the direction of the axis of y, while in the other these axes 
are interchanged. The strain denoted by e^y will be called the “shearing strain 
corresponding with the directions of the axes of x and y.” 

The change of volume of any small portion of the body can be expressed 
in terms of the components of strain. The ratio of corresponding very small 
volumes in the strained and unstrained states is expressed by the functional 
determinant 


du 

du 

du 




dv 

- dv 

dv 




dw 

dw 

1 . ^ 
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and, when squares and products of dujdx,... are neglected, this becomes 
. 8 u dv dv) 

^ + + + or say 1 + A. The quantity A which is defined by the 

equation 

A = + + = g + | + ^ .(10) 

is the increment of volume per unit of volume, or the “cubical dilatation,” often 
called the “dilatation.” 

With the introduction of the components of strain, the interpretation of 
these components and the expression of the cubical dilatation in terms of them, 
we have achieved a general kinematical theory of the strains that accompany 
small displacements. The rest of this Chapter will be devoted to theorems 
and methods, relating to small strains, which will be useful in the development 
of the theory of Elasticity. 


11. The Strain Quadric. 

Through any point in the neighbourhood of {x, y, z) there passes one, and 
only one, quadric surface of the family 

4- 4- eyzy% 4 “ -f = const (4 Us) 

Any one of these quadrics is called a strain quadric] such a surface has the 
property that the reciprocal of the square of its central radius vector in any 
direction is proportional to the extension of a line in that direction. 

If the quadric is an ellipsoid, all lines issuing from the point {x, y, z) are 
extended or else all are contracted; if the quadric is an hyperboloid, some 
lines are extended and others contracted; and these sets of lines are separated 
by the common asymptotic cone of the surfaces. Lines which undergo no 
extension or contraction are generators of this cone. 

The directions of lines, in the unstrained state, for which the extension is a 
maximum or a minimum, or is stationary without being a true maximum or 
minimum, are the principal axes of the quadrics (4). These axes are therefore 
the principal axes of the strain (Article 7), and the extensions in the directions 
of these axes are the “principal extensions.” When the quadrics are referred 
to their principal axes, the left-hand member of (4) takes the form 

wherein the coefficients 61 ,^ 2 , are the values of the principal extensions. 

We now see that, in order to specify completely a state of strain, we require 
to know the directions of the principal axes of the strain, and the magnitudes 
of the principal extensions at each point of the body. With the point we may 
associate a certain quadric surface which enables us to express the strain at 
the point. 
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The direoticms of the principal axes of the strain are determined as follows :--let l^n^n 
be the direction cosines of one of these axes, then we have 

I “ ^ 1 

and, if e is written for either of these three quantities, the three possible values of € are the 
roots of the equation 

•JSy, 

these roots are real, and they are the values of the principal extensions ^2, ^3. 


12. Transformation of the components of strain. 

The same state of strain may be specified by means of its components 
referred to any system of rectangular axes; and the components referred to 
any one system must therefore be determinate when the components referred 
to some other system, and the relative situation of the two systems, are known. 
The determination can be made at once by using the property of the strain 
quadric, viz. that the reciprocal of the square of the radius vector in any 
direction is proportional to the extension of a line in that direction. We shall 
take the coordinates of a point referred to the first system of axes to be, as 
before, a?, y, z, and those of the same point referred to the second system of 
axes to be y', /, and we shall suppose the second system to be connected 
with the first by the orthogonal scheme 
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Further we shall suppose that the determinant of the transformation is 
1 (not - 1), so that the second system can be derived from the first by an 
operation of rotation*. We shall write 
ponents of strain referred to the second system. 

The relative coordinates of points in the neighbourhood of a given point 
may be denoted by x, y, 1 in the first system and x', y', 1 ' in the second 
system. These quantities are transformed by the same substitutions as a;, y, x 
and oi, yl z\ 

When the form 

e«a.x* + Syyjr* + + e^j% + e,jix -f 

* Thittesiriotiott makeg no differenoe to the r^tioni between the oomponenti of strain referred 
to the two qrvtems. It alleots the eomponents of rotation «r,, te*. 
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is transformed by the above substitution, it becomes 

«*'»'*'* + + «*'*'«'• + V + + c,yxy. 

It follows that 

*<*’•' “ ®»Wj* + eyfTn^ni + + ^xyh^t 

Cy'*' “ + 2syy7Uj7>ij + 2S{2n2nf|' *(11) 

+ C** (Uyly + + C*y (^amt + ItVlf), 

• • • 

These are the formute of transformation of strain-components. 

13. Additional methods and results. 

(a) The formulse (11) might have been inferred from the interpretation of e*v ^ the 
extension of a linear element parallel to the axis of of, and of as the cosine of the angle 
between the positions after strain of the linear elements which before strain are parallel to 
the axes of y and 

(b) The formulsD (11) might also have been obtained by introducing the displacement 

(s', v/) referred to the axes of {x\ y\^\ and forming du'ldx',..,. The displacement being 

a vector, «, w are cogredient with j?, y, 3, and we have for example 

efx' ■= ^ ^{hu+miV-\-niW)’=(li ^ +»i, ^+»i 3^) (?!«+ jn,»+niw) 

-20W ^hjD , (Zw , 0v\ . - fbu . 0ti;\ , fdv 0w\ 

SS’*'"** Tz 

This method may be applied to the transformation of w^yWy^ nr,. We should find for 
example 

(12) 

and we might hence infer the vectorial character of (nr„ oTy, nr,). The same inference might 
be drawn from the interpretation of nr*, nr^, nr, as components of rotation. 

(c) According to a well-known theorem^ concerning the transformation of quadratic 
expressions, the following quantities are invariant in respect of transformations from one set 
of rectangular axes to another : 

^*x + ^yy + ^*»^ 1 

^yy^Af “b *!■ ^xx^yy "" ^ (^ys* *1" ®ax^ “b ^jcy*)» >..... ( 13 ) 

6**6yy6„ -f (^yg^Ax^xy ®xx^f* — ^yy®Ax* ■” ^AA^xy*)* i 

The first of these invariants is the expression for the cubical dilatation. 

(d) It may be shown directly that the following quantities are invariants : 

(i) nr**-f ory*-|-w,*, 

(ii) e«cur** + + enW,^ -f ey,arynr, -h e„WtXffg . + ; 

and the direct verification may serve as an exercise for the student. These invariants could 
be inferred from the fact that ar«, Wy, w, are cogredient with xr, y, z, 

(e) It may be shown also that the following quantities are invariants f: 

.. /0W0V 0tr0v\ /dudw dudvf\ fdvdu 0t>0t^\ 

s " s? ^ j + U ” s; W + ^ 

(iv) +0+2 (®.*+w»’+w.*). 

* Stlmon, Oeometry of thret dinunsionz, 4th ed., Dahlia, 1883, p. 66. 
t Th. inwriant (iii) will be need in a enbeeqaent inTestigaiion (Ohapta YU). 
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(/) It may be shown^ also that, in the notation of Article 7, the invariant (iv) is 
equal to 

1 1 |(X®+y2-f Z2)flgxrfycj[j5 

where the integrations are taken through a very small sphere with its centre at the point 

y, «)• 

(g) The following result is of some importance t :~-If the strain can be expressed by 
sheai's Cy, only, the remaining components being zero, then the strain is a shearing 
strain ; and the magnitude of this shear, and the direction of the axis s' in the plane of 
Sy y, are to be found from and by treating these quantities as the projections of a vector 
on the axes of s and y. 

14. Types of strain. 

(а) Uniform dilataiton* 

When the strain quadric is a sphere, the principal axes of the strain are indeterminate, 
and the extension (or contraction) of all linear elements issuing from a point is the same ; 
or we have 

where A is the cubical dilatation, and the axes of ar, y, z are any three orthogonal lines. In 
this case the linear extension in any direction is one-third of the cubical dilatation— -a result 
which does not hold in general. 

( б ) Simple extension. 

We may exemplify the use of the methods and formula) of Article 12 by finding the 
components, referred to the axes of Xy y, 2 , of a strain which is a simple extension, of 
amount c, parallel to the direction (Z, m, n). If this direction were that of the axis of sf the 
form (4) would be ex'* ; and we have therefore 

exx—el\ eyy^em\ e„—en^y 
Syg 2ew?i, egx =* 2e7iZ, e^^y = 2e^m. 

A simple extension is accordingly equivalent to a strain specified by these six com- 
ponents. 

It has been proposed { to call any kind of quantity, related to directions, which is 
equivalent to components in the same way as a simple extension, a tensor. Any strain is, 
as we have already seen, equivalent to three simple extensions parallel to the principal 
axes of the strain. It has been proposed to call any kind of quantity, related to directions, 
which is equivalent to components in the same way as a strain, a tensor-triad. The 
discussion in Articles 12 and 13 (6) brings out clearly the distinction between tensors and 
vectors. 

In the theory of tensors §, as developed by Ricci and Levi-Civita, the components of 
strain ... ... are not components of a tensor, but Sygy ... must be given the coeflBicient 

There is a tensor whose components are expressed approximately by ... ... when 

terms of the second order in the first differential coefficients of u, v, w are neglected. 

♦ E. Betti, II Nnovo Cimento (Ser. 2), t. 7 (1872). 

t Cf. Chapter XIV infra, 

X W. Voigt, QMingen Nachr. (1900), p. 117. Cf. M. Abraham in Ency, d, math. fViss^, Bd. 4, 
Art. 14. 

§ Reference may be made to A. B. Eddington, Mathematical Theory of Relativity y Cambridge, 
1928, Ch. n. 
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(c) Shearing 9train> 

The strain denoted by e^y is called “the shearing strain cori'esponding with the direc* 
tions of the axes of x and y.” We have already observed that it is equal to the cosine of 
the angle, in the strained state, between two linear elements which, in the unstrained 
state, are parallel to these axes, and that it is equivalent to two simple shears, consisting 
of the relative sliding, parallel to each of these directions, of planes at right angles to the 
other. The “shearing strain” is measured by the sum of the two simple shears and is 
independent of their ratio. The change in the length of any line and the change in the angle 
between any two lines depend upon the sum of the two simple shears and not on the ratio 
of their amounts. 

The components of a strain, which is a shearing strain corresponding with the directions 
of the axes of a/ and y\ are given by the equations 

where s is the amount of the shearing strain. The strain involves no cubical dilatation. 

If we take the axes of of and y to be in the plane of y, and suppose that the axes of 
.r, y, 2 are parallel to the principal axes of the strain, we lind that egg vanishes, or there is 
no extension at right angles to the plane of the two directions concerned. In this case we 
have the form equivalent to the form e^^x^-i-eyyyK It follows that 
and that the principal axes of the strain bisect the angles between the two directions 
concerned. In other words equal extension and contraction of two linear elements at right 
angles to each other are equivalent to shearing strain, which is numerically equal to twice 
the extension or contraction, and corresponds with directions bisecting the angles between 
the elements. 

We may enquire how to choose two directions so that the shearing strain corresponding 
with them may be as great as possible. It may be shown that the greatest shearing strain 
is equal to the difierence between the algebraically greatest and least principal extensions, 
and that the coiTesi)onding directions bisect the angles between those principal axes of the 
strain for which the extensions are the maximum and minimum extensions*. 

{d) Plane strain, 

A more general type, which includes simple extension and shearing strain as parti<»ular 
cases, is obtained by assuming that one of the principal extensions is zero. If the corre- 
sponding principal axis is the axis of the strain quadric becomes a cylinder, standing on 
a conic in the plane of x, y, which may be called the strain conic ; and its equation can be 
written 

e? 3 Kc 4- Oyy y2 -b xy = const. ; 

so that the shearing strains eyg and «« vanish, as well as the extension c*,. In the particulaf 
case of simple extension, the conic consists of two parallel lines ; in the case of shearing strain, 
it is a rectangular hyperbola. If it is a circle, there is extension or contraction, of the same 
amount, of all linear elements issuing from the point (j?, y, z) in directions at right angles to 
the axis of z. 

The relative displacement corresponding with plane strain is parallel to the plane of the 
strain ; or we have const., while u and v are functions of x and y only. The axis of the 
resultant rotation is normal to the plane of the strain. The cubical dilatation, A, and the 
rotation, x«r, are connected with the displacement by the equations 

du dv ^ dv du 
cx vy' ox dy 

* The theorem here stated is due to W. Hopkins, Cambridge Phil, Soe, Trans., vol. 8 (1849). 
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We can have states of plane strain for which both A and w vanish ; the strain is pure 
shear, Le. shearing strain combined with such a rotation that the princip^ axes of the strain 
retain their primitive directions. In any such state the displacement components v, u are 
conjugate functions of s and y, or v^^iu is a function of the complex variable 


15. Relations oonnecting the dilatation, the rotation and the dis- 
placement. 


The cubical dilatation A is connected with the displacement v, w) by the equation 

" 0^ ^ 0y ’ 

A scalar quantity derived from a vector by means of this formula is described as the diver- 
gence of the vector. We write 

A=div(tt, Vy w) (14) 

This relation is independent of coordinates, and may be expressed as fdlows : — Let any 
closed surface S be drawn in the field of the vector, and let W denote the p^jection of the 
vector on the normal drawn outwards at any point on 5, also let dr denote^any element of 
volume within S, then ^ 

IjjfrdS-JljAdT, (16) 

the integration on the right-hand side being taken through the volume within Sy and that 
on the left being taken over the surface S*. 

The rotation (or«, or,, or,) is connected with the displacement (w, v, w) by the equations 


dw dv ^ du dw ^ dv du 

hj 02 * 02 0A? ’ S ^ * 

A vector quantity derived from another vector by the process here indicated is described 
as the cwrl of the other vector. We write 


2(urx, Wy, ®,) = curl (u, r, w) (16) 

This relation is independent of coordinates t, and may be expressed as follows: — Let any 
closed curve e be drawn in the field of the vector, and let any surface & be described so as 
to have the curve e for an edge ; let T be the resolved part of the vector {Uy r, w) along the 
tangent at any point of 2 , and let 2wp be the pi-ojection of the vector 2 (w,, tVy, w,) on the 
normal at any point of Sy then 

j TcU^ j (17) 

the integration on the right being taken over the surface Sy and that on the left being taken 
along the curve $ 


16. Resolution of any strain into dilatation and shearing strains. 

When the strain involves no cubical dilatation the invariant -f 

vanishes, and it is possible to choose rectangular axes of x\ y', z* so that the 
form 

-h -f + Zy^yz -f e^g^zx + e^^yxy 

* The result is a partioular ease of the theorem known as Green’s theorem.” See Enoy* d. 
math. Win, tt, A 2, Nos. 45—47. 

t It is assumed that the axes of y, z form a right-handed system. If a transformation to a 
left-handed system is admitted a convention most be made as to the sign of the curl of a vector. 

X The result is generaUy attributed to Stokes. Of. Emy. d. math. Win, n. A 2, No. 46. It 
implies that thm is a oertain relation between the sense in which the integration along d$ is taken 
and Uiat in which the normal r is drawn. This relation is the same as the relation of rotation to 
translation in a right-handed screw. 
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is transformed into the form 


■¥6^t!zaf + c*'y<a!y, 

in which there are no terms in x'\ si'. The strain is then equivalent to 
shearing strains corresponding with the paire of directions 

(y'.A (<«>'). 

When the strain involves cubical dilatation the displacement can be analysed 
into two constituent displacements, in such a way that the cubical dilatation 
coreesponding with one of them is zero; the strains derived from this con- 
stituent are shearing strains only, when the axes of reference are chosen 
suitably. The displacement which gives rise to the cubical dilatation is the 
gradient* of a scalai potential (^), and the remaining part of the displacement 
is the curl of a vector potential {F, 0, H), of which the divergence vanishes. 
To prove this statement we have to show that any vector (m, v, w) can be ex- 
pressed in the form 


(m, », w) = gradient of -f- curl {F, 6, H), 
involving the three equations of the type 

^ dx dy dz 

in which F, G, H satisfy the equation 


(18) 

(19) 


II dG dH 
dx dy ^ dz 


= 0 . 


( 20 ) 


In the case of displacement in a body this resolution must be valid at all 
points within the surface bounding the body. 

There are many different ways of effecting this resolution of (m, v, w)f. We 
observe that if it is effected the dilatation and rotation will be expressed in 
the forms 


A = 2w, = - V'F, 2wy = - V*(?, 2w, = - V*F, (21) 

the last three holding good because dF/dx + dGjdy + dHjdz = 0. Now solutions 
of (21) can be written in the forms 

^ = - ^/// ^dx'dT/dsl, ^-dx'd^dz' ( 22 ) 

where r is the distance between the point («', y, si) and the point {x, y, z) 
at which F, ... are estimated, A' and (nr*', Wy', »/) are the values of A 
and («*• point {al, y', z'), and the integration extends through 

the body. But the solutions given in (22) do not always satisfy the equation 
div (f, 0, if) =» 0. A case in which they do satisfy this equation is presented 


• The gradient of ^ is the vector 

t See, e.g., B. Betti, ll Ntmo Cimnto (Ser. 2), t. 7 (1672), or P. Duhem, J. de Math. (UmsiUt), 
(Sir. 6), t. 6 (1900). The reeolntion was first effected by Stokes in his memoir on DiSraohon. (See 
Introdnotion, footnote 80.) 
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We can have states of plane strain for which both A and w vanish ; the strain is pure 
shear, i.e. shearing strdn combined with such a rotation that the principal axes of the strain 
retain their primitive directions* In any such state the displao^ent components u are 
conjugate functions of s and y, or v-fm is a function of the complex variable x+i^. 


16. Belationa connecting the dilatation, the rotation and the dis- 
placement. 


The cubical dilatation A is connected with the displacement {% v, w) by the equation 

^ 

A scalar quantity derived from a vector by means of this formula is described as the diver^ 
gmce of the vector. We write 

A~div(w, w) ,.....(14) 

This relation is independent of coordinates, and may be expressed as follows :-pLet any 
closed surface S be drawn in the field of the vector, and let N denote the projectibn of the 
vector on the normal drawn outwards at any point on 8^ also let dr denote any e^ment of 
volume within 8^ then 

IjMdS^JfjAdr, (16) 

the integration on the right-hand side being taken through the volume within 8^ and that 
on the left; being taken over the surface 8*, 

The rotation (ur,, xv,) is connected with the displacement v, w) by the equations 




dwdv du dw ^ dv du 

* dy dz' 

A vector quantity derived from another vector by the process here indicated is described 
aa the euH of the other vector. We write 

2 (tsr*, X 27 y, ar,)«curl (m, v, w ) ( 16 ) 

Hiis relation is independent of coordinates t, and may be expressed as follows :'-Let any 
dosed curve « be drawn in the field of the vector, and let any surface 8 be described so as 
to have the curve s for an edge ; let ^ be the resolved part of the vector (Uj r, w) along the 
tangent at any point of and let 2^^ be the projection of the vector 2 (Wx, Wy, Wg) on the 
uonoal at any point of 8^ then 

(17) 

the integration on the right being taken over the surface and that on the left being taken 
along the curve 


16. Resolution of any strain into dilatation and shearing strains. 

When the strain involves no cubical dilatation the invariant e„ 

vanishes, and it is possible to choose rectangular axes of x, y , z* so that the 
form 

+ e^yz -h ttg^zx + e^xy 

* The result is a partieular ease of the theorem known as ** Green’s theorem.” See Jinep, d. 
math. Win, n. A 2, Nos. 45--*47* 

t It is assumed that the axes of z, y, z form a right-handed system. If a transformation to a 
left-handed system is admitted a eonvention must be made as to the sign of the ourl of a vector. 

t The result is generally attributed to Stokes. C(. Sney. d. math. Win. n. A 2, No. 46. It 
im^es that there is a certain relation between the sense in which the integration abng di is taken 
and that In which the normal p is drawn. This relation is the same as the relation of rotation to 
tnmslation in a right-handed screw. 
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is transformed into the form 


^ "I" ^ 

in which there are no terms in a;'*, y'’, y*. The strain is then equivalent to 
shearing strains corresponding with the pairs of directions 

(y'.A («',«'), 

When the strain involves cubical dilatation the displacement can be analysed 
into two constituent displacements, in such a way that the cubical dilatation 
corresponding with one of them is zero; the strains derived from this con- 
stituent are shearing strains only, when the axes of reference are chosen 
suitably. The displacement which gives rise to the cubical dilatation is the 
gradient* of a scalar potential (<^), and the remaining part of the displacement 
is the curl of a vector potential {F, G, H), of which the divergence vanishes. 
To prove this statement we have to show that any vector (m, v, w) can be ex- 
pressed in the form 

(m, V, w) = gradient of «^ -|- curl (f , G, ff ) (18) 

involving the three equations of the type 

dG 

. 37 

in which F, G, H satisfy the equation 


3«#) . dH 


dx dy dz 


.( 20 ) 


In the case of displacement in a body this resolution must be valid at all 
points within the surface bounding the body. 

There are many different ways of effecting this resolution of (w, v, w)f. We 
observe that if it is effected the dilatation and rotation will be expressed in 
the forms 


A » 2Tsr* = - ~ (21) 

the last three holding good because dFjdx + dG/dy + dH/dz 0. Now solutions 
of (21) can be written in the forms 

dxdyW, “ d^’di/dz' (22) 

where r is the distance between the point (x', y' , F) and the point {x, y, z) 
at which if>, F, ... are estimated. A' and («»', wy', ar/) are the values of A 
and (w*, tsr„, ztz) at the point (x', y'. /), and the integration extends through 
the body. But the solutions given in (22) do not always satisfy the equation 
div(f, G, if) « 0. A case in which they do satisfy this equation is presented 


* The gradient of ^ ie the rector ^ 

t Bee, e.g., B. Betti, II Nuovo Cimento (Ser. 2), t. 7 (1872), or P. Duhem, J. de Math. {Liowille), 
(Sir. 6), t. 6 (1900). The resolution was first effected by Stokes in his memoir on Diffraction. (See 
IntrodnotioD, footnote 80.) 
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when the body extends indefinitely in all directions, and the displacements 
at infinite distances tend to zero in the order r~’ at least. To see this we 
take the body to be bounded by a surface 8, and write the first of equations 
(22), viz. 

in the equivalent form 

^ {u' cos (ar, v) + v' cos (y, p) + to' cos (z, v)) dS 

* MJl"' 5'’ + Sf! 

and omit the surface-integral when S is infinitely distant. In the saijae case 
we may put 

or, since dr’^’^/dx = — dir^/dx , ... we have ^ 

^“4 Is /// 7 - 1 {4M/7 

with similar forms for 0 and H, From these forms it is clear that 

div (F, (?, ir) = 0. 

The expressions into which the right-hand members of equations (22) 
have been transformed in the special case are possible forms for F,.G, H 
in every case, that is to say one mode of resolution is always given by the 
equations 


F = 
(?» 


47r 

1 


m 


r 

0r”* 


u 

dx 

^ 9y 

^ . 
w 

dy 

® dz } 


ar-> 

, ar“‘' 

u 

dz 

^ dx , 

f 

i 


,ar"*\ 

V 

dx 

“ay) 


J daf dy'dz', 


.(23) 


where the integration extends throughout the body ; for it is clear that these 
make div {F, Q, H.)^0 and also make 

ajr _ 30 ^ f f ^'dy>dz' - «, 

dy dz jjjr 


17. Identleal relatioiui between components of strain. 

The components of strain e^, ... cannot be given arbitrarily as 
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functions of ai^ y, z, but are necessarily subject to such relations as follow 
from the expression of them in terms of displacement according to the 
formulae 

3w 9«» . 00 




.(24) 


On substitution from (24) it will be seen that each of the six following 
equations (25) is satisfied identically: 


^z^ ■ 
“bii? 

a/' 



d^Byz 

dydz ’ 

dydz 

-(■ 
0a: \ 

dx dy 

0’egg 






0.2r’* ' 

dzdx' 

"dzdx 


dx 


d^Zyy 



1/ 



0X» 

dxdy' 

" dxdy 

0^V 

dx 



')• 

-t)l 




...(25) 


The above remark proves the necessity of the formulse (26). Various proofs have been 
given that they are also sufficient to secure the existence of quantities u, w connected 
with e*a;» ••• ••• formulas (24). The simplest of these proofs introduces the 

components of rotation by the equations of the type 

All the first differential coefficients of % Vy w can then be expressed in terms of the nine 
quantities e**, ... I'^or example we have 

du du y 1 . 

aJ- + 

The conditions of compatibility of these nine equations give six equations of the type 

dexx _ 1 ^ 

dy 2 dss dx 


and three equations of the type 

1 /06!ac ^ 

2 ^ dz dy dz 04? ’ 

All the first differential coefficients of iffy, iff, can thus be expressed in terms of 


those of a 


■aosj ••• 


For example we have 


dx 




, 0lga _ 

ay ■ 


" dz ’ 


2 B 2 — ^^y* 

dz oy dz ^ 


dy cz ’ Cy dy 

and the conditions of compatibility of these nine equations are the six equations (26). 

The identical relations (26) between components of strain were obtained first by Saint- 
Venant* (1864) without introducing the components of rotation. The proof given above is 
due to Beltrami t. Another way of obtaining them can be worked out as an application of 
the theory of the transformation of quadratic differential forms. If da?, dy, dz are the 

* See Introduction, footnote 78. Saint- Venant indicated a proof which wae afterwards developed 

by Kimhhoif, dfec^ntfc, Vorlesung 27. ^ 

t Pant, 0. P., t. 108 (1889), of. Koenigs, Lemons de CinimatiqWy Pans, 1897. n. 411. 
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projections on the axes of a linear element in the unstrained state, and dx^y dzi are 
the projections on the axes of the same linear element in the strained state, equation (7) 
of Article 9 gives approximately 

(1 + 2 «as*) (flte)*-f(l-h 2 eyy) + + {(hY^^ey,dydz^%e^dzdx^^eggydxdy 

where terms of the second order in * • • • <iy»y • • • are neglected ; and therefore the coefl&cients 
in the quadratic form on the left must be such that this form can be transformed into the 
form on the right. The conditions for this to be possible are well known* and can be 
shown to be the same as equations (25), when terms of the second order are neglected. 

18. Displacement corresponding with given strainf. 

When the components of strain are given functions, which satisfy the 
identical relations of the last Article, the components of displacement^ are to 
be deduced by solving the equations (24) as differential equations for v, w. 
These equations are linear, and the complete solutions of them are compounded 
of ( 1 ) any set of particular solutions, ( 2 ) complementary solutions containing 
arbitrary constants. The complementary solutions satisfy the equations 

dx dy dz dy^dz dz dx dx'^ dy ^ 

If we differentiate the left-hand members of these equations with respect to 
X, y, z we shall obtain eighteen linear equations connecting the eighteen second 
differential coefficients of w, v, Wy from which it follows that all these second 
differential coeflScients vanish. Hence the complementary w, v, w are linear 
functions of Xy y, Zy and, in virtue of equations (26), they must be expressed 
by equations of the forms 

w = Uo — ry -h qZy v — Vo — + rx, w^WQ — qx-\'py (27 ) 

which are the formulae for the displacement of a rigid body by a translation 
(wo, %, Wo) and a small rotation (p, 5 , r). 

In the complementary solutions thus obtained, the constants p, qy r must 
be small quantities of the same order of magnitude as the given functions 
..., as otherwise the equations ( 6 ) of Art, 9 show that these functions 
would not express the strain in the body correctly, and the terms of (27) that 
contain p, q, r would not represent a displacement possible in a rigid body. 
Bearing this restriction in mind, we conclude that, if the six components of 
strain are given, the corresponding displacement is arbitrary to the extent of 
an additional displacement of the type expressed by (27); but, if we impose 
six independent conditions, such as that, at the origin, the displacement 

* The moBt oonvenient referenoes are J. E. Wright*a InvarianU of Quadratic Differential 
Formsy Cambridge, 1906, pp. 11, 28, and A. 8, Eddington, Mathematical Theory of Relativityy 
Cambridge, 1928, p. 72. The theory le due to Biemann (1861) and Christoffei (1869). 
t Kirchhoil, Mechanik, Voriesnng 27. 
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(m, V, w) and the rotation («■*, vanish, or again that, at the sune 

point 

»-0,.=0,».0,|.0,|.0,|-0,. .(28) 


the expression for the displacement with given strains will be unique. The 
particular set of equations (28) indicate that one point of the body (the origin), 
one linear element of the body (that along the axis of z issuing from the 
origin) and one plane-element of the body (that in the plane of z, x containing 
the origin) retain their positions after the strain. It is manifestly possible, 
after straining a body in any way, to bring it back by translation and rotation 
so that a given point, a given linear element through the point and a given 
plane-element through the line shall recover their primitive positions. 


19. Curvilinear orthogonal coordinates*. 

For many problems it is convenient to use systems of curvilinear co- 
ordinates instead of the ordinary Cartesian coordinates. These may be 
introduced as follows: — Let /(a?, y, z)^ol, some constant, be the equation 
of a surface. If a is allowed to vary we obtain a family of surfaces. In 
general one surface of the family will pass through a chosen point, and a 
neighbouring point will in general lie on a neighbouring surface of the 
family, so that a is a function of x, y, z, viz., the function denoted by /. If 
a 4- da is the parameter of that surface of the family which passes through 
(^ -h da;, y -h dy, ^ -f dz), we have 

da = ^ da; 4- i dy-k-i dz^^ dx 4* 

ox dy dz ox cy oz 

If we have three independent families of surfaces given by the equations 

/i (^. y, z) = «. A (*. = A /» («» y, ^) = 7. 

so that in general one surface of each family passes through a chosen point, 
then a point may be determined by the values of a, 7 which belong to the 
surfaces that pass through itf, and a neighbouring point will be determined 
by the neighbouring values o + da, + dp, 7 + ^7. Such quantities as a, j8, 7 
are called “curvilinear coordinates” of the point. 

The most convenient systems of curvilinear coordinates for applications to 
the theory of Elasticity are determined by families of surfaces which cut each 
other everywhere at right angles. In such a case we have a triply-orthogonal 
fiaimily of surfaces. It is well known that there exists an infinite number of 
sets of such surfaces, and, according to a celebrated theorem due to Dupin, 
the line of intersection of two sur&ces belonging to different fiimilies of such 


* The theory is due to Lam4. See his Lemons mr le$ coordonnies curviligneSf Paris, 1859. 
t The determination of the point may not be free from ambiguity, e.g,, in elliptic coordinates, 
an ellipsoid and two confocal hyperboloids pass through any point, and they meet in seven other 
points. The ambiguity is removed if the region of space considered is suitably limited, e.g., in 
the case of elliptie coordinates, if it is an octant bounded by principal planes. 
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a set is a line of curvature on each^. In what follows we shall take a, /8, 7 
to be the parameters of such a set of surfaces, so that the following relations 
hold: 

dxdx'^ dydy dzdz ’ 

07 3 a 07 ^ 07 0 a _ ^ 

dx dx dydy dz dz"^ * 

dadd 

3a? 3a? dydy dz dz 


The length of the normal, drii, to a surface of the family a intercepted 
between the surfaces a and a + da is determined by the observation that the 
direction-cosines of the normal to a at the point (a?, y, z) are \ 

1^ 1^ ^ 

h,dx' Kdy' K^z' 


where is expressed by the first of equations ( 31 ) below. For, by projecting 
the line joining two neighbouring points on the normal to a, we obtain the 
equation 


7 1 (da 


, 3 o , 9 o 




da 


.( 30 ) 


In like manner the elements dug, dwg of the normals to /8 and 7 are d^jh^ and 
dyjh^y where 



The distance between two neighbouring points being (dnj**f dwa^-j-d^ig^)^, we 
have the expression for the ‘Mine-element,” ds, i.e. the distance between the 
points (a, )S, 7) and (a -f do, /8 -f d/S, 7 d^\ in the form 

{dsf « {dalKf -{- {dpIKy + ( 32 ) 

In general Aj, Ag, are regarded as functions of a, y 9 , 7. 


The quantities 4], Ag, Ag, considered as functions of a, 7 , are not independent, but 
are connected by the six conditions which secure that the quadratic differential form 

4r* (da)*+42“2 (d/3)H43- ^ (dy)* 

may be transformable into the form (da?)2+(dy)*-f (d»)^. These conditions t are three 
equations of the tyj)e 




* Salmon, Geometry of three dimensioned 4th ed., p. 269. 

t The conditions were given Lam^, loe, ctt., p. 51, before the invention of the theory of 
qnadratic differential forms. 
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and three equations of the type 

Of Mram rafbrreil to conrlllnou' orthogonal oo- 

r Id tf * point, at a short di«anc 

thr^' fte ““ ^ 

Than, to the a»t 0^0^;; * 

a = Irh^, b = mrhj, c = nrh^. 

^t the ^tioW .h»h a„ at P, Q in the noatoUned state he diaplaced to 
^ 1 , Vi, u Uf,, y be the projections of the displacement PP, on the same 
hree nonnals. and let « + f, + f be the curvilinear coori^tes oT" 

I he Aaplaeement .3 ..oaU, „ that a., a, and f. f are .mail ,aLt ^ 
of the same order, then we have the equations 

^=KV.y, 

o + f + o|| + h|| + o|, 

at P, are expressed with sufficient approximation 


a + 


and the values of 1/A., 
by such formul® as 

1 


I A, 




It follows that the projections of P. Q. on the normals at P„ to those surfaces 

itimir -«^cient 

fimttn ^ than the 

rst in f, f}, f, and their derivatives. On substituting for a, A, c and ^ « f and 

^umng and ^ding the three forraul® of this type, we obtain an expr^iL for 

the ^uare of the length of P, Q. . This length is r(l + e). wh 

linear element along PQ. It is thus proved that a is given by the equation 


(1 +«)* 


|l + A, ^ + AjA, Uf ^ 




I©} 




■<34) 


C. “,*‘**?f *'®” *® BorohMdt, jr. /. Math. (CrelU), Bd. 76 (1878). reprinted in 

»«/ro andln tl»* «19 T t888, p. 289. Other methods will be given in Artiole 82 Ct 

. d in the Mote on the applications of Moving Axes ’ at the and of this book. 
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Neglecting squares and products of u„ Ufi,Uy, we may write the result in the 
e = e.,i* + ew»»* + + e^ywn + e^jnl + Cmitlm, (3o) 

in which 

^ (^) + *»*»“• li (^) * 


' ^ ^ I; © 9 ^ G,) ’ 


A, 9,, .h,d,, . / "v / 

~ A, 9/9 A* 97 

*»• “ a; 9^ ■'' a; 9a 

The quantities ... e^y, ... are the six components of strain referred to 
the orthogonal coordinates. In fact is the extension of a linear element 
which, in the unstrained state, lies along the normal to the surface a; and 
e^y is the cosine of the angle between the linear elements which, in the 
unstrained state, lie along the normals to the surfaces 13 and y, 

21. Dilatation and Rotation referred to curvilinear orthbgoncd 
coordinates. 

The results of Art. 15 can be utilized to express the cubical dilatation A, and the 
component rotations Wa, Wy about the normals to the three surfaces, in terms of the 
components u«, Uy of the displacement. 

To obtain the expression for A we form the surface integral of the normal component of 
the di^lacement* over the surface of an element of the bodj bounded by the three pairs 
of surfaces (a, a+da)y (iS, /9+d^), (y, y+rfy), the normal being drawn away from the 
interior of the element. The contributions of the faces of the element can be put down in 
such forms as 

contribution of ' ^ ^ ’ 

t)’ 

and, on adding the six contributions, we obtain 

this must be the same as A . dadfidylhy^h%h^. We therefore have 

A- A, A,A. |gi (^ + 1 ^ (^} (37) 

This result is the same as wwld be found by adding the expressions for 
in (36). 

* Dds method is due to Lord Edvin. (8ir W. Thomson, Math, and Phy$. Papert, Vol. 1, 
p. lUL Die dale of the investigation is 1848.) 
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To obtain the expression for 2wy we form the line integral of the tangential component 
of the displacement along the edge of the element in the face y+dy* The contributions of 
the four portions of the edge can be written down by the help of Fig. 3 as follows : 

contribution of RP^s w. ^ , 

ntrk ^ ^ 

” ” ^ A,)’ 

„ QR^-un'^, 

. P.. ..f 



On adding these contributions, we obtain 

This must be the same as tvydad^jhht, and we have thus an expression for Wy which 
is given in the third of equations (38) ; the other equations of this set can be obtained in 
the same way. The formulfle* are 

2wfl=A,A, ^ (a;)} ’ 

2wv“AiA*(^(Q-^(xf)}-) 


* The fotmnlB (88), as also (86) and (87), are due to Lamd The method here need to obtom 
(38), and need also in a slightly more analytical form by Oesiro, 
dcHn EUutiem (train, 1894), p. 198, is familiar in Blectrodynamice. Ct 
Boy. Soc., vol. 178 (1888), ^ 160, or J. J. Thomson. Beeent Beoareha in 

Oxford, 1898, p. 887. The underlying physical notion is, of oonrse, “ 

of‘‘eironlation»to‘‘vortexstwngth”bron(^ttolightinI«rdlWvm'sinemoir‘()nVortexMotion, 

Edinburgh Mcy. Soc. Tran#., vol. 33 (1809). 
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22. Cylindrical and polar coordinates. 

In the 08436 of cylindrical coordinates r, z we have the line-element 

and the displacements m,, The general formulee take the following forms : 

(1) for the strains 

^ . 10%, 1^,. 0% 

«rr- ^ + - , «»= . 


1 dug du0 dur , du. 


_du0 U$ 1 CUr 
dr r ^ r 0¥ ’ 


(2) for the cubical dilatation 


(3) for the components of rotation 


^^^roe ^ dz * 


1 dUg cu$ 
r dB dz ' 




dUr dUg 
dz dr ^ 


2ar,= - 

* r 0'r ^ r cB 

In the case of polar coordinates r, By we have the lino-element 
{(<fr)*+r2 (<fd)*+r* sin* 6 

and the displacements The general formulae take the following forms : 

(1) for the strains 


1 0% Ug. 


’ r dB ^ r ^ rBmB d(f> ^ r 


1 3^ + !L*cotd+“\ 

in ^ 0d) r r ’ 


r ^ r sin B d(^^ r sin ^ 0<^ ^ 0r r * dr r ^ r dB ’ 

«(2) for the cubical dilatation 

“f^siE d {I + fe = 

(3) for the components of rotation 

- 1; 

The verihcation of these formulae may serve as exercises for the student. 

22 C« Farther theory of carvilinear orthogonal coordinates. 

(a) In Article 19 the theory was developed by regarding a, ft y as functions of x, y, «, 
but it is often more convenient to regard x, y, x as functions of a, ft y. 

We can write down three equations of the type 

0a 0x , 0CI cjy - 0a 0« - 


1 0% 


1 duy, cu^ 


dUa Ug 1 0 % 
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and six equations of the type ^ ^ ^ ^ ^ ^=0, 

and solve them as linear equations to determine the derivatives of a?, z with respect to 
a, y. Being linear, they possess a unique solution, and they do possess the obvious 
solution 

^ = /"iV ^ 

da \4i/ 0a:’ o/3 dx^ *’* 0o \hi) dy ’ 

where the A’s are given by equations (31) of Article 19. From these it appears that the h*B 
are given also by equivalent equations of the type 

V '(lyHD’Ks)’ <»> 

(b) These results may also be expressed by the statement that the nine direction- 
cosines of the normals at (a, ft y), to the surfaces of the o, ^ and y families that pass through 
this point, are given by formulae of the type 

coh(o, cos(a,y)=/t, co8(o, 2 )=*,^ 

as well as by formulae of the type 

. . 1 0a . . 1 ?a , . 1 0a 

cos(„,a-)=;^^3-, 

• * 007 • 

(c) Since the nine quantities of the type hi ^ are the direction-cosines of three lines 

da 

which are mutually at right angles, we have three equations of the type 

007 00? ,d^dy dz dz 
0^ 0^“^’ 

as well as the three equations of the type (39) above. By differentiation with respect to 
a, ft y in turn, 18 equations containing second derivatives of a:, y, z are obtained, and these 
can be solved for the second derivatives. The solution is known*, and can be expressed in 
such forms as 

0^07 1 chi dx h^ dhi dx dhi dx 

da^ hi da da ^ hi^ dji d^ ^ 0y 0y ’ 

0^07 _ dhi dx 1 0^2 ^ • 

0i'0^”“ 0^ 0i 0^ 

It is easy, after forming any one of the 18 equations, to substitute these values for the 
second derivatives, and thus to verify these values. 

{d) The results in (c) may be expressed in terms of the direction -cosines cos (a, ^), ... , 
giving nine equations t : three of the type 

~C08(a, a;)..-A2^(^^).oo8 0,a:)-A3^(^J-cos(y,if), .. .(40) 

and six of the type ^ cos (a, cos (ft j?) -(41) 

(e) The foregoing results may be utilized to obtain a new proof of the important 
formula (36) of Article 20. 

Let VywhQ the components, in the directions of the axes of a?, y, of the displace- 
ment whose components, in the directions of the normals to the surfaces a, ft y, are 


* Bee J, B. Wright, loc, ciU ante p. 60. 

t Another proof of these equations will be found in the ‘ Note on 
Axes ’ at the end of this book. 
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«•, «ji, «y, and let ooe (a, «), oos («, y), ... co8(y, t) be denoted by {], mi, ... nj. We riiali 
have three equationa of tiie type 

and <M> ••• ••• ^ ^ ^7 right-hand membere of (II) in Article 1*2. 

Thus we have by direct transformation 


, , /0« /%V ,du>/Sz\* /0te ci>\ dz 

wvsiy ^ W 

9w\ 3;? 3a? /0t^ 3tt\ 0j? 

\0;? 0a:/ §a 3a \0a: 3a 3a) 

. 2 /3a: 3 i 4 01? 3a 3 m?\ 

' \3a 0a 3a 0a 3a 3a/ 

■ “ ^ ^ I)’® I; I)) 

=Ai[^- |«^cos(a,a!)+»|jCOB{a, y)+w^C0B(a, 2)| j, 


and, on substituting from the equations of type (40), and writing Ufi for 
It cos (j3, ®)+vcos(iS,y)+wco8(j3, z) 

and «y for « cos (y, *)+..., the formula for given in (36) of Article 20 is obtained. 
In like manner we have 



and from titis the formula for efiy can be obtained in the same way. 

(/) It may be remarked that it is very easy, but quite worth while, to apply this 
method step step to the important case of plane strain expressed in terms of polar 
coordinates. 
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GENERAL THEORY OF STRAIN 

23. The preceding part of this Chapter contains all the results, relating to 
strains, which are of importance in the mathematical theory of Elasticity, as 
at present developed. The discussion of strains that correspond with displace- 
ments in general, as opposed to small displacements, is an interesting branch 
of kinematics', and some account of it will now be given*. It may be premised 
that the developments here described will not be required in the remainder of 
this treatise. 


It is customary, in recent books on Kinematics, to base the theory of strains 
in general on the result, stated in Article 7, that the strain about a point is 
sensibly homogeneous, and to develop the theory of finite strain in the case 
of homogeneous strain only. From the point of view of a rigorous analysis, it 
appears to be desirable to establish the theory of strains in general on an 
independent basis. We shall begin with an account of the theory of the strain 
corresponding with any displacement, and shall afterwards investigate homo- 
geneous strain in some detail. 


24. Strain corresponding with any displacement. 

We consider the effect of the displacement on aggregates of particles 
forming given curves in the unstrained state. Any chosen particle occupies, 
in the unstrained state, a point (x, y, z). The same particle occupies, in the 
strained state, a point (a; + u, y + v, z-V w). The particles which lie on a 
given curve in the first state lie in general on a different curve in the second 
state. If ds is the differential element of arc of a curve in the first state, the 

direction-cosines of the tangent to this curve at any point 


* Belerenoe may be made to Cauchy, Exmiee» de mathimatiquet Ann^e 1827, the Article 
^ Sor la oondensatioii et la dilatation des corps solides’; Green’s memoir on the reflexion of Ught 
quoted in the Introduction (footnote 42) ; Saint-Venant, * M4moire sur I'^quilibre des corps solides. . . 
quand les d4plao6ment8«..ne sont pas tr4s petits,’ Pam, C. P., t. 24 (1847) ; Kelvin and Tait, 
Nat. PMlf Part i. pp, 116—144 ; Todhunter and Pearson, Hutory, voL 1, Articles 1619—1622 ; 
J* Hadamard, Leqom lur la propagation de$ onde$, Paris, 1903, Chapter vi. An interesting ex- 
tension of the theory, involving the introduction of secondary elements of strain, has been made 
by J, Le Bouz, Parii^ Ana. norm., t* 28, 1911, p. 628 and t. 80, 1918, p. 198, The secondary 
elements of strain are the curvature and twist of slender filaments of the material, and the curva* 
ture of thin sheets of the material, the fllaments and sheets being straight and plane in the 
unstrained state. 
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If dsi is the differential element of arc of the corresponding curve in the 
second state, the direction-cosines of the tangent to this curve are 

d(g + «) d{y + v) d(z + w) 
ds\ dsi ds] 

Herein, for example, 


d(x + u) da /dx dudx ^dy 

dsi ~ dsy Vd« dx ds ^ by ds dz ds) ’ 


( 1 ) 


with similar formulae for the other two. 


Let 2, m, n be the direction-cosines of a line in the unstrained state, 2i, mi, Ri 
the direction-cosines of the corresponding line in the strained state, ds, dsi 
the differential elements of arc of corresponding curves having thesle lines 
respectively as tangents. In the notation used a^ve \ 


, dx 
ds’ 


m = 




ds ' 


n = 


dz 

ds’ 


, d(<E + M) d(y + t') 

ds, ’ ds, ’ 


d (x + w) 
ds, 

and the equations of type (1) may be written in such forms as 




du) 

^dz\' 




1 + 5~ ) + a" "1* 

dxj dy 

On squaring and adding the right-hand and left-hand members, and remem- 
bering the equations 

+ m* + n* = 1, i,* + m,* 4- 7^I* = 1, 

we find an equation which can be written 

“ (1 + Ze**) + (1 + 2eyy) m* + (1 + 2 ez 2 ) n* + 26^2 tnn + iszx nf + 2eas|^ Itn, 

( 3 ) 

where are given by the formulse 




dy dz'^dydz dydt"^ dy dz’ 
^ dv> dudu , 3 ??^ 

dz^ dx"^ dzdx^ dzdx^ dz dx’ 


.( 4 ) 



OF STRAIN 


61 


24,26] 


The state of strain is entirely determined when we know the lengths in 
the strained and unstrained states of corresponding lines*. The quantity 

ds . 

- 7 -' - 1 is the eoctension of the linear element ds. This is determined by the 
ds ^ 

formula (3). We observe that the extensions of linear elements which, in 

the unstrained state, are parallel to the axes of coordinates are respectively 

V(1 + 2€«,)-1, V(l + 26y,)-l, v/(H-2€^)-1, 

where the positive values of the square roots are taken. We thus obtain an 
interpretation of the quantities €». We shall presently obtain an 

interpretation of the quantities Sgx, in terms of the angles, in the 
strained state, between linear elements, which, in the unstrained state, are 
parallel to the axes of coordinates. In the meantime, we observe that the 
strain at any point is entirely determined by the six quantities eoj*, €yy, €», 
These quantities will be- called the components of strain. The 
quantities ... which were called “components of strain'* in previous 
Articles are sufficiently exact equivalents of .*• when the squares and 
products of such quantities as dujdx are neglected. 


26. Cubical Dilatation. 

The ratio of a differential element of volume in the strained state to the 
corresponding differential element of volume in the unstrained state is equal 
to the functional determinant 

y + v, z-hw) 


d {w, y, z) 

y 

du 

du 


to* 

W 

dz 

dv 

1+^ 

ay’ 

dv 


dz 

dw 

dw 

dz 

to 

Ty‘ 


This will be denoted by 1 + A. Then A is the increment of volume per unit 
volume at a point, or it is the cubical dilatation. The quantity Sg^ 4* Syy + egg 
is a sufficiently exact equivalent of A when the displacement is small. 

We may express A in terms of the components of strain. We find by the 
process of squaring the determinant that 

(1 + A)* = (1 + 2e„) (1 + isyy) (1 + 2%) + “ (1 + 2eai) e^* 

- (1 + 2e,„) e„* - (1 + 2e„)e.„* (5) 

• Lord Kelvin’s method (Article 10, footnote) is ^plieable, as he points out, to strains of 
unrestricted magnitude. 
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26. Beciproaal vtrain ellipsoid. 

The ratio dsx : ds^ on which the extension of a linear element issuing from 
a point depends*, is expressed in the formula ( 3 ) in terms of the direction- 
cosines of the element, in the unstrained state, and the components of strain 
at the point. The formula shows that, for any direction, the ratio in question 
is inversely proportional to the central radius vector, in that direction, of an 
ellipsoid which is given by the equation 

(1 -I- 2 €a!a;) + (1 “h 2 eyy) y* -f (1 *+“ ^^tz) -f = const. 

( 6 ) 

This is the redproccd strain ellipsoid already defined (Article 6) in the case 
of homogeneous strains. Its axes are called the principal axes of the strain; 
they are in the directions of those linear elements in the unstrain^ state 
which undergo stationary (maximum or minimum or minimax) exiiension. 
The extensions of linear elements in these directions are called the principal 
extensions, €„ 63. The values of 1 4* 1 -f €2, 1 -|- are the positive square 

roots of the three values of k, which satisfy the equation 

^xyt 1 + 2€yy ~ ^yz = 0 (7) 

€zxi 1 “f" 26^2 K 

The invariant relation of the reciprocal strain ellipsoid to the state of strain 
may be utilized for the purpose of transforming the components of strain 
from one set of rectangular axes to another, in the same way as the strain 
quadric was transformed in Article 12 . It would thus appear that the quantities 
••• ^^re components of a ‘"tensor- triad.** Three invariants would thus be 
found, viz. : 

• - i (eV + ‘’z* + . . .(g) 

^xx^yy^zz + f \€yz^xx^xy ^xx^yz ^yy^zx ^zz^^xyh 


27. Angle between two onrvee altered by strain. 


The effect of the strain on the angle between any two linear elements, 
issuing from the point {x, y, z), can be calculated. Let I, m, n and l\ m\ n* 
be the direction-cosines of the two lines in the y^nstrained state, and 6 the 
angle between them; let 2,, ri, and //, ?a/, n/ be the direction-cosines of 
the corresponding lines in the strained state, and Bx the angle between them. 
From the formulas such as (2) we find 


As As' 

coe =■ 2^ {cos ^ + 2 + tyymm' + €„nn) + (mn' + m'n) - 

+ e„ (tW + n'l) + Cg, (Im' + /'«)}, ( 9 ) 


where dajda and d»i'jds' are the ratios of the lengths, after and before strain, 
of corre^nding linear elements in the two directions. 
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We observe that, if the two given directions are the positive directions of 
the axes of y and z, the formula becomes 

= Vl(l + 26aaj) (1 4- 2€yy)} cos (10) 


and we thus obtain an interpretation of the quantity Similar interpreta- 
tions can be found for e** and From the above formula it appears also that, 
if the axes of a?, y, z are parallel to the principal axes of the strain at a point, 
linear elements, issuing from the point, in the direction of these axes continue 
to cut each other at right angles after the strain. 

We may show that, in general, this is the only set of three orthogonal 
linear elements, issuing from a point, which remain orthogonal after the strain. 
For the condition that linear elements which cut at right angles in the un- 
strained state should also cut at right angles in the strained state is obtained 
by putting cos 6 and cos 6^ both equal to zero in equation (9). We thus find 
the equation 

1(1 + 2e«e) Z 4- 6xj/ W -f ^ r 4- Z 4* (1 + ^^yy) m 4 m! 

4- [^zxl 4* €yzm 4- (1 4- 2e2^) nj n' = 0, 

wherein IV 4 mm' + w/i' = 0. This equation shows that each of two such 
linear elements, (besides being at right angles to the other), is parallel to the 
plane which is conjugate to the other with respect to the reciprocal strain 
ellipsoid. Any set of three such elements must therefore, (besides being at 
right angles to each other), be parallel to conjugate diameters of this ellipsoid. 

The formulie so far obtained may be interpreted in the sense that a small 
element of the body, which has, in the unstrained state, the shape and orienta- 
tion of the reciprocal strain ellipsoid, corresponding with that point which is 
at the centre of the element, will, after strain, have the shape of a sphere, 
and that any set of conjugate diameters of the ellipsoid will become three 
orthogonal diameters of the sphere. 

28. Strain eUipsoid. 

We might express the ratio cbi : ds in terms of the direction of the linear 
element in the strained state instead of the unstrained. If we solved the 
equations of type (2) for Z, m, n we should find that these are linear functions 
of Z„ mi, with coefficients containing ds.jds as a factor; and, on squaring 
and adding and replacing Z« + m*4-n* by unity, we should find an equation of 
the form 

- (o, i, + 6, m, + c, n,)* + ( 0,^1 + 6* ^ + «•">)*> 

3« 9tt 9W 

where o,, , depend only on ^ ^ • 
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The ellipsoid represented by the equation 

(a,a? + hiy 4- 4 {a^x 4- ftay 4- -f {a^x 4- h^y 4 c^zf = const. 

would have the property that its central radius vector, in any direction, is 
proportional to the ratio ds ^ ; da for the linear element which, in the strained 
state, lies along that direction. This ellipsoid is called the atrain ellipsoid. 
The lengths of the principal axes of this ellipsoid and of the reciprocal strain 
ellipsoid are inverse to each other, so that, as regards shape, the ellipsoids are 
reciprocal to each other; but their principal axes are not in general in the 
same directions. In fact the principal axes of the strain ellipsoid are in the 
directions of those linear elements in the strained state which have undergone 
stationary (maximum or minimum or minimax) extension. The simpllest way 
of finding these directions is to observe that the corresponding linear efements 
in the unstrained state are parallel to the principal axes of the strain, so that 
their directions are known. The formute of type ( 2 ) express the direction- 
cosines, in the strained state, of any linear element of which the direction- 
cosines, in the unstrained state, are given. The direction-cosines of the 
principal axes of the strain ellipsoid can thus be found from these formulae. 

29. Alteration of direction by the strain. 

The correspondence of directions of linear elements in the strained and 
unstrained states can be made clearer by reference to the principal axes of 
the strain. When the axes of coordinates are parallel to the principal axes, 
the equation of the reciprocal strain ellipsoid is of the form 

(1 -h 4 * (1 4 €^^y^ 4- (1 4 = const., 

where €i, € 3 . are the principal extensions. In the formula (9) for the cosine 
of the angle between the strained positions of two linear elements we have 
to put 

1 4 263 ^ » (1 4 €j)^ , 1 4 = (1 4 fg)** I 4 = (14 € 3 )*, €yz “ ~ ^»J/ ~ 

Let the line {l\ n') of the formula (9) take successively the positions of 

the three principal axes, and let the line {I, m, n) be any chosen line in the 
unstrained state. 

We have to equate ds'lda^ in turn to (1 4 (1 4 ea)”'', (1 4 ^nd we 

have to put for ds/dsi the expression 

[(1 + €, yi * + (1 + + (1 + €,)*»»] " i 

The formula then gives the cosines of the angles which the corresponding 
linear element in the strained state makes with the principal axes of the 
strain ellipsoid. Denoting these cosines by A., § 1 , v, we find 
(X, n, v) - [(1 + + (1 + + (1 + {(1 + c,) 1, (1 + e,) >», (1 + e,) n). 

( 11 ) 
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By eolving these for I, m, n we find 


7 






a 'V 1 -(1 ^ ^ : ^ 

Here f, m, n are the direction-cosines of a line in the unstrained state referred 
to the principal axes of the strain, and X, fiy v are the direction-cosines of the 
corresponding line in the strained state referred to the principal axes of the 
strain ellipsoid. The operation of deriving the second of these directions from 
the first may therefore be made in two steps. The first step* is the operation 
of deriving a set of direction-cosines (X, /t, v) from the set (i, m, n); and the 
second step is a rotation of the principal axes of the strain into the positions 
of the principal axes of the strain ellipsoid. 


The formulae also adroit of interpretation in the sense that any small 
element of the body, which is spherical in the unstrained state, and has a 
given point as centre, assumes after strain the shape and orientation of the 
strain ellipsoid with its centre at the corresponding point, and any set of three 
orthogonal diameters of the sphere becomes a set of conjugate diameters of 
the ellipsoid. 


30. Application to cartography. 

The methoda of this Chapter would admit of application to the problem of constructing 
maps. The surface to be mapped and the plane map of it are the analogues of a body in 
the unstrained and strained states. The theorem that the strain about any point is 
sensibly homogeneous is the theorem that any small portion of the map is similar to one 
of the orthographic projections of the corresponding portion of the original surface. The 
analogue of the properties of the strain-ellipsoid is found in the theorem that with any 
small circle on the original surface there corresponds a small ellipse on the map; the 
dimensions and orientation of the ellipse, with its centre at any point, being known, the 
scale of the map near the point, and all distortions of length, area and angle are deter- 
minate. These theorems form the foundation of the theory of cartography. [Cf. Twsot, 
Mmwire $ur la representcUion des surfaces et les projections des cartes geographiques^ Paris, 
1881.] 

31. Conditions satisfied by the displacement. 

The components of displacement u, v, w are not absolutely arbitrary func- 
tions of X, y, z. In the foregoing discussion it has been assumed that they are 
subject to such conditions of differentiability and continuity as will secure the 
validity of the “theorem of the total differential f.*’ For our purpose this 
theorem is expressed by such equations as 

du dudx dudjf dudz 
dz ^ dxds dyds dz ds 

Besides this analytical restriction, there are others imposed by the assumed 
condition that the displacement must be such as can be conceived to take 
place in a continuous body. Thus, for example, a displacement, by which every 

• Thie operation is one of homogeneous pure strain. See Artiole SS, infra. 
t Cf. Hamaok, IntroduetUm to the Caleubu, London, 1801, p. 00. 


L. X. 
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point is replsiced by its optical ima^ in a plane, would be excluded. The 
expression of any component displacement by functions, which become infinite 
at any point within the region of space occupied by the body, is also excluded. 
Any analytically possible displacement, by which tha length of any line would 
be reduced to zero, is also to be excluded. We are thus concerned with real 
transformations which, within a certain region of space, have the following 
properties: — (i) The new coordinates 

(x + u, y+v, z-{-w) 

are continuous functions of the old coordinates {x, y, z) which obey the theorem 
of the total differential, (ii) The real functions u, v, w are such that the 
quadratic function 

(1 + P + (1 + 2^) m’ + (1 + 2€») n’ + ’ieyzmn + leanl + 2exifm 
is definite and positive, (iii) The functional determinant denoted by l + A is 
positive and does not vanish. 

The condition (iii) secures that the strained state is such as can be 
produced from the unstrained state, by a continuous series of small real 
displacements. It can be shown that it includes the condition (ii) when the 
transformation is real. From a geometrical point of view, this amounts to the 
observation that, if the volume of a variable tetrahedron is never reduced to 
zero, none of its edges can ever be reduced to zero. 

In the particular case of homogeneous strain, the displacements are linear 
functions of the coordinates. Thus all homogeneous strains are included 
among linear homogeneous transformations. The condition (iii) then excludes 
such transformations as involve the operation of reflexion in a plane in addition 
to transformations which can be produced by a continuous series of small 
displacements. Some linear homogeneous transformations, which obey the 
condition (iii), express rotations about axes passing through the origin. All 
others involve the extension of some line. In discussing homogeneous strains 
and rotations it will be convenient to replace (a; + «, y + », x + w) by (jc, , y, , x,)- 

32. Finite homogeneous strain. 

We shall tsdce the equations by which the coordinates in the strained state 
are connected with the coordinates in the unstrained state to be 

= (1 + a„) ar + fih,y + Ou x,'| 

y,>=a*a: + (l •¥<h^y-¥au‘, 

X, - aa« + o*y + (1 + On) X., 

The corresponding components of strain are given by the equations - 

■■ ®n + i (®11* +0*1* + O*,*), 

.(U) 
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The quantities exx, defined in Article 8, do not lose their importance 
when the displacements are not small. The notation, used here may be 
identified with that of Article 8 by writing, for the expressions 

<hl* ^S8> (hs ■+" 0 ^ 321^81 + ^ 18 , ^12 + Ugg’- O^, Ui8 — ^31 , Oai — Ois, 

the expressions ^xx* ^yy* ^zzy ^yz> ^2*> ^xy* 

Denoting the radius vector from the origin to any point P, or (^, y, z)y by r, we 
may resolve the displacement of P in the direction of r, and consider the ratio 
of the component displacement to the length r. Let E be this ratio. We may 
define E to be the elongation of the material in the direction of r. We find 


E^~ 

r 

and this is the same as 


(a;. - a;) ® + (y, - y) ^ ; (15) 


Et^ = Bxxix^- -f Byyy^ 4- eggZ'^ + Bygyz -f Bgx^x 4 BxyXy, (16) 

A quadric surface obtained by equating the right-hand member of this 
equation to a constant may be called an elongation quadric. It has the 
property that the elongation in any direction is inversely proportional to the 
square of the central radius vector in that direction. In the case of very 
small displacements, the elongation quadric becomes the strain quadric pre- 
viously discussed (Article 11), The invariant expressions noted in Article 13 
(c) do not cease to be invariant when the displacements are not small. 


The displacement expressed by (13) can be analysed into two constituent 
displacements. One constituent is derived from a potential, equal to half 
the right-hand member of (16); this displacement is directed, at each point, 
along the normal to the elongation quadric which passes through the point. 
The other constituent may be derived from a vector potential 

+•«’). w*(®’+y’)] (17*) 

by the operation curl. 


33. Homogeneous pure strain. 


The direction of a line passing through the origin is unaltered by the 
strain if the coordinates x, y, z of any point on the line satisfy the equations 

(1 + «,,) X + o,»y 4- Oi»r _ On a; 4- (1 + (h>) y 

* + + + (18) 

Z 

If each of these quantities is put equal to A,, then X is a root of the cubic 
equation 


1 4” a>n — X 

On 

On 


On ®18 

l+Oa — X (hz 

Um 1 4* Om — X 


«0. 


.(19) 
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The cubic has always one real root, so that there is always one line of which 
the direction is unaltered by the strain, and if the root is positive the sense 
of the line also is unaltered. When there are three such lines, they are not 
necessarily orthogonal; but, if they are orthogonal, they are by definition the 
principal axes of the strain. In this case the strain is said to be pure. It 
is worth while to give a formal definition, as follows: — Pure strain is such 
that the set of three orthogonal lines which remain orthogonal retain their 
directions and senses. 

We may prove that the sufficient and necessary conditions that the strain 
corresponding with the equations (13), may be pure, are (i) that the quad- 
ratic form on the left-hand side of ( 20 ) below is definite and positive, (ii) that 
tj*, o-y, vanish. That these conditions are sujfficient may be proved as 
follows: — When Wy, vanish, or aagssaaa, the equation (l9) is the 

discriminating cubic of the quadric 

(1 4- Oil) -h (1 + ct 22 ) y*-® 4- (1 + Oss) 4 2cuayz 4 2(hizx 4 = const. (20) 

the left-hand member being positive, the cubic has three real positive roots, 
which determine three real directions according to equations (18) ; and these 
directions are orthogonal for they are the directions of the principal axes of 
the surface (20). Further they are the principal axes of the elongation quadric 

4 4 OasZ^ 4 ^a^^yz +2a3izx 4 2ai2xy = const., (21) 

for this surface and ( 20 ) have their principal axes in the same directions. 

The vanishing of a*^d Wg are necessary conditions in order that the 

strain may be pure. To prove this we suppose that equations (13) represent 
a pure strain, and that the principal axes of the strain are a set of axes of 
coordinates f, rj, f. The effect of the strain is to transform any point (f, t), f) 
into (fi, i 7 i, ?i) in such a way that when, for example, t) and f vanish, i;, and 
also vanish. Referred to principal axes, the equations (13) must be equivalent 
to three equations of the form 

f, = (l4e0e i;, = (l4e,)^, ( 22 ) 

where e,, € 2 , €3 are the principal extensions. We may express the coordinates 

17, in terms of x, y, z by means of an orthogonal scheme of substitution. 
We take this scheme to be 



i 

1 

i 

y 

\ 

z 

1 


m, 

»i 





{ 

h i 

m 3 

«3 


Then we have 

^ 4 " I 2 V 1 4 * 

« (1 4 ei) Z, (Zifl? 4 mjy 4 w,z) 4 (1 4 tj) Z, {l^x 4 4 n^z) 

4 (1 4 Cj) Zg (ZgO? 4 fUty 4 ihz). 
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Hence a , 2 = (1 + € 1 ) Z, mj + ( 1 -f € 2 ) Zg + (1 + e,) 

We should find the same expression for Ogi, and in the same way we should 
find identical expressions for the pairs of coefficients and Ugi, dig. 

It appears from this discussion that a homogeneous pure strain is equiva- 
lent to three simple extensions, in three directions mutually at right angles. 
These directions are those of the principal axes of the strain. 

34. Analysis of any homogeneous strain into a pure strain and a 
rotation. 

It is geometrically obvious that any homogeneous strain may be produced 
in a body by a suitable pure strain followed by a suitable rotation. To deter- 
mine these we may proceed as follows : — When we have found the strain- 
components corresponding with the given strain, we can find the equation of 
the reciprocal strain ellipsoid. The lengths of the principal axes determine 
the principal extensions, and the directions of these axes are those of the 
principal axes of the strain. The required pure strain has these principal 
extensions and principal axes, and it is therefore completely determined. 
The required rotation is that by which the principal axes of the given strain 
are brought into coincidence with the principal axes of the strain ellipsoid. 
According to Article 28, this rotation turns three orthogonal lines of known 
position respectively into three other orthogonal lines of known position. The 
required angle and axis of rotation can therefore be determined by a well- 
known geometrical construction. [Cf. Kelvin and Tait, Nat Phil. Part l. p. 69.] 

35. Rotation^. 

When the components of strain vanish, the displacement expressed by (13) of Articl 
32 is a rotation about an axis passing through the 
origin. We shall take ^ to be the angle of rotation 
and shall supj^ose the direction-cosines t ^ 
the axis to be taken so that the rotation is right- 
handed. Any point P, or (x, y, s), moves on a circle 
having its centre {€) on the axis, and comes into a 
position Pj, or (xi , yi, zi). Let X, fi, v be the direc- 
tion-cosines of CP in the sense from C to P, aiid let 
•'i be those of CP, in the sense from C to Pi. 

From Pi let fall PiN perpendicular to CP. The di- 
rection-cosines of NPi in the sense from W to Pi aref 
mv — tifiy n\ ~ Ivj Ifi - wX. 

Let 17 , f be the coordinates of C. Then these 
satisfy the equations 

I fit n 

80 that f =«(te+«t.y+n*) with similar expressions for i;, f. 

* Of. Kelvin and Tait, Nat. Phil., Part i. p. 69, and Minohin, Statiei, Third Bdn., Oxford, 
1866, vol. a, p. m. 

t The coordinate axes are taken to be a right-handed eyetem. 
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The coordinates of Pi are obtained by equating the projection of CPi on any coordinate 
axis to the sums of the projections of CN and ^Pi, Projecting on the axis of x we find, 
taking p for the length of OP or CPi^ 

Xip«Xpco8d4*(«»v — p sin d, 

or Ari~^as(^-f)cosd+{i»(s-f)~«(y-iy)}sind, 

or Xi =4?+ (m? - ny) sin d - {j? - i (lx -f my + nz)} (1 - cos 

Similar expressions for y^ and Zi can be written down by symmetry. 


The coefficients of the linear transformation ( 13 ) become in this case 


aii--(l-^)(l~co8d), 
a|2= - w sin (1 - cos d), 
ai3 = m sin d + (1 - cos d), 


,.( 24 ) 


and it appears, on calculation, that the components of strain vanish, as they oi^ht to do. 

36. Simple extension. 

In the example of simple extension given by the equations 
^i*=(l+e)x, y,=y, 

the components of strain, with the exception of €xx vanish, and 

The invariant property of the reciprocal strain ellipsoid may be applied to find the 
components of a strain which is a simple extension of amount e and direction /, m, n. 
We should find 


1*5 


2mn 




The same property may be applied to determine the conditions that a strain specified by 
six components may be a simple extension. These conditions are that the invariants 

« Iff i («*f 

vanish. The amount of the extension is expressed in terms of the remaining invariant 
by the formula ^{1 +2 (faa +^9, +««)} 1, the positive value of the square root being taken. 
IVo roots of the cubic in ic, (7) of Article 26 , are equal to unity, and the third is equal 
to l+ 2 (€tM 4 -€^+CM). The direction of the extension is the direction (f, m, n) that is 
given by the equations 

Casern fjpyf+Scyy m 4- 2€j*7i_ 

g 2« 


37. Simple shear. 

In the example of simple shear given by the equations 

yi«y, 

the components of strain are given by the equations 

By putting j«»2 tan a we may prove that the two principal extensions which are not aero 
are given, as in Article 3, by the equations 

l-4fi«ii8eco-tan a, l- 4 ff»seoa 4 *tanii. 



HOMOGENEOUS STRAIN 


71 


36 -^ 39 ] 

We may prove that the area of a figure in the piano of ar, y is unaltered by the shear and 
that the diflFerenoe of the two principal extensions is equal to the amount of the shear. 
Further we may show that the directions of the principal axes of the strain are the 
bisectors of the angle AOx in Fig. 2 of Article 5, and that the angle through which the 
principal axes are turned is the angle a. So that the simple shear is equivalent to a “pure 
shear followed by a rotation through an angle a, as was explained before. 

By using the invariants noted in Article 26, we may prove that the conditions that a 
strain with given components Caa- , ... may be a shearing strain are 

2 (<aea5 + + 4 €*, €„€xx + exsc ^yy) ~ ) “= 0, 

and that the amount of the shear is s/{^{fxT. +««)}• 

38. Additional results relating to shear. 

A good example of shear ♦ is presented by a sphere built up of circular cards in parallel 
planes. If each card is shifted in its own plane, so that the line of centres becomes a 
straight line inclined obliquely to the planes of the cards, the sphere becomes an ellipsoid, 
and the cards coincide with one set of circular sections of the ellipsoid. It is an instructive 
exercise to determine the principal axes of the strain and the principal extensions. 

We may notice the following methods f of producing any homogeneous strain by a 
sequence of operations ; 

(а) Any such strain can be produced by a simple shear parallel to one axis of planes 
perpendicular to another, a simple extension in the direction at right angles to both axes, 
an uniform dilatation and a rotation. 

(б) Any such strain can he produced by three simple shears each of which is a shear 
parallel to one axis of planes at right angles to another, the three axes being at right angles 
to each other, an uniforni dilatation and a rotation. 

39. Composition of strains. 

After a body has been subjected to a homogeneous strain, it may again be 
subjected to a homogeneous strain; and the result is a displacement of the 
body, which, in general, could be effected by a single homogeneous st?ain. 
More generally, when any aggregate of points is transformed by two homo- 
geneous linear transformations successively, the resulting displacement is 
equivalent to the effect of a single linear homogeneous transformation. This 
statement may be expressed by saying that linear homogeneous transforma- 
tions form a group. The particular linear homogeneous transformations with 
which we are concerned are subjected to the conditions stated in Article 31, 
and they form a continuous group. The transformations of rotation, described 
in Article 35, also form a group ; and this group is a sub-group included in 
the linear homogeneous group. The latter group also includes all homogeneous 
strains^ but these do not by themselves form a group, for two successive 
homogeneous strains;^ may be equivalent to a rotation. 

* Suggested by Mr R. B. Webb. Of. Kelvin and Tait, Nat. Phil, Part i. p. 122. 

t Of. Kelvin and Tait, Nat. Phil., Part i. §§ 178 etuq. 

t A traneroTination such as (18) of Article 82, supposed to satisfy condition (iii) of Article 81, 
expresses a rotation if all the components of strain (14) vanish. In any other case it expresses a 
homogeneons strain. 
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The result of two successive linear homogeneous transformations may be 
expressed conveniently in the notation of matrices. In this notation the 
equations of transformation (13) would be written 

= ( l + a„ Oia 0,3 ){x,y,z\ (25) 

O21 1 * 4 " Ojg O23 

O3, O52 1 “4“ Ogg 

and the equations of a second such transformation could in the same way be 
written 

(a?2, 2/2, -s^j) = ( 1 4 - hn fci2 t,s ) (^1, Viy Zi) ( 26 ) 

521 1 “4" 622 528 

581 582 1 -1- 53; 

By the first transformation a point (a?, y, z) is replaced by {x^y y,, and by 

the second (a?!, y,, z^ is replaced by {x^y ya, z^). The result of the two opera- 
tions is that {Xy y, z) is replaced by {x^y yg, z^\ and we have 

(*^2, y%y ^2) “ ( 1 *4" Cii C12 c,3 ) (Xy y^ z)y (27) 

C2I 1 4“ C22 ^2;^ 

C3I C32 1 4 Cs; 

where c,, ** 5ii 4 On 4 5iiOii *4- 5,2021 "f huCi^iy 

C ,2 = 5i2 4* O 12 *4" 5iiOi2 4* 5,2022 *4“ 5,8032, \ (28) 


In regard to this result, we notice (i) that the transformations are, not in 
general commutative ; (ii) that the result of two successive pure strains is 
not in general a pure strain; (iii) that the result of two successive trans- 
formations, involving very small displacements, is obtained by simple super- 
position, that is by the addition of corresponding coefficients. The result (ii) 
may be otherwise expressed by the statement that pure strains do not form 
a group. 

40. Additional results relating to the composition of strains. 

When the transformation (26) is equivalent to a rotation about an axis, so that its 
coefficients are those given in Article 35, we may show that the components of strain 
corresponding with the transformation (27) are the same as those corresponding with the 
transformation (25), as it is geometrically evident they ought to be. 

In the particular case where the transformation (25) is a pure strain referred to its 
principal axes, [so that and the remaining coefficients vanish], and 

the transformation (26) is a rotation about an axis, [so that its coefficients are those given 
in Article 35], the coefficients of the resultant strain are given by such equations as 

1 4 c„«(l 4 fx) {1 - (1 « f») (1 cos d)}, 

Cii«(l+#g) {-wain d4-f>»(l -coed)}, 
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the dieplaeemenl eot hinj; sm.T'wSm «<«>powte of raettoB, 

InuBtaZtion m iLldW«Tw1rt' f**” "«> «“ 

eep-e^ed b, (27, ie «u.. . .^.t „ (t i ., 

Cm C 23 C13-C31 Cm-Ci2 . 

^ w ^--'2sin<?. 

We may show that the transformation expressed by the equations 

Xi=x~m,y+w,z, yi=y-ar*2+ar,x, Zi=z-w^x+m^y 

^gie^ to fc°to”(rrtt ° d“"tr t*” *“ *“ ” 

The emount ot the ejleneioe is <+1 .f J?“ ‘s".k 

rotation is V(«r*HV+iir.2). " the tangent of the angle of 

In the general case of the composition of strains, we may seek expressions for tbp 
Td S strm-cornponents in terms of the strain-components of the constituent straps 
and the coeffiments of the transfonnations. If we denote the componente of Z 
corresponding with ( 25 ), ( 26 ), ( 27 ) respectively by (,,J , /. T „ I 

formulae as ^ j j \ way ^ixxy ... (fajaci)®, we find such 

= (*«r )« + ( 1 + aii)2 f*, a,, + a\ify, + a\ fj, J, 

, , , , „ ■*'®'2i«3i‘»,2i+(l+an)«3ifz,,.,+(H-a„)ffl. , 

Wa+2ai2a,3»,,,, +2 (1 +ajs) aafv,v,+2 (1 +«33) 03383,,, 

+ /I +“22) (1 +03,^023033} Cv.z, + {(1 +O33) 0,2+0320,3} f,,a,, + {(l +033) 013+0,2033} 
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ANALYSIS OF STRESS 

41. The notion of stress in general is simply that of balancing internal 
action and reaction between two parts of a body, the force which either part 
exerts on the othm* being one aspect of a stress*. A familiar example is that 
of tension in a bar; the part of the bar on one side of any normal isection 
exerts tension on the other part across the section. Another &miliar epmple 
is that of hydrostatic pressure. At any point within a fluid, pres^re is 
exerted across any plane drawn through the point, and this pressure ip esti- 
mated as a force per unit of area. For the complete specification of the stress 
at any point of a body we should require to know the force per unit of area 
across every plane drawn through the point, and the direction of the force as 
well as its magnitude would be part of the specification. For a complete 
specification of the state of stress within a body we should require to know 
the stress at every point of the body. The object of an analysis of stress is 
to determine the nature of the quantities by which the stress at a point can 
be specified!. In this Chapter we shall develop also those consequences in 
regard to the theory of the equilibrium and motion of a body which follow 
directly from the analysis of stress. 

42. Traction across a plane at a point. 

We consider any area <S in a given plane, and containing a point 0 within 
a body. We denote the normal to the plane drawn in a specified sense by v, 
and we think of the portion of the body, which is on the side of the plane 
towards which v is drawn, as exerting force on the remaining portion across 
the plane, this force being one aspect of a stresa We suppose that the force, 
which is thus exerted across the particular area 8, is statically equivalent to 
a force B, acting at 0 in a definite direction, and a couple G, about a definite 
axis. If we contract the area 8 by any continuous process, keeping the point 
0 always within it, the force B and the couple Q tend towards zero limits, and 
the diiectioa of the force tends to a limiting direction (I, m, n). We assume 
that the number obtained by dividing the number of units of force in the 
force R by the number of units of area in the area 8 (say B/8) tends to a 
limit F, which is not zero, and that on the other hand O/S tends to zero as a 

* For a diMaaiioa of tite notion of Btron from the point (ti view of Bational Heohenioi, lee 
Note B at the end of tfaie book. 

f The tiieoi 7 of the epenfioation of itren was given bp Oanehp in tin Artiole ‘De la pteetion 
on tension dans on oorpe solide* in the volnme for 18i7 the Eetrekti it mthimtUiqwt. 
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limit. We define a vector quantity by the direction {I, w, ?i), the numerical 
measure F, and the dimension symbol 

(mass) (length)"*^ (time)"^. 

This quantity is a force per unit of area ; we call it the traction across the 
plane v at the point 0. We write X^, F^, for the projections of this vector 
on the axes of coordinates. The projection on the normal v is 
Xf, cos {x, V) 4 - F„ cos (y, v) + cos (z, v). 

If this component traction is positive it is a tension \ if it is negative it is a 
pressure* If dS is a very small area of the plane normal to v at the point 0, 
the portion of the body, which is on the side of the plane towards which v 
is drawn, acts upon the portion on the other side with a force at the point 0, 
specified by 

(X,dS, Y,d8, Z,dS); 
this is the traction upon the element of area dS* 

In the case of pressure in a fluid at rest, the direction (i, n) of the 
vector {Xp, F„, Zy) is always exactly opposite to the direction v. In the cases 
of viscous fluids in motion and elastic solids, this direction is in general 
obliquely inclined to v. 

43. Surface Tractions and Body Forces. 

When two bodies are in contact, the nature of the action between them 
over the surfaces in contact is assumed to be the same as the nature of the 
action between two portions of the same body, separated by an imagined 
surface. If we begin with any point 0 within a body, and any direction for v, 
and allow 0 to move up to a point 0' on the bounding surface, and v to 
coincide with the outward drawn normal to this surface at O', then F^, Zp 
tend to limiting values, which are the components of the surface traction at*0'; 
and XphS, YpBS, ZpS8 are the forces exerted across the element hS of the 
bounding surface by some other body having contact with the body in question 
in the neighbourhood of the point O'. 

In general other forces act upon a body, or upon each part of the body, 
in addition to the tractions on its surface. The type of such forces is the I 
force of gravitation, and such forces are in general proportional to the masses of < 
particles on which they act, and, further, they are determined as to magnitude ; 
and direction by the positions of these particles in the field of force. ItX, Y,Z^ 
are the components of the intensity of the field at any point, m the mass of a | 
particle at the point, then mX, mY, mZ are the forces of the field that act 
on the particle. The forces of the field may arise from the action of particles 
forming part of the body, as in the case of a tody subject to its own gravi- 
tation, or of particles outside the body, as in the case of a body subject to 
the gravitational attraction of another body. In either case we call them 
hodif forces* 
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44. Equations of Motion. 

The body forces, applied to any portion of a body, are statically equivalent 
to a single force, applied at one point, together with a couple. The components, 
parallel to the axes, of the single force are 


jjjpXdxdydz, jjjpYdadydz, jjjpZdxdydz, 


where p is the density of the body at the point {x, y, z), and the integration 
is taken through the volume of the portion of the body. In like manner, the 
tractions on the elements of area of the surface of the portion are equivalent 
to a resultant force and a couple, and the components of the former are 

JJx^dS, Jjr,dS. JJx.dS. ^ 

where the integration is taken over the surface of the portion. The centre of 
mass of the portion moves like a particle under the action of these tWo sets 
of forces, for they are all the external forces acting on the portion. If then 
(fxifyyfz) is the acceleration of the particle which is at the point (.«?, y, z) at 
time t, the equations of motion of the portion are three of the type^ 

jjfpfxdxdydz = j pXdxdydz -f jjx^dS, (1) 

where the volume-integratious are taken through the volume of the portion, 
and the surface-integration is taken over its surface. 

Again the equations, which determine the changes of moment of momentum 
of the portion of the body, are three of the type 

fffp (aft - ^/v) dxdydz = jjjp(yZ-zY)dxdydz + j ^{yZy - zY,) dS ; 

( 2 ) 

and, in accordance with the theorem f of the independence of the motion of 
the centre of mass and the motion relative to the centre of mass, the origin of 
the coordinates x, y, z may be taken to be at the centre of mass of the portion. 

The above equations (1) and (2) are the types of the genial eqxiations of 
motion of all bodies for which the notion of stress is valid. 


45. Equilibrium. 

When a body is at rest under the action of body forces and surface tractions, these are 
subject to the conditions of equilibrium, which are obtained from equations (1) and (2) by 
omission of the terms containing /,ey /v</*- have thus sir equations, viz, : three of the 
type 

J J jpXdxdydt-i- j ix^dSm^O, (3) 

and three of the type 

J J jpigZ-tT) dxdydz + J j{yZy-z7,)dS»ii. ( 4 ) 

* The eqaetion (1) ia the fmn Meomed by the equethme of the ^ XwiaZX, of my 
TAeofstiaol XfecftoniiM, Obaptor vi.; and the equation (3) is the form assumed by the equationi 
Of the type ^ zY) of the same Chapter, 

t Tkeeretieel Mzehanici, Chapter vi. 
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It follows that if the body forces and surface tractions are given arbitrarily, thei’e will not 
be equilibrium. 

In the particular case where there are no body forces, equilibrium cannot be maintained 
unless the surface tractions satisfy six equations of the types 

Ih dS=0, and Jj(yZy-zry)dS^O, 

46. Law of equilibrium of surface tractions on small volumes. 

From the forms alone of equations (1) and (2) we can deduce a result of 
great importance. Let the volume of integration be very small in all its 
dimensions, and let P denote this volume. If we divide both members of 
equation (1) by and then pass to a limit by diminishing I indefinitely, we 
find the equation 

lim l-^IJXydS=^0, 

1=^0 

Again, if we take the origin within the volume of integration, we obtain by a 
similar process from (2) the equation 

lim JJ{yZy--zYy) dS = 0. 

The equations of which these are types can be interpreted in the statement : 

The tractions on the elements of area of the surface of any portion of a body, 
which is very small in all its dimensions ^ are ultimately ^ to a first approximation , 
a system of forces in equilibrium, 

47. Specification of stress at a point. 

Through any point 0 in a body, there passes a doubly infinite system of 
planes, and the complete specification of the stress at 0 involves the knowledge 
of the traction at 0 across all these planes. We may use the results obtained 
in the last Article to express all these tractions in terms of the component 
tractions across planes parallel to the coordinate planes, and to obtain 
relations between these components. We denote the traction across a pl^e 
X = const, by its vector components (X*, F*, X*) and use a simile notation 
for the tractions across planes y = const, and z — const. The capital letters 
show the directions of the component tractions, and the suflBxes the planes 
across which they act. The sense is such that is positive when it is a 
tension, negative when it is a pressure. If the axis of ® is supposed drawn 
upwards from the paper (cf. Fig. 5), and the paper is placed so as to ^ 
through 0, the traction in question is exerted by the part of the body above 
the paper upon the part below. 

We consider the equilibrium of a tetrahedral portion of the body, havmg 
one vertex at 0, and the three edges that meet at this vertex paraUel to the 
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ax^ of coordinates. The remaining vertices are the intersections of these 

edges with a plane near to 0. We denote 
the direction of the normal to this plane, 
drawn away from the interior of the tetra- 
hedron, by V, so that its direction-cosines 
are cos («, v), cos (y, v), cos (z, v). Let A 
be the area of the fiwie of the tetrahedron 
that is in this plane ; the areas of the 
remaining faces are 

A cos {x, v), A cos (y, p), A cos (z, v). 

For a first approximation, when all the 
edges of the tetrahedron are 8ma]|l, we may 
take the resultant tractions acros^ the face 
V to be X„A, ..., and those on the^ remain- 
ing faces to be — JT.A cos (a:, i>), .V.. The 
sum of the tractions parallel to a; on all the faces of the tetrahedron can be 
taken to be 

X,A — JT* A cos (a;, v) — XyA cos (y, v) — XzA cos {z, v). 

By dividing by A, in accordance with the process of the last Article, we obtain 
the first of equations (5), and the other equations of this set are obtained by 
similar processes ; we thus find the three equations 

X, = Xg cos (x, p) + Xy cos (y, p) + X^ cos (z, p),' 

F, = F, cos (x, i>) + Fy cos (y, v) + F, cos (z, i»), ■ (6) 

Z, = Zx cos (x, p) + Zy cos (y, v) + Z* cos {z, v)., 

^ these equations the traction across any plane through 0 is expressed in 
terms of the tractions across planes parallel to the coordinate planes. By these 
equations also the component tractions across planes, parallel to the coordinate 
planes, at any point on the bounding surface of a body, are connected with 
the tractions exerted upon the body, across the surface, by any other body in 
contact with it. 

Again, consider a very small cube (Fig. fi) of the material with its edges 
parallel to the coordinate axes. To a first approximation, the resultant tractions 
exerted upon the cube across the feces perpendicular to the axis of x are 
AXg, AFy, AZg, for the fime for which x is greater, and — AXg, - AF., — AZg, 
for the opposite fece, A being the area of any face. Similar expressions hold 
for the other feces. The value of JJ{yZ,- zY,)dS for the cube can be taken 
to be f A {Zy - F,), where I is the length of any edge. By the process of the 
last Article we obtain the first of equations (6), and the other equations of 
this set are obtained by similar processes ; we thus find the three equations 

Yy^Xy (6) 




BY MEANS OF SIX COMPONENTS 


79 


47,48] 


By equations ( 6 ) the number of quantities which must be specified, in 
order that the stress at a point may be determined, is reduced to six, viz. 
three normal component tractions X*, Ty, Zt, and three tangential tractions 
Yt, Zy, Xy These six quantities are called the components of stress* at the 
point. 



Fig. 6. 


The six componeuts of stress are sometimes written a», yy, zz, yz, zm, say. 

A notation of this kind is especially convenient when use is made of the 

orthogonal curvilinear coordinates of Article 19. The six components of 

stress referred to the normals to the surfaces a, ) 8 , 7 at a point will hereafter 
^ ^ 

be denoted by 00 , /3/3, 77 , / 37 , 70 , ap. 


48. Measure of stress. 


The state of stress within a body is determined when we know the values 
at each point of the six components of stress. Each of these stress-components 
is a traction of the kind described in Article 42, so that it is raeMured as a 
force per unit area. The dimension symbol of any stress-component is ML-^ T-*. 

A stress may accordingly be measured as so many “ tons per square inch, 
or so many “dynes per square centimetre,” or more generally, as so many 
units of force per unit of area. [One ton per square inch — 1 545 x 10* dynes 
per square centimetre.] 


• A method of epeoifjring the rtreM U worked out by Lord Mvm (^de 10, foot- 

note). The method ieeqniveleat to taking as the bx oomponents of stress at a pomt Om tM^ns 
perunit of aieaaerosssix planes whiohare perpendionlar respeotively to the six edges of a chosen 


tetri^edroiie 
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For example, the pressure of the atmosphere is about 10® dynes per square 
centimetre. As exemplifying the stresses which have to be allowed for by 
engineers we may note the statement of W. C. Unwin ^ that the Conway 
bridge is daily subjected to stresses reaching 7 tons per square inch. 

49. Transformation of stress-components. 

Since the traction at a given point across any plane is determined when 
the six components of stress at the point are given, it must be possible to 
express the six components of stress, referred to any system of axes, in terms 
of those referred to another system. Let the components of stress referred to 
axes of y\ z be denoted by XV, •••; and let the new coordinates be given 
in terms of the old by the orthogonal scheme of transformation 



X 

y 

Z 

1 


h 

TWj 1 


y' 

h 

1 

Wl2 

71% 

/ 1 

1 

h 

i 

WI3 

71% 


Then equations (5) show that the component tractions across the plane x* (in 
the directions of the axes of x, y, z) are given by the equations 


Xj^ i'l X^J Xdl JL y '/li Xj 

= + (7) 

Zx' = liZfg 4- niiZy + riiZz. j 

Also, since the traction across any plane is a vector, we have the equations 
XV = X*' 4 TTii F*' 4 

FV-;2X^ + m,F,^4r?A, (8) 

^V = 4 X 3 / 4 w^Fx' 4 n^Z^'.j 


On substituting from (7) in (8), and taking account of (6), we find formulae 
of the type 

XV = 4 Wi^Fy 4 nj^Z;g 4 2mi rii F^ 4 2/ij /, 4 2/, Xy ^ 

XV = + nhrn^Yy 4 rijn^Z^ 4 (^1/124 F^ I (9) 

4 (Wi 4 W24 ) Zx 4 Tfi.2 4 Xy, ) 

These are the formulae for the transformation of stress- components. 

50. The stress quadric. 

The formulae (9) show that, if the equation of the quadric surface 

X*a^ 4 Fyy- 4 ZzZ^ 4 2Yzyz 4 ^Z^zx 4 2XyXy » const (10) 

is transformed by an orthogonal substitution so that the left-hand member 
becomes a function of x\ y\ z\ the coefficients of ... 2y'z\ ... in the left- 
hand member are XV, FV, .... 

* The Teiting of Materials of Construction ^ London 1888, p. 9. 
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The quadric surface (10) is called the stress quadric* It has the property 
that the normal stress across any plane through its centre is inversely pro- 
portional to the square of that radius vector of the quadric which is normal 
to the plane. If the quadric were referred to its principal axes, the tangential 
tractions across the coordinate planes would vanish. The normal tractions 
across these planes are called 'principal stresses* We learn that there exist, at 
any point of a body, three orthogonal planes, across each of which the traction 
is purely normal. These are called the principal planes of stress* We also 
learn that to specify completely the state of stress at any point of a body we 
require to know the directions of the principal planes of stress, and the 
magnitudes of the principal stresses ; and that we may then obtain the six 
components of stress, referred to any set of orthogonal planes, by the process 
of transforming the equation of a quadric surface from one set of axes to 
another. The stress at a point may be regarded as a single quantity related 
to directions ; this quantity is not a vector, but has six components in much 
the same way as a strain*. 

5 1 . Types of stress. 

(а) Purely normal stress. 

If the traction across every plane at a point is normal to the plane, the terms contain- 
ing products ye, zx^ xy are always absent from the equation of the stress quadric, however 
the rectangular axes of coordinates may be chosen. In this case any set of orthogonal 
lines passing through the point (;an be taken to be the principal axes of the quadric. It 
follows that the (|uadric is a sphere, and thence that the normal stress-components are all 
equal in magnitude and have the same sign. If they are positive the stress is a tension, 
the same in all directions round the point. If they are negative the strevss is pressure, with 
the like j)roperty of equality in all directions +. 

(б) Simple tension or pressure. 

A simple tension or pressure is a state of stress at a point, which is such that the 
traction across one plane through the point is normal to the plane, and the traction across 
any perpendicular plane vanishes. The equation of the stress quadric referred to its 
principal axes would be of the form 

so that the quadric consists of a pair of planes normal to the direction of the tension, or 
pressure. The components of stress referred to arbitrary axes of y, z would be 

A. x'Pj ^ A ^■“A X* rnix^ ^^3p~~A. x^nly X. x'lnty 

where m, n) is the direction of the tension, or pressure, and A''** is its magnitude. If the 
stress is tension X'x' is positive ; if the stress is pressure A V is negative. 

(c) Shearing stress. 

The result expressed by equations (6) is independent of the directions of 
the axes of coordinates, and may be stated as follows: — The tangential traction, 
parallel to a line across a plane at right angles to a line V , the two lines 
being at right angles to each other, is equal to the tangential traction, parallel 

* In the language of Voigt it is a tensor- triad. Cf. Article 14 (6) supra* 

t This is a fundamental theorem of rational Hydrodynamics, of. Lamb, Hydrodytuimicsy p, 2. 
It was proved first by Caueby, see Ency* d, math* Wi8s*<^ Bd. 4, Art. 16, p, 62, 



82 


TYPES OP STEBSS 


[OH- H 

to l\ across a plane at right angles to h It follows that the existence of 
tangential traction across any plane implies the existence of tangential traction 
across a perpendicular plane. The term sheaHng stress is used to express 
the stress at a point specified by a pair of equal tangential tractions on two 
perpendicular planes. 

We may use the analysis of Article 49 to determine the corresponding principal stresses 
and principal planes of stress. Let the stress quadric be const., so that there is 

tangential traction parallel to the axis on a, plane const., and equal tangential traction 
parallel to the axis y on a plane ^avconst. Let the axes of the principal axes of 

the stress. The form 2X'y>xy is the same as 

and this ought to be the same as ^ 

We therefore have « ZV ; \ 

and we find that the shearing stress is equivalent to tension across one of the plan^, that 
bisect the angles between the two perpendicular planes concerned, and pressure across the 
other of these planes. The tension and the pressure are equal in absolute magnitude, and 
each of them is equal to either tangential traction of the shearing stress. 

•Z 

uiiimul 


Pig. 7. 

The diagram (Fig. 7) illustrates the equivalence of the shearing stress and the principal 
stresses. Shearing stress equivalent to such principal stresses as those shown in the left- 
hand figure may be expected to produce shearing strains in which planes of the material 
that are perpendicular to the axis of y before the application of the stress slide in a direc> 
tion parallel to the axis of and planes perpendicular to the axis of x' slide in a direction 
parallel to the axis of y. Thus shearing stress of the type Z, may be expected to produce 
shearing strain of ^e type air* (See Article 14 (c).) 

(d) Plans StrssL 

A more general type of stress, which includes simple tension and shearing stress as 
partieular cases, is obtained by assuming that one principal stress is sero. The stress 
quadric is then a cylinder standing on a conic as base, and the latter may be called the 
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stress conic ; its plane contains the directions of the two principal stresses which do not 
vanish. If this plane is at right angles to the axis of 2 , the equation of the stress conic is 
of the form 

and the shearing stresses Zx and Y ^ are zero, as well as the tension Zg. In the particular 
case of simple tension the stress conic consists of a pair of parallel lines, in the case of 
shearing stress it is a rectangular hyj)orbola. If it is a circle there is tension or pressure 
the same in all directions in the plane of the circle. 

52. Resolution of any stresa-systeni into uniform tension and shearing 
stress. 

The quantity Xg 4* Fy -f is invariant as regards transformations from 
one set of rectangular axes to another. When the stress-system is uniform 
normal pressure of amount p, this quantity is — 8/). In general, we may call 
the quantity Fy4-2^) the ‘‘mean tension at a point''; and we may 

resolve the stress-system into components characterized respectively by the 
existence and non-existence of mean tension. For this purpose we may put 

Then the stress-system expressed by + ... involves no mean 

tension. This system has the property that the sum of the principal stresses 
vanishes ; and it is possible to choose rectangular axes of coordinates a)\ y\ z' 
in such a way that the normal tractions X'^;, Y'^, ZV, corresponding with 
these axes, vanish. Accordingly, stress-systems, which involve no mean 
tension at a point, are equivalent to shearing stresses only, in the sense that 
three orthogonal planes can be found across which the tractions are purely 
tangential. It follows that any stress-system at a point is equivalent to 
tension (or pressure), the same in all directions round the point, together 
with tangential tractions across three planes which cut each other at rigKt 
angU‘s. 

53. Additional results. 

The proofs of the following results* may serve as exercises for the student : 

(i) The quantities 

Xx“\" Yy-^ Zgy YyZg + ZgAx'^Xx^y” ^ ^ " Z^i? — Xy\ 

A * y^Zx^-z^x,]^ 

[ are invariant as it^;aTds orthogonal transformations of coordinates, 

(ii) If Fy, Zx are princii)al stresses, the traction across any plane is proportional 
I to the central perpendicular on the parallel tiingent plane of the ellipsoid 

IV+^W-const. 

This is Lamd's stress-dlipsoid. The reciprocal surface was discussed by Cauchy; its 
Icentral radius vector in any direction is inversely proportional to the traction across the 
plane at right angles to that direction. 

♦ The reanlta (i)— (v) are due to Cauchy and Lam6. 
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(iii) The quadric surface const, (in which x„ ... are principal 

stresses), called Lam^^s stress-director qttadric^ is the reciprocal of the stress quadric with 
respect to its centre ; the radius vector from the centre to any point of the surface is in the 
direction of the traction across a plane parallel to the tangent plane at the point. 

(iv) The planes across which there is no normal traction at a point envelope a cone of 
the second degree which is the reciprocal of the asymptotic cone of the stress quadric at 
the point. The former cone is Lamp’s cone of shearing stress. When it is real, it separates 
the planes across which the normal traction is tension from those across which it is pressure ; 
when it is imaginary the normal traction across all planes is tension or pressure according 
as the mean tension ^ Fy + Zg) is positive or negative. 

(v) If any two lines x and x! are drawn from any point of a body in a state of stress, 
and planes at right angles to them are drawn at the point, the component parallel to x* of 
the traction across the plane perpendicular to x is equal to the component parallel to x of 
the traction across the plane perpendicular to x\ 

This theorem, which may be expressed by the equation x'x=J^x'i is a generalization of 
the results (6) of Article 47. 

(vi) MaxwelPs electrostatic stress-system*. \ 

Let V be the potential of a system of electric charges, and let a stress-syster)^ be deter- 
mined by the equations 


^ 1 r /dvy /aF\2 ^ /dvyi 

\0:r/ \cg) 


1 

4tir dg dz ’ 

l_dVdV 
4n dz dx ’ 

r - J 

^ 4ir dx dg ‘ 


It may be shown, by taking the axis of :r to be parallel to the normal at (x, g^z) to the 
equipotential surface at the point, that one principal plane of the stress at any point is the 
tangent plane to the equipotential surface at the point, and that the traction across this 
plane is tension of amount while the traction across any perj)endicular plane i.s 

pressure of the same amount, R being the resultant electric force at the point so that 



(vii) If Uy Vy w are the components of any vector quantity, and . are the components 

of any stress, the three quantities 

XaiU4- XyV4-ZfgWy XyU4- VyV4- FitWy Za.?/+ + 

are the components of a vector, i.e. they are transformed from one set of rectangular axes to 
another by the same substitution as u, v, w. 


54. The stress-equations of motion and of equilibrium. 

In the equations of the type (1) of Article 44, we substitute for ... from 
equations (5). We then have, as the equation obtained by resolving all the 
forces parallel to the axis of x. 


JJJ pffgdxdydz dxdydz 

-h JJ [Xy cos {Xy v) -f Xy cos (y, v) -f Xz cos {Zy v)} dS (11) 


• Maxwell, Electricity and MagnetUmy 2nd Bdn., Oxford, 1881, vol. 1, oh. 5. 
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We apply Greens transformation* to the surface-integral, and transpose, thus 
obtaining the equation 

III " P/*) 0 (^2) 

In this equation the integration may be taken through any volume within 
the body, and it follows that the equation cannot be satisfied unless the 
subject of integration vanishes at every point within the body. Similar 
results would follow by transforming the equations obtained by resolving all 
the forces parallel to the axes of y and z. We thus obtain three equations of 
motion of the type 


dX^ . eA' . 


dx 


4* 


+ = pfx 


.(13) 


dy dz 

If the body is held in equilibrium, fy, f are zero, and the equations of 
equilibrium are 


dx 

dX 


ar. 


dz 

dY, 


dx dif dz 


cy ■ 

cx dy dz ^ 


.(14) 


wherein F^, Xy have been written for the equivalent Zy^ Xg, Fj.. 

If the body moves so that the displacement (u, v, w) of any particle is 
always very small, we may put 

d'^u d'^^v d'W 
d¥ ' ?t^' W 

instead of /*, /y, /«, the time being denoted by t; the equations of snmll 
motion are therefore 


dXx dXy dZx ^ d^u 
ds^dy + 5-,- + P^ = /> 


dz 

dy dz 
dx dy dz 


dX, 

da; 

dz^ 


dP ■ 
d‘v 

„ d'^w 


+ pF= P 


.(15) 


Other forms of equations of equilibrium and of motion, containing fewer 
unknown quantities, will be given hereafter. We distinguish the above forms 
(14) and (15) as the stress-e( [nations, 

55. Uniform stress and uniformly varying stress. 

We observe that the stress-equations of equilibriiiiu (14) hold within a body, and equa- 
I tiona (5) hold at its l>oundary, provided that, in the latter equations, v is the direction of 

* The transformation is that expressed by the equation 

J J {fcoB(4., .) + 1,008 (!/,i-) + f 008 (*, ryfdSsI^ I + + 
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the normal to the bounding surface drawn outwards and ... are the surface tractions. 
The equations may be used to determine the forces that must be applied to a body to 
maintain a given state of stress. 

When the components of stress are independent of the coordinates, or the stress is the 
same at all points of the body, the body forces vanish. In other words, any state of uniform 
stress can be maintained by surface tractions only. 

We shall consider two cases : 

(а) Umform pressure. In this case we have 

where p is the pressure, supposed to be the same at all points and in all directions round 
each point. The surface tractions are equal to the comjK)nents of a pressure p exerted 
across the surface of the body, whatever the shape of the body may be. We iiay conclude 
that, when a body is subjected to constant pressure the same at all points Of its surface, 
and is free from the action of body forces, the state of stress in the interior ckn be a state 
of mean pressure, equal to p at each point, unaccomi>anied by any shearing stimss. 

(б) Simple tension. Let T be the amount of the tension, and the axis of x its direction. 
Then we have Z®** T, and the remaining stress-components vanish. We take ^ to be the 
same at all points. The surface traction at any point is directed parallel to the axis of 
and its amount is T cos (.r, v). If the body is in the shape of a cylinder or prism, of any 
form of section, with its length in the direction of the axis of ar, there will be tensions on 
its ends of amount T loer unit area, and there will be no tractions across its cylindrical 
surface. We may conclude that when a bar is subjected to equal and oppasite uniform 
normal tensions over its ends, and is free from the action of any other forces, the state of 
stress in the interior can be a state of tension across the normal sections of the same 
amount at all points. 

Uniform traction acroas a plane area is statically equivalerit to a force at the centroid 
of the area. The force has the same direction as the traction, and its magnitude is measured 
by the product of the measures of the area and of the magnitude of the traction. 

If the traction across an area is uniform as regards direction and, as regards magnitude, 
is proportional to distance, measui'ed in a definite sense, from a definite line in the plane 
of the area, we have an example of uniformly varying stress. The traction across the area 
is statically equivalent to a single force acting at a certjun jx)int of the plane, which is 
identical with the “centre of pressime” investigated in treatises on Hydrostatics. There is 
an exceptional case, in which the line of zero traction {>a8ses through the centroid of the 
area ; the traction across the area is then statically equivalent to a couple. When the line 
of aero traction does not intersect the boundary of the area, the traction has the same sign 
at all points of the area; and the centre of pressure must then lie within a certain curve 
surrounding the centroid. If the area is of rectangular shape, and the line of zero traction 
is parallel to one side, the greatest distance of the centre of pressure from the centroid 
Jth of that side. This result is the engineers* “rule of the middle third*.” 

56. Observations oonceming the stress-equations. 

(a) The equations of type (13) may be obtained by applying the equations of ty[)e (1) 
[Article 44] to a small parallelepiped bounded by planes parallel to the cocMinate planes. 

The contributions of the faces x and x dx U^j jXpdS can be taken to be - X^dydz and 

{X^^(f^X^hx)dx]dydz^ and similar expressions tor the contributions of the remaining l^^*^**^ , 
of faces can be written down. 


Ewing, Strength of Materiale^ p. 104. 
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(6) The equations of moments of type (2) are already satisfied in consequenoe of eqtia- 
tions (6). In fact (2) may be written 

J J[y {^* *') cos (^, I/) 4--^2 cos (s, v)} 


- 2 {r^cos(a;^p)+ FyCos(y, v)+ 7^ cos ( 2 , y)}]<f*S’, 

by substituting for/*, ... from the equations of type (13), and for Zy from (5). By help 
of Greenes transformation, this equation becomes 

J ^ J(^y~ ^z) ; 

and thus the equations ot moments are satisfied identically in virtue of equations (6). It 
will be observed that, equations ((>) might be proved by the above analysis instead of that 
in Article 47. 


(c) When the equations (14) are satisfied at all points of a body, the conditions of 
equilibrium of the Inxly as a whole (Article 45) are necessarily satisfied, and the resultant 
of all the body forces, acting iipon elements of volume of the body, is balanced by the 
resultant of all the tractions, acting upon elements of its surface. The like statement is true 
of the resultant inomentii of the body forces and surface tractions. 


(d) An example of the application of this remark is afforded by MaxwelPs stress-system 
descril)ed in (vi) of Article 53. We should find for example 


d:v i'ly dz 


LvsF 

4‘rr 



where V® stiinds for It follows that, in any region throughout which 

V2K=0, this stress-system is self-equilibrating, and that, in general, this stress-system is 

1 /0 7 ? K ? 7\ * 

in equilibrium with body force specified by ~ y per unit volume. 

Hence the tractions over any closed surface, which would be deduced from the fbrmulas for 

1 , fdV dV ?r\ 

A*, ..., arc statically ecpii valent to lx)dy forces, si)ecified by \0a? ’ dy * €z ) 

unit volume of the volume within the surface. 


(e) Strm^unetiom. 


In the development of the theory we shall be much occupied with IxKlies in equilibrium 
under forces applied over their surfaces only. In this case there are no body forces and no 
accelerations, and the equations of equilibrium are 


0X 


•f 


0A,, 



0 . 


da: dy 


-A 


cy dz 


0; (16) 


while the surface tractions are equal to the values of (A„, 7^* Zy) at the surface of the I)ody. 
The differentia] equations (16) are three independent relations between the six components 
of stress at any point ; by means of them we might express these six quantities in terms of 
three independent functions of position. Such functions would be called ** stress-functions. 
So long as we have no information about the state of the body, besides that contained in 
©quatioi^f (16), such functions are arbitrary functions. 
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r.= 


One way of expressing the stress-components in terms of stress-functions is to assume* 

- .?!2Li r = - r - - ^3 

* SiSS’ ^ 0jp0y’ 

and then it is clear that the equations (16) are satisfied if 
* oy^ 

Another way is to assume t 




2 dx\ c 


, 

’ 


II 

1 ^Xi 

■ _ 

r = 



* dyo2 

^ czdx * 




cx oy dz 


/ * ® 2 0y \ 05? 0y 02 / ’ 


F - _ i Ji ( ^ 

2 02 ‘ 0^ of 02 


These formulae may be readily verified. It will be observed that the relations between 
the X functions and the functions are the same as those between the quantities ^'aa, ... 
and the quantities ... in Article 17. 


67. Graphic representation of stress. 

States of stress may be illustrated in various ways by means of diagrams, but complete 
diagrammatic representations cannot easily be found. There are cases in which the 
magnitude and direction of the streas at a point can be determined by inspection of a 
drawing of a family of curves, just as magnetic force may be found by aid of a diagram 
of lines of force. But such cases are rare, the most important being the stress in a 
twisted bar. 


In the case of plane stress, in a body held by forces applied at its boundary, a (complete 
representation of the stress at any point can 1)0 obtained by using two diagrams The 
stress is determined by means of a stress-function Xf so that 

y ~ r — CA r — - n7'i 

the plane of the stress being the plane of .r, y, and x l>eing a function of z, y, z. If the 
curves ^«s const, and const, are traced for the same value of z and for equidifiTerent 
values of the constants, then the tractions at any point, across planes parallel to the planes 
of (x, z) and (y, z\ are directed respectively along the tangents to the curves ^ =c<»tist. and 

0y 

const, which pass through the point, and their magnitudes are proportional to the 
closeness of consecutive curves of the respective families. 


Partial representations by graphic means have soinetime.M been used in cases whei*e a 
complete representation cannot be obtained. Of this kind are tracings or models of the 
‘‘lines of stress.” These lines are such that the tangent to any one of them at any point is 
normal to a principal plane of stress at the point. Through any point there pass three such 
lines, cutting each other at right angles. These lines may determine a triply orthogonal set 
of surfaces, but in general no such set exists. When such surfaces exist they are described 


* Maxwell, Edinburgh Bay* Soc* Trans*, vol. 26 (1870), or Scientific Papers, vol, 2, p. 161. 
The particiilar case of plane stress was discussed by G. B. Airy, Brit Assoc* Rep* 1862. 

f G. Morera, Roma, Aec, Lincei Bend* (Ser. 5), t. 1 (1892). The relations between the two 
s 3 rstems of stress-functions were discussed |>y Beltrami and Morera in the same volume. 

*1. H. Micfaell, London Math, Soc. Proc*, vol. 82 (1901). 
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r^I “fJZi* Sz'rf ■’' ““ •™”p» 

isostatic surfaces. dimensional ^systems there is always a set of 

» ‘■V' "= »««■»<♦ 

doubly refracting, with its optical nrinciiyil V*^^”*! ransparent body, when stressed, becomes 
axes of stress at the point. ^ in tbedirectious of the principal 


68. Sti«...,„tlon, referred to conrtlinew orthogonal coordUfete.;. 

a. r..,„.r«l „,„tio„. „,.J b, b, «„di„g tt. to„rfor»..«l orpreafo., 


^ r - " j ^ 'Miuttiueu oy nnain^ 

j j J,dS in the general equation (1) of Article 44. Now 


we have, by equations (5) 


and 

so that 


_ A”, cos (r, p) + A, cos (y, f) + cos {z, p), 
cos (*, F)=co« (a, f) cos (.r, a)+cos (ft f 1 cos (,;, +co8 (y, f) cos (x, y), 

A f= {A, cos (x, a) + A', cos (y, a)-|- A* cos (z, «)! cos (a, p) 

+ two similar expressions 
= J. cos (a, f) + A'g cos (/3, f) + A\ cos (y, f), 

t.: "‘r t •* * '>■ •»“ “• 

fercugb .bo ,„i„t ,7“ *“ 

«* = aa cos (a, j;) + aft cos (]3, x) + ^a cos (y, x). 

Again, cos («, p) ,/.S is the projection of the surface element dS, about any mint o{ S upon 


I l.y.<is. I /: 


{«a cas (a, X) + a/i cos (ff, x) + ya cos (y, x)} 

{a(i cos (a, .r) cos O, a.') cos (y, x)} 

hhi 

+ / / {yo cos (a, X) + ^ cos (/3, x) + ^ cos (y, x)} . 

^ • h\ 




• These surfaces were first discussed by Lamd, J. de Math. (Liouville), t. 6 (1841), and Leconz 

Boussmesq. .Para. C. li. . t. 74 (1872). Cf. Weingarten, J. /. Math. (Crelle), Bd. 90 (1881). 

F S’ M * originated with D. Brewster, Phil. Tram. Roy. Soc., 1816. It was developed by 

or •’y ^^'iinburgh Soy. Soc. Tram., vol. 20 (1868), 

Man la f p- 3®- J’®'' a more recent experimental investigation, see J. Kerr, Phil. 

t. 2^(P io’ Beferenoe may also be made to M. E. Mascart, Traiti d'Optique, 

aifw pp. 229 et seq. The method has been developed furtlier by various physicists, 

ong whom may be named E. G. Coker, Phil Mag. (Ser. 6), vol. 20, 1909, p. 740, and London, 
oy. Soc. Proc. (Ser. A), vol. 8G, 1912, p. 86, and L. N. G. Filon, Phil Mag. (Ser. 6), vol. 28, 
^ ^'***^e*‘ references will be found in a Beport by Filon and Coker in Brit. Assoc. 

ep. 914, pp. 201- 210. Improved methods are described by Filon in Bnt. Assoc. Bep. 1919. 
P- 47o, and 1923, p. 8,50. 

t Other methods of obtaining these equations will be given in Article 116 irtfra and in the 
ote on the Applications of Moving Axes* at the end of this book. 
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When we apply Green’s transformation to this expression we find 

j jXfdS” Jjyrfa(i^dy|^j^j^{aacoB(a,x)+oj9co8 0S,af)+^oo8(y,»)}J 

■ ^ {5 cos («,^r)+ii8 cos 0, cos (y, x)}J 

+ ^ [ {yo cos (a, *) + ^ cos (ft «) + yy cos (y, a.-)} J| , 
and since {h^hjii)^^dadfidy is the element of volume, we deduce from (1) the equation 

f 0 r 1 "1 

p/a; ss px Ai 4243 I {ew COS (a, x) + fljS cos 0, x) ya cos (y, a:)} J 

+ {$Cos(a,a:)+^co8 03,*)+^cos(y,j:)}J 

+ ^ !ya cos (a, i:)+5y cos (ft x)+'^ cos (y, J:)l j| ..i (18) 

The angles denoted by (o, or), ... are variable with a, jd, y Isicause the normals to the 
surfaces a=const, ... vary from point to iK)int. Equations (40) and (41) of Article 22 C 
show that, for any fixed direction of x^ the differential coefficient.s of cos (a, .r), ... are given 
by nine equations of the type 

01 Fa (i,) • (i.) • 

^C08(a,x)=A,£Q . C 08 (ft*), .%<«(a,x) = A,^^ Q . cos(y,x). 

We now take the direction of the axis of x to l>c that of the normal to the surface 
a « const, which passes through the point (a, 3, y). After the differentiations have been 
performed we put 

cos (a, x) = I, cos (ft x) = 0, cos (y, 4?) ~ 0. 

We take /, for the component acceleration along the normal to the surface a -const., and 
Fa, for the component of body force in the same direction. Eejuation (18) then l>ecomes 

pU=pF, +am(- rsf;+fy A,y 

+ 5A,A,j^(]j+y«A,A3^Q 

<”> 


The two similar equations containing coni}>onents of acceleration and body force in the 
directions of the normals to const and y= const can be written down by symmetry. 

59. Special cases of stress-equatioxis referred to curvilinear co- 
ordinates. 

(i) In the case of cylindrical coordinates r, ft z (cf. Article 22) the slresH-equations are 

0rr loro erz r»‘~^ „ . 

¥+-r0d-^¥ + ~r 

ire . nee iS , sfe „ , 


t i . dzz rz 

+ r-gfl + a? + 7 


+ p^«»p/f. 
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(ii) Id the case of plane stress referred to cylindrical coordinates, when there is equi- 
librium under surfiwe tractions only, the stress-components, when expressed in terms of 
the stress-fiinction of equations (17), are given by the equations* 


" ~ T '7 , 

r rir 


^ dr[rd6l' 


(iii) In the more general case of plane stress referred to coordinates a, ft which are 
such that o+i^ is a function of the complex variable the stress-components are ex- 
pressed in terms of x by the formula t 


00 

I 

o3 




0)3 V 0)3; 0000’ l> 


0 


3 _ 0 / , 0jf\ ck Sx 

00 \ 00/ 0j8oi3’ 


(ih\ 3A0j[ 

h= 

rf(o+t)3) 

\ 0)3;" 0)3 00 ’ 


dlx+iy) 


(iv) In the case of polar coordinates /•, $, (f> the stress-equations are 


0»T 1 dr$ 1 
dr d6 '*'rsin^ c<f) 

I 


+ ^(2rr-$d-^+rhot$)+pF,=p/r^ 


1 




0r(^ , 1 
0r 


+ ; ; is4+2**<»‘«! +pn-p/*- 


1, 


(v) When the surfaces o, ft y are isostatic so that )3y=yo=a)3=0, the equations can bo 
written in such forms { as 


, OOO . 00 -Pj 

Go Pu 


Pl2 


where and pa are the principal radii of curvature of the surface a=const which cor- 
respond respectively with the curves of intersection of that surface and the surfaces 
3«const. and ysconst. 


* J. H. Miohell, London Math. Soc. Proe., vol. 31 (1899), p. 100. 
t G. B. Jeffery, Phil. Tram. Roy. Soc. (Ser. A), vol. 221, 1920, p. 265. , 

X Lain4, Coordonniet eurviliyntt, p. 274, The equations, of this type, which hold in the case 
of plane stress, have been utilized by L. K. 0. Filon, Brit. Auoc. Rtf. 1923, p. 351. 



CHAPTER III 


THE ELASTICITY OF SOLID BODIES 

60. In the preceding Chapters we have developed certain kinematical and 

d 3 mamical notions, which are necessary for the theoretical discussion of the 
physical behaviour of material bodies in general. We have now to explain how 
these notions are adapted to elastic solid bodies in particular. \ 

An ordinary solid body is constantly subjected to forces of gravitation and, 
if it is in equilibrium, it is supported by other forces. We have no experience 
of a body which is free from the action of all external forces. From' the 
equations of Article 54 we know that the application of forces to a body 
necessitates the existence of stress within the body. 

Again, solid bodies are not absolutely rigid. By the application of suitable 
forces they can be made to change both in size and shape. When the induced 
changes of size and shape are considerable, the body does not, in general, 
return to its original size and shape after the forces which induced the change 
have ceased to act. On the other hand, when the changes are not too great 
the recovery may be apparently complete. The property of recovery of an 
original size and shape is the property that is termed elasticity. The changes 
of size and shape are expressed by specifying strains. The “unstrained state” 
(Article 4), with reference to which strains are specified, is, as it were, an 
arbitrary zero of reckoning, and the choice of it is in our power. When the 
unstrained state is chosen, and the strain is specified, the internal configuration 
of the body is known. 

We shall suppose that the difierential coefficients of the displacemerd 
(u, V, w), by which the body could pass from the unstrained state to the 
strained state, are sufficiently small to admit of the calculation of the strain 
by the simplified methods of Article 9; and we shall regard the configuration 
as specified by this displacement. 

For the complete specification of any state of the body, it is necessary to 
know the temperature of every part, as well as the configuration. A change of 
configuration may, or may not, be accompanied by changes of temperature. 

61. Work and energy. 

Unless the body is in equilibrium under the action of the external forces, it 
will be moving through the configuration that is specified by the displacement, 
towards a new configuration which could be specified by a slightly different 
displacem^t. As the body moves from one configuration to another, the 
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external forces (body forces and surface tractions) in general do some work ; 
and we can estimate the quantity of work done per unit of time, that is to say 
the rate at which work is done. 


Any body, or any portion of a body, can possess energy in various ways. 
If it is in motion, it possesses kinetic energy, which depends on the distribution 
of mass and velocity. In the case of small displacements, to which we are 
restricting the discussion, the kinetic energy per unit of volume is expressed 
with sufficient approximation liy the formula 



in which p denotes the density in the unstrained state. In addition to the 
molar kinetic energy, possessed by the body in bulk, the body possesses energy 
which depends upon its state, i.e. upon its configuration and the temperatures 
of its parts. This energy is called “intrinsic energy’’; it is to be calculated 
by reference to a standard state of chosen uniform temperature and zero 
displacement. The total energy of any portion of the body is the sum of the 
kinetic energy of the portion and the intrinsic energy of the portion. The 
total energy of the body is the sum of the total energies of any parts*, into 
which it can be imagined to be divided. 


As the body passes from one state to another, the total energy, in general, 
is altered; but the change in the total energy is not, in general, equal to the 
work done by the external forces. To produce the change of state it is, in 
general, necessary that heat should be supplied to the body or withdrawn 
from it. The quantity of heat is measured by its equivalent in work. 

The First Law of Thermodynamics states that the increment of the total 
energy of the body is equal to the sum of the work done by the external forces 
and the quantity of heat supplied. 

We may calculate the rate at which work is done by the external forces. 
The rate at which work is done by the body forces is expressed by the formula 


///' 

where the integration is taken through the volume of the body m the 
unstrained state. The rate at which work is done by the surface tractmns is 
expressed by the formula 






where the integration is taken over the surface of the body in the unstrain 

• For the validity of the analysis of the energy into molar ^ 
it is necessary that the dimensions of the part* in qneetion a o 
molecular ditnenaioufi. 
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[oh. in 

state. This expression may be transformed into an integral taken through 
the volume of the body, by the use of Green’s transformation and of the 
formulae of the type 

X, = XgCOB («, v) + X„ cos (y, i») + X* cos (z, v), 


We use also the results of the type Yt’^Zy, and the notation for strain- 
components .... We find that the rate at which work is done by the 
surface tractions is expressed by the formula 


m 

-ffl 



d_Xy 



jYy 


, dv 

{d<c + 



■ 

h "r — 
oy 

^ dzj 
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dVg 

dZg\c 
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dy 

' dz)i 


y 

dt 

+ F. 

1 7 

'dt ^ ^ dt 


4 - 

U 

+X, 


dt J 




We may calculate also the rate at which the kinetic energy increases. This 
rate is expressed with sufficient approximation by the formula 


fff (cPadu chidv 
dt'^dPdt 


d^w dw 


j dxdydz, 


( 3 ) 


where the integration is taken through the volume of the body in the 
unstrained state. If we use the equations of motion, (15) of Article 54, we can 
express this in the form 



^ dXy dZit\du 

dx dy dz ) dt 


+ 


J dxdydz. 


It appears 

iiii‘ 


de. 


dt 




dt 




represents the excess of the rate at which work is done by the external forces 
above the rate of increase of the kinetic energy. 


62. Existence of the strain-energy-itmction. .. 

Now let 8Ti denote the increment of kinetic energy per unit of volume, 
which is acquired in a short interval of time Bt. Let BU be the increment of 
intrinsic energy per unit of volume, which is acquired in the same interval. 
Let filTi be the work done by the external forces in the interval, and let BQ 
be the mechanical value of the heat supplied in the interval. Then the First 
Law of Thermodynamics is expressed by the formula 

ljj(BT, + BU)dadydz » BW, + BQ. 


( 6 ) 
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Now, according to the final result (4) obtained in Article 61, we have 

SFi- JjJsTjdadydz 

^ jj + YzBcyz + Z,- Beziz + Xy Beizy) dxdydz,. . .(6) 

where Be^g, .. represent the increments of the components of strain in the 
interval of time St. Hence we have 

///^^ ~ + jjj(XgBezx+ ...) dxdydz (7) 

The differential quantity 817 is the differential of a function 17, which is a 
one-valued function of the temperature and the quantities that determine 
the configuration. The value of this function Z7, corresponding with any state, 
is the measure of the intrinsic energy in that state. In the standard state, 
the value of 17 is zero. 


If the change of state takes place adiabatically, that is to say in such a way 
that no heat is gained or lost by any element of the body, BQ vanishes, and 
vve have 


817= XgSexx + + ZzBZzz + Xz^^yz + ZxBZzz + XySCgy (8) 

Thus the expression on the right-hand side is, in this case, an exact differential; 
and there exists a function IT, which has the properties expressed by the 
equations 


X,= 


9e*r’ 


F.= 


dW 

BZyz' 


.(9) 


The function W represents potential energy, per unit of volume, stored up in 
the body by the strain ; and its variations, when the body is strained adia« 
batically, are identical with those of the intrinsic energy of the body. It is 
probable that the changes that actually take place in bodies executing small 
uid rapid vibrations are practically adiabatic. 

A function which has the properties expressed by equations (9) is called 
» “strain-energy- function.” 

If the changes of state take place isothermally, i.e. so that the temperature 
>f every element of the body remains constant, a function W having the 
properties expressed by equations (9) exists. To prove this we utilize the 
Second Law of Therm^ynamics in the form that, in any reversible cycle of 
-hanges of state performed without variation of temperature, the sum of the 
sleraents BQ vanishes*. The sum of the elements 817 also vanishes; and it 
follows that the sum of the elements expressed by the formula 

^{XgBegg-¥ YyBeyy-\-ZzBezz-^-TzBeyz + ZxBe,x + XyBegy) 


• Cf. K«lTin, Math, and Phy*. Papen, w)l 1, p. 291. 
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also vanishes in a reversible cycle of changes of state without variation of 
temperature. Hence the differential expression 

Xx^^xx + "I* ^ t^^yz ^x^^zx Xyhe^ 

is an exact differential, and the strain-energy-function W exists. 

When a body is strained slowly by gradual increase of the load, and is in 
continual equilibrium of temperature with surrounding bodies, the changes of 
state are practically isothermal. 

63. Indirectness of experimental results. 

The object of experimental investigations of the behaviour of elastic bodies 
may be said to be the discovery of numerical relations between the^ quantities 
that can be measured, which shall be sufficiently varied and Sufficiently 
numerous to serve as a basis for the inductive determination of t^ form of 
the intrinsic energy-function, viz. the function U of Article 62 . This object 
has not been achieved, except in the case of gases in states tha\) are far 
removed from critical states. In the case of elastic solids, the conditions are 
much more complex, and the results of experiment are much less complete; 
and the indications which we have at present are not sufficient for the forma- 
tion of a theory of the physical behaviour of a solid body in any circumstances 
other than those in which a stn\in-energy-function exists. 

When such a function exists, and its form is known, we can deduce from it 
the relations between the components of stress and the components of strain; 
and, conversely, if, from any experimental results, we are able to infer such 
relations, we acquire thereby data which can serve for the construction of the 
function. 

The components of stress or of strain within a solid body can never, from 
the nature of the case, be measured directly. If their values can be found, it 
must always be by a process of inference from measurements of quantities 
that are not, in general, components of stress or of strain. 

Instruments can be devised for measuring average strains in bodies of 
ordinary size, and others for measuring particular strains of small superficial 
parts. For example, the average cubical compression can be measured by 
means of a piezometer; the extension of a shod; length of a longitudinal fila- 
ment on the outside of a bar can be measured by means of an extensometer. 
Sometimes, as for example in experiments on torsion and flexure, a displace- 
ment is measured*. 

External forces applied to a body can often be measured with great exact 
ness, e.g. when a bar is extended or bent by hanging a weight at one end. Id 
such cases it is a resultant force that is measured directly, not the component 

* For an account of experimental methods, which are commonly need, reference may be made 
to J, H, Poynting and J. J. Thoonoa, Propertiez of MatUr, London. 1902, and G. F. 0. Searle, 
MxperimenUU Cambridge, 1908. 
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tractions per unit of area that are applied to the surface of the body. In the 
jase of a body under normal pressure, as in the experiments with the piezo- 
meter, the pressure per unit of area can be measured. 

In any experiment designed to determine a relation between stress and 
jtrain, some displacement is brought about, in a body partially fixed, by the 
application of definite forces which can be varied in amount. We call these 
forces collectively “the load.'' 


64. Hooke’s Law. 

Most hard solids show the same type of relation between load and measur- 
able strain. It is found that, over a wide range of load, the measured strain 
is proportional to the load. This statement may be expressed more fully by 
raying that 

(1) when the load increases the measured strain increases in the same 

ratio, 

(2) when the load diminishes the measured strain diminishes in the 

same ratio, 

(3) when the load is reduced to zero no strain can be measured. 

The most striking exception to this statement is found in the behaviour of 
:ast rnotals. It appears to be impossible to assign any finite range of load, 
within which the measurable strains of such metals increase and diminish in 
the same proportion as the load. 

The experimental results which hold for most hard solids, other than oast 
metals, lead by a process of inductive reasoning to the Generalized Hooke's 
Law of the proportionality of stress and strain. The general form of the law 
is expressed by the statement: ^ 

Each of the six components of stress at any point of a body is a linear 
function of the six components of strain at the point. 

U IK uecessary to pay some attention to the way in which this law represents the 
experimenUl results. In most e.xpcriments the load that is increased, or- dnnimshe^or 
reduced to rsero consists of jwrt only of the external forces. The weight of the bo^ 
subjected to experiment must le balanced , and neither the weight, nor the for^ employed 
to Wance it, is, in general, included in the load. At the beginnmg and end of 
rneni the body is in a state of stress ; but there is no m^ured strain. Bor strein th^ 
iis measured is reckoned fren. the state of the body at the beginning “ 

Standard state. The strain referred to in the sUtement of the law must JT 

diftereut state as standard or “unstrained” state. Thrs state rs that rn ^ 

teuM te if it were Ireed from the action of all external foi^ and rl 
ilress at any ,K,int of it. We call this state of the Ixsly the ‘ 

~ i. i- ^ L -3^ 

sent; it is also in a state of stress. When the loaa is ajp , the load 

[mount and distribution ; and the strain also is altered. After the “P 

lie stress consists of two stress-systems: the stress-system tu em „train. r w l fAn«d 

oui the mmtretmd 8tate» ia likewiae compounded of two strain . 
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uTistressed state to the initial state, and the strain from the initial state to the state assumed 
under the load. The only things, about which the ex{>eriment8 can tell us anything, are the 
second stress-system and the second strain ; and it is consonant with the result of the ex- 
periments to assume that the law of proportionality holds for this stress and strain. The 
general statement of the law of proportionality implies that the stress in the initial state 
also is proportional to the strain in that state. It also implies that both the initial state, 
and the state assumed under the load, are derivable from the unstressed state by displace- 
ments, of amount sufficiently small to admit of the calculation of the strains by the simplified 
methods of Article 9. If this were not the case, the strains would not be compounded by 
simple superposition ; and the proportionality of load and measured strain would not imply 
the proportionality of stress-components and strain-components. 

65. Form of the strain-energy-fanction. 

The experiments which lead to the enunciation of Hooke’s , Law do not 
constitute a proof of the truth of the law. The law formulated in abstract 
terms the results of many observations and experiments, but it isimuch mort^ 
precise than these results. The mathematical consequences wl^ich can bt* 
deduced by assuming the law to be true are sometimes capable of experi- 
mental verification ; and, whenever this verification can be made, fresh 
evidence of the truth of the law is obtained. We shall be occupied in sub- 
sequent chapters with the deduction of these consequences; here we note 
some results which can be deduced immediately. 

When a body is slightly strained by gradual application of a load, and the 
temperature remains constant, the stress-components are linear functions ot j 
the strain-components, and they are also partial differential coefficients of a| 
function {W) of the strain-components. The strain-energy-function, W, hi 
therefore a homogeneous quadratic function of the strain-components. 

The known theory of sound waves* leads us to expect that, when a body 
^ executing small vibrations, the motion takes place too quickly for any portion 
of the body to lose or gain any sensible quantity of heat. In this case 
there is a strain-energy-function; and, if we assume that Hooke’s Law hold\ 
the function is a homogeneous quadratic function of the strain-componenU 
When the stress-components are eliminated from the equations of motion (15) 
of Article 54, these equations become linear equations for the determina- 
tion of the displacement. The linearity of them, and the way in which thtf 
time enters into them, make it possible for them to possess solutions whi( 
represent isochronous vibrationa The &ct that all solid bodies admit 
being thrown into states of isochronous vibration has been emphasized b; 
Stokesf as a peremptory proof of the truth of Hooke’s Law for the very siual 
strains involved. 

The proof of the existence of W given in Article 62 points to different 
coefficients for the terms of W expressed as a quadratic function of straio' 
components, in the two cases of isothermal and adiabatic changes of state 

* See Bsyleigb, The9ry of 8<nmdf Chapter xi« 
t See Introdnetion, footnote 87. 
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These coefficients are the “elastic constants,” and discrepancies have actually 
been found in experimental determinations of the constants by statical 
methods, involving isothermal changes of state, and dynamical methods, 
involving adiabatic changes of state*. The discrepancies are not, however, 
very serious. 

To secure the stability of the body it is necessary that the coefficients of 
the terms in the homogeneous quadratic function W should be adjusted so 
that the function is always positive+. This condition involves certain relations 
of inequality among the elastic constants. 

If Hookers Law is regarded as a first approximation, valid in the case of 
very small strains, it is natural to assume that the terms of the second order 
in the strain-energy-function constitute likewise a first approximation. If 
terms of higher order could be taken into account, an extension of the theory 
might be made to circumstances which are at present excluded from its 
scope. Such extensions have been suggested and partially worked out by 
several writers 

66. Elastic constants. 

According to the generalized Hooke s Law, the six components of stress at 
any point of an elastic solid body are connected with the six components of 
strain at the point by equations of the form 

— ^IX^XX ”1” Ci i^zz 4* Ci 4 Cyr 4* C]n€zx 4" ^l6^Xy » I 

— ^4i^xx 4" 4" 4" -f- 645 4" | 

The coefficients in these equations, Cji,..., are the elastic constants of the 
substance. They are the coefficients of a homogeneous quadratic function 
2 IT, where IF is the strain-energy-function; and they are therefore con- 
nected by the relations which ensure the existence of the function. These 
relations are of the form 

Cri = (r, 5 = 1, 2, ... 6), (11) 

and the number of constants is reduced by these equations from 36 to 21. 


* The discrepanoies ap^ar to have been noticed first by P. Lagerhjelm in 1827, see Todhnnter 
and Pearson’s Hi$tory, vol. 1, p. 189. They were made the subject of extensive experiments by 
Wertheim, Ann, de ChimU, 1 . 12 (1844). Information concerning the results of more recent 
experimental researches is given by Lord Kelvin (Sir W. Thomson) in the Article ‘Elasticity* in 
BHt, 9th edition, reprinted in Math, and Phys. Papers, vol. 3. See also W. Voigt, Ann, 
Phys, Chem. {Wiedemann), Bd. 62 (1894). 

t Kirohhoff, Varleemgen Uber.„Mechanik, Vorlesung 27. For a discussion of the theory of 
stability reference may be made to a paper by R. Lipsohita, J, f. Math, {CteUe), Bd» 78^1874), 

X Reference may be in particular, to W. Voigt, Ann, Phye, Chem, {Wiedemaiwe^, Bd^ 52, 
P. 588, «nd Berlin Bertchfe, 1901. 
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We write the expression for 2ir in the form 

4* C22^^yy ^(^28^y)/^ZZ 202i^pp^yZ "h 2c^2B ^PP^ZX 4* ^C^eyyBxy 

4" C^€^2z 4“ 2c^B2z^pz 4“ 2c^62z^2x 4* ^Czt^Bzz^xp 

4“ O^^^yz 4 2c4!i^yz^zx 4" 2C4fl6y2;6afy 
4" 4* 2Cf^6zx^xy 


4“ Ce^e* 


xy 


,.( 12 ) 


The theory of Elasticity has sometimes been based on that hypothesis 
concerning the constitution of matter, according to which bodies are re]^arded 
as made up of material points, and these points are supposed to act on each 
other at a distance, the law of force between a pair of points being that the 
force is a function of the distance between the points, and acts in th^ line 
joining the points, It is a consequence of this hypothesis^ that the coefficients 
in the function W are connected by six additional relations, whereby their 
number is reduced to 15. These relations are 


^ — C44, C31 — Cjjfi, C12 — Cflg, 
^14 ~ ^861 ^25 ” C46, C45 = Cse.J 


(13) 


We shall refer to these as “Cauchy^s relations”; but we shall not assume that 
they hold good. 


67. Methods of determining the stress in a body. 


If we wish to know the state of stress in a body to which given forces are 
applied, either as body forces or as surface tractions, we have to solve the 
stsess-equations of equilibrium (14) of Article 54, viz. 


ax. ^ 

dx dy 


, aXa; , Y (\ 

+ ^ + />^=0, 


djy 

dx 

dz. 




. +^^ + pF=0. 

dy oz 


.(14) 


* 1 


and the solutions must be of such forms that they give rise to the right 
expressions for the surface tractions, when the latter are calculated from the 
formulae (5) of Article 47, viz. 

AT.* A’*cos(a:, p) + Xy co8(,7/, v) + ZaC08(x, v),| 


The equations (14) with the conditions (15) are not sufficient to determine the 
stress, and a stress-system may satisfy these equations and conditions and yet 
foil to be the correct solution of the problem; for the stress-components are 


See Note B at the end of tfaie book. 
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functions of the strain-components, and the latter satisfy the six equations of 
compatibility (25) of Article 17, viz. three equations of the type 

dz^ dydz * 

and three of the type 

^dydz 3a? V 8a? ' 3y ^ dzj* 

When account is taken of these relations, there are sufficient equations to 
determine the stress. 

Whenever the forces are such that the stress-components are either constants 
or linear functions of the coordinates, the same is true of the strain-components, 
and the equations of compatibility are satisfied identically. We shall consider 
such cases in the sequel. 

In the general case, the problem may in various ways be reduced to that 
of solving certain systems of differential equations. One way is to form, by 
the method described above, a system of equations for the stress-components 
in which account is taken of the identical relations between strain-components. 
Another way is to eliminate the stress-components and express the strain- 
components in terms of displacements by using the formulae 
^du __dv _ dw 

dw dv du dw _ ^ 4 . 

Both these methods will be illustrated in the sequel. 

If the displacement can be obtained, the strain-components can be found by 
differentiation, and the stress-components can be deduced. If, on the ot^r 
hand, the stress can be determined, the strains can be deduced, and the 
displacement can be found by the method indicated in Article 18. 

It will be proved in Chapter VII that the solution of any problem of the 
kind considered here is effectively unique. We shall assume for the present 
that any solution, which satisfies all the conditions, is ike solution. 

68. Form of the strain-energy-ftuaction for isotropic solids. 

If we refer the stress-components and strain-components to a new system 
of axes of coordinates x', y\ z', instead of x, y, z, the stress-components must 
transformed according to the formula of Article 49, and the strain-components 
must be transformed according to the formulae of Article 12. Whra y® 
tute for ... and in the equations of the types (10) we find ‘^^e 

stress-components JV, ••• and the strain-components ... are connect^ by 
linear equations. These may be solved for the AV. and the result will U 
that the AV, ■••are expressed as linear functions of e^, ••• with c(»fficiente, 
which depend on the coefficients c„, ... in the formula (12), and also on the 
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quantities by which the relative situations of the old and new axes are 
determined. The results might be found more rapidly by transforming the 
expression 2W according to the formulae of Article 12. The general result is 
that the elastic behaviour of a material has reference to certain directions fixed 
relatively to the material. If, however, the elastic constants are connected by 
certain relations, the formulae connecting stress-components with strain-com- 
ponents are independent of direction. The material is then said to be isotropic 
as regards elasticity. In this case the function TP is invariant for all trans- 
formations from one set of orthogonal axes to another. If we knew that there 
were no invariants of the strain, of the first or second degrees, independent of 
the two which were found in Article 13 (c), we could conclude that the strain- 
energy-function for an isotropic solid must be of the form \ 

1 -A (Saa; 4" Syy 4“ 4“ J -B (^“^2 4” ^^23; 4" ®yljf)* 

This result may be obtained from Hooke’s Law. The most general forms that equations 

(10) can take in an isotropic solid are included^ in the following: 

4- ^ *z) 4" LVyjj 4- 

Fy = 4- A' (e„ 4- 4- 4- O' {e^y 4* •‘yz\ 

Zj.— ABzz'^A \tf^4'^*yy)4" 4“ ^ '^*Vz4^2XA 

Fj5 = DBxx 4- ly {eyy + 4“ 

Zx = 4- B ' (fig* 4 ^«b) 4* B 4* B ' ( 4- ), 

-\ y = De„ 4- D' (^aw 4"^vy) 4" B 4- B' (Byg 4 egx)i 
for the stress-strain relations must not be altered by interchanging any two of the axes. 
The relations must not be altered by reversing the sense of any axis ; but, when the axis 
of a? is reversed, eg^y, e**, A,, and Zg are changed in sign while the remaining comjwnents of 
stress and strain are unaltered. It follows that (7, C", />, D\B' must vanish. 

The stress-strain relations must also be unaltered by rotating the axes into new jKwsitions. 
Let the axes be turned through an angle B about the axis of z into positions denoted by x\ 
y\ z. The relation X'f> = Begg>y gives, by (9) of Article 49 and (11) of Article 12, 

*‘-8in^oo8d{(A-A')e»»+AA} 4sin ^cosd{(A - il')<f^4AA} 4 (cos* d - sin* d) Be^y 
« B { - 2«gae sin cos d 4 ^eyy sin ^ cos d 4 (cos* ^ - si n* B )} , 

an equation which must hold for all values of B, Hence 

and the expressions for A*, ... in terms of ... are the derivatives of the function 

In what follows X -f 2/t and p will be written in place of A and B. When 
the material is homogeneous X and p are the same at all points. 

69. Elastic constants and modnloses of isotropic solids. 

When W is expressed by the equation 

2 IF (X 4- 2^) (Sy* 4 Byjf 4 ^j*)* 

"b/t(e?j^4^af4-S*yy— ' ^yyOffg ~ ** ..(17) 

the staress-components are given by the equations 

Jr«»XA4 Fy — XA 42/iSyy, JS!ir»sXA 4 2/bitf4g, 

iriiere ^ ia writtOQ for e.* + e„ + tf*. 


..( 18 ) 
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A body of any form subjected to the action of a constant pressure p, the 
same at all points of its surface, will be in a certain state of stress. As we 
have seen in Article 56, this state will be given by the equations 

— p, = = = 

According to equations (18), the body is in a state of strain such that 

— ^yy = e^Z = P I (S\ -f* 2/x), 

~ ^zx ~ ^xy ~ 0. 

The cubical compression is p/(\ -f f/Lt). 

We write ^ \ 

Then k is the quantity obtained by dividing the measure of an uniform 
pressure by the measure of the cubical compression produced by it. It is 
called the modulus of compression. 

Whatever the stress-system may be, it can be resolved, as in Article 52, 
into mean tension, or prc^ssure, and shearing stresses on three orthogonal 
planes. The mean tension is measured by i (Z*+ + We learn that 

the quantity obtained by dividing the measure of the mean tension at a point 
by the measure of the cubical dilatation at the point is a constant quantity 
— the modulus of compression. 

A cylinder or prism of any form, subjected to tension T which is uniform 
over its plane ends, and free from traction on its lateral surfaces, will be in a 
certain state of stress. As we have seen in Article 55, this state will be given 
by the equations 

According to equations (18) the body will be in a state of strain such that 
7’(\ + m) _ _ XT 

We write ^^fi(SX + 2p) ^^0) 

\ + P 

" = 2(x\.) 

T!u 3 n E is the quantity obtained by dividing the measure of a simple longi- 
tudinal tension by the measure of the extension produced by it. It is known 
as Young's modulus. The number <r is the ratio of lateral contraction to 
longitudinal extension of a bar under terminal tension. It is known as 
Poisson's ratio. 

Whatever the stress-system may be, the extensions in the directions of the 
axes and the normal tractions across planes at right angles to the axes are 
connected by the equations 

{ Fy — or {Zz + Za;)}, [ 

\Zz-<r{Xx^Yy)]. 


.( 22 ) 
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Whatever the stress-system may be, the shearing strain corresponding with 
a pair of rectangular axes and the shearing stress on the pair of planes at 
right angles to those axes are connected by an equation of the form 

.(23) 

This relation is independent of the directions of the axes. The quantity /i is 
called the rigidity, 

70, Observations concerning the stress-strain relations in isotropic 
solids. 


(а) We may note the relations 

AV = ^ h- ^ ^24^ 

(l+<r)(l-2(r)» ^ 2(l4-(r)’ “3(l-2cr) ^ 

(б) If cr were > k would be negative, or the material would expand under pressure. 
If O' were < - 1, /x would lie negative, and the function W would not be a positive qitidratic 
function. We may show that this would also l>e the case if k were negative*. Negative 
values for o* are not excluded by the condition of stabiliU’^, but such values have no\. l)een 
found for any isotropic material. 

(c) The constant k is usually determined by experiments on compression, the 
constant E sometimes directly by ex{)eriments on stretching, and sometimes by exjTeriments 
on l)ending, the constant fx usually by ex}»eriments on torsion. The value of the constant a 
is usually inferred from a knowledge of two among the quantities k, fxf. 

(d) If Cauchy^s relations (13) of Article 66 are true, X — fx and fr==i. 

{(i) Insteiid of assuming the form of the strain-energy -function, we might assume 
some of the relations l)ctween atress-connK)iients and strain-components and deduce the 
relations (18). For example J we may assume (i) that the mean tension and the cubical 
dilatation are connected by the equation J (A’j.-f ^^4-^*) = ^, (ii) that the relation 
holds for all pairs of re<.:tangular axes of x and y'. From the second assumption 
we should find, by taking the axe.s of r, y, z t«) be the principal axes of strain, that the 
principal planes of stress are at right angles to thase axes. With the same choice of axes 
we should then find, by mean.s of the formulaj of transformation of Articles 12 and 49, that 
the relation 

• Xg^lxk-r Yymxrrii^ fx + + 

holds for all values of /j, ... which satisfy the equation 

f 1 ^2 + wijmg -I- 

It follows that we must have 


A a; - 2/lCa;x = Yy ~ 2/iCyy = • 

Then the first assumption shows that each of these quantities is equal to {k - §^) A. The 
relations (18) are thus found to hold for principal axes of strain, and, by a fresh application 
of the formula? of transformation, we may prove that they hold for any axes. 

(/) Instead of making the assumptions just described we might assume that the 
principal planes of stress are at right angles to the principal axes of strain and that the 
relations (22) hold for principal axes, and we might deduce the relations (18) for any axes. 
The working out of this assumption may .serve as an exercise for the student. 

• 2 IF may be written 

{X ^ ifx) {€„ -f- eyy + <?„)* + ifx { (eyy - f 4* ^ M ^ ^ zx ^ 

t Experiments for the direct determination of Poisson’s ratio have been made by P. Cardani, 
Yhy$. ZeiUchr,^ Bd. 4, 1903, and J, Morrow, Phil, Mag. (Ser. 6), vol. 6 (1903). M. A. Cornu, 
Porif, C. B., t. 69 (1869), and A. MallocX, LoTidon, Ray, Soc, Proc., vol. 29 (1879), determined <r 
by experiments on bending. 

X This is the method of Stokes. See Introdoctioo, footnote 37. 
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(ff) niay show that, in the problem of the compression of a body by pi'essure 
uniform over its surface which was associated with the definition of /?, the displacement is 
expressed by the equations* 

u __v p 

y'~ z 3^‘ 

(A) We may show that, in the problem of the bar stretched by simple tension T 
which was associated with the definitions of J^and (t, the displacement is expressed by the 
equations 

XT + 

y L (3X + 2fi.) ’ E fi (3X -f 2/i) ’ 

71. Magnitude of elastic constants and moduluses of some isotropic 
solids. 

To give an idea of the order of magnitude of the elastic constants and 
moduluses of some of the materials in everyday use a few of the results of 
experiments are tabulated here. The table gives the density (p) of the material 
as well as the elastic constants, the constants being expressed as multiples of 
an unit stress of one dyne per square centimetre. Poisson s ratio is also given. 
The results marked “E’’ are taken from J. T). Everetts Illustrations of the 
C.G.S, system of units, London, 1891, where the authorities for them will be 
found. Those marked ‘"A” are reduced from results of more recent researches 
recorded in a paper by Amagat in the Journal de Physique (S6r. 2), t. 8 (1889)- 
It must be understood that considerable difftjrences are found in the elastic 
constants of different samples of nominally the same substance, and that such 
a designation as steel,” for example, is far from being precise. 


Material 





O’ 

Beference 

Steel 

7-840 

2-139x10*- 

1 -841 XlO'" 

8-19x10** 

•310 

E 



2-U41 X lO*'! 

1-43 XlO'" 


•268 

A • 

Iron (wrought; 

7*877 

lS)63x 10'- 

1 -456 X 10'" 

7-69x10" 

•275 

E 

Brass (drawn) 

8-471 

l-07i>xl0'- 


3-66x10" 


E 

Brass 


1-085X 10'^ 

1-05 xlO'" 


327 

A 

Cop|)or 

8-843 

I -234 X 10'" 

1-684x10'" 

4-47x10" 

•378 

E 



1 -215 X 10»" 

1-166x10'" 


•327 

A 

Lead 


1-57 xlO" 

3-62 XlO" 


•428 ' 

A 

Ula.ss 

2*942 

C-03 xlO" 

4-15 xlO" 

2-40 X 10" 

•258 

E 



j 6-77 X 10" 

4-54 xlO" 


•245 

A 


72. Elastic constants in general. 

Materials such as natural crystals or wood which are not isotropic are said 
to be wolotropic* The analytical expression of Hooke s Law in an seolotropic 

* A displacement which would be possible in a rigid body may be superposed on that given in 
the text. A like remark applies to the Observation (/i). Of. Article 18, supra. 
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solid body is effected by the equations (10) of Article 66. In matrix notation 
we may write the equations 

{Xxf Yyy Xy 



C12 

^13 

Ou 

^15 


^{CxXiCyy, BzZi Cyz, 63*, C^y), 

C21 

C22 

C2S 

C34 

C.25 

Cm 

(2S) 

Cai 



CzA 

^83 

Cm 


C41 

C42 

C4.3 

C44 

C46 

C48 


C51 

CflO 

Cbs 

Cm 

Cm 

Cm 





Cu 

Cub 

Cm 


...6). 






j solved, 

SO as 

to 

express the strain-componeiits in 


where Crz = c^, (r, « = 1, 2, 

These equations may be 
terms of the stress-components. If II denotes the determinant of the quai^tities 
Ctv, and Crz denotes the minor determinant that corresponds with Crs: soithat 

II = Cfi Cf>i *4“ Cf^Cf^ H” Cfz Ors *f" (*r4 ^r4 “i" Cy^ , 

the equations that give the strain-components in terms of the stress-components 
can be written 


n (e, 


'XX 1 ^zzi 


^ZZi 






c\, (7,3 Cu (7,. (7,«)(A, 


Yy. Zz, Yz, Zxy A,,), 

(27) 


where C7,.<r = (7^, (r, 5 = 1, 2, ... 6). 

The quantities Jc,,, ... 0,2, ... are the coefficients of a homogeneous quadratic 
function of .... This function is the strain-energy-function expressed in 
terms of strain-components. 

The quantities ^C 7 „/n,... 0^/11, ... are the coefficients of a homogeneous 

quadratic function of Xx This function is the strain-energy- function 

exffressed in terms of stress-components. 

73. Moduluses of elasticity. 

We may in various ways define types of stress and tyjK^s of strain. For 
example, simple tension [A*], shearing stress [ F^], mean tension [;\ Fy-f A,)] 

are types of stress. The corresponding types of strain are simple extension 
[exx]y shearing strain cubical dilatation [e^x + + ^zz]- We may express 

the strain of any of these types that accompanies a stress of the corresponding 
type, when there is no other stress, by an equation of the form 
stress = JIf X (corresponding strain). 

Then M is called a modulus of elasticity.” The quantities 11 /C„, U/C^i are 
examples of such moduluses. 

The modulus that corresponds with simple tension is known as Young*s 
modulus for the direction of the related tension. The modulus that corresponds 
with shearing stress on a pair of orthogonal planes is known as the rigtdiiy 
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for the related pair of directions (the normals to the planes). The modulus 
that corresponds with mean tension or pressure is known as the modulus of 
compression. 

We shall give some examples of the calculation of moduluses. 

(а) Modvlm of compremon. 

We have to assume that and the remaining stress- components vanish ; 

the corresponding strain is cubical dilatation, and we must therefoi*e calculate 
We find for the modulus the expression 

n/ (Oil + O22 -h O33 2023+2631 + 2O12) ( 28 ) 

As in Article 68, we see that the cubical compression produced in a body of any form by 
the application of uniform normal pressure, p, to its surhice is piJc, where Jc now denotes 
the above expression (28). 

(б) Rigidity. 

We may 8up})oso that all the stress-components vanish except and then W(^ have 
so that n/044 is the rigidity corresponding with the j)air of directions y, z. 

If the shearing stress is related to the two orthogonal directions (/, m, n) and {l\ m\ n')y 
the rigidity can be shown to l^e expressed by 

••• 2mm', 2/i7i', 7aw/+m'?i, + ...(29) 

where the denominator is a complete quadratic function of the six arguments 2/f', ... with 
coefficients Cn, 6^22, •••• 

(c) Young' B inodulm mid Poiason'^f ratio. 

We may supjKisc that all the stress-components vanish except A’^., and then we have 
ncajp-sOiiAT®, so that U/Cu is the Young*s modulus corresponding with the direction x. In 
the same case the Poisson^s ratio of the contraction in the direction of the axis of y to the 
extension in the direction <»f the axis of vris— fV2/6'ii. The value of Poisson’s ratio depends 
on the direction of the (contracted transverse linear elements as well as on that of the 
extended longitudinal ones. 


In the general case we may (iike the stress to be tension across the planes .r'= const., 
of which the normal is in the direcjtion (^, m, n). Then we have 

Jjgssmw-V x' y Zx^nlX -e* Xfi = hTiX x 

\ and we have also 

+ eyf^mn + ; 

j it folk.wK that the Young’s mexiulus E corresj)oriding with this dii'ection is 

n+(6’„, C22, ... 6^13, •••) 

j where the denominator is a complete qiwwlratic function of the six arguments 1 % ... with 
[coefficients Cu, .... 

If (l\ m\ n') is any direction at right angles to of ^ the contraction, — ^kis direc- 

[ tion is given by the equation 

€xgf ^ + ^yyW' * + ^ + Cyj^a' W' + 


and the corresponding Poisson’s ratio cr is expressible in the form 



~ -1. F/' ^ 
2<^L ^iP) 


r<J> d(l> 

C{m*) B(/i*) 




], ...(a; 


^here ^ the above-mentioned quadratic function of the arguments ...» and the 
differential coefficients are formed as if these arguments were independent. It may be 
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observed that ajEm related symmetrically to the two directions in which the corresponding 
contraction and extension occur. 

If we construct the surface of the fourth order of which the equation is 

{On, Cm, ... Cii, ...) ( 3 ^, z\ yz, zx, 4!y)*=con8t., (32) 

then the radius vector of this surface in any direction is proportional to the positive fourth 
root of the Young’s modulus of the material corresponding with that direction*. 

74. Thermo-elastic equations. 

The application of the two fundamental laws of Thermodynamics to the 
problem of determining the stress and strain in elastic solid bodies when 
variations of temperature occur has been discussed by Lord Kelvinf. The 
results at which he arrived do not permit of the formulation of a system of 
differential equations to determine the state of stress in the body in the^ manner 
e;cplained in Article 07. ^ 

At an earlier date DuhamelJ had obtained a set of equations \of the 
required kind by developing the theory of an elastic solid regarded as a 
system of material points, and F, E. Neumann, starting from certain assump- 
tions§, had arrived at the same system of equations. These assumptions may, 
when the body is isotropic, be expressed in the following form: 

When the temperature in a small portion of a body is increased by dilatation 
of amount proj)ortional to 6 can be produced without any corresponding change 
of pressure. This implies extension of all linear elements of amount where 
c is a constant, the coefficient of eapansiov. If forces are applied to the body 
the strain at a point consists of such extension superposed ujKm a strain 
connected with tht‘ stress by the usual stress-strain equations. 

According to these assumptions the stress and strain in a body strained by 
change of temperature do not obey Hooke s l^w, but an^ connected by three 
equations of the tvi>e 

• ^ e,,^icd^E-^[X,^a{Yy + Z,)l (33) 

as well as three of the type 

On solving these equations we have 

Za: = XA 4* - ^0, Fy = X A -h 2peyy - ^0, iT, - X A + - ^(9, 

(34) 

where 

^ = (X4-|/a)c. 

The result is that the displacement in the body is the same as if it were 
subject to body force (per unit volume, not per unit mass), expressed as the 

• The result vs due to Cauchy, Exercfce* de niatMwuitiqiic, t. 4 (1829), p. 80. 

t See Introduction, footnote 43. 

t Pam, Udm„,,par divers savanSf t. 6 (1838). 

f Bee his VerUsmgen ilher die Thearie der Elaetieiidt der feeten KHfper, Leipsig* 1885, 
cf. the memoir by Maxwell cited in Article 87, footnote. 
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r^adient of a potential — and to normal surface pressure ^0, in addition 
o the body forces and surface tractions that are actually applied to it. The 
equations of equilibrium are sufficient to determine this displacement, and 
ihe corresponding strain and stress, when 6 is given. When it is not given 
in additional equation is required, and this may be obtained from the theory 
)f conduction of heat, as was done by Duhamel and Neumann. 

The theory thus arrived at has not been very much developed. Attention 
ias been directed especially to the fact that a plate of glass strained by 
mequal heating becomes doubly refracting, and to the explanation of this 
effect by the inequality of the stresses in different directions. The reader who 
ivishes to pursue the subject is referred to the following memoirs in addition 
to those already cited:— C. W. Borchardt, Berlin Monatsberichte, 1873; 
J. Hopkinson, Messenger of Math. vol. 8 (1879); Lord Rayleigh, PhiL Mag. 
;Ser. 6) vol. 1 (1901), or Scientific Papers, vol. 4, p. 502; E. Almansi, Torino 
Atti, t. 32 (1897); P. Alibrandi, (Hornale di matein. t. 38 (1900). 

A modification of the theory is needed when the changes of temperature 
are so great that the dilatation due to the rise 6 is not proportional to 6. This 
has been worked out, for the cases of spherical and cylindrical shells concentric- 
ally heated, by C. H. Lees, London, Roy. Soc. Proc. (Ser. A), vol. 100 (1922), 
p. 379, and vol. 101 (1922), p. 411. 

It must be observed that the ehistic ‘'constants'' themselves are functions 
of the temperature. In general, they are diminished by a rise of temperature; 
this result has been established by the experiments of Wertheim *, Kohlrauschf 
and Macleod and Clarke^. References to more recent experimental researches 
on this subject, with some new results, will be found in papers by K. lokibe 
and S. Sakai, PhiL Mag. (Ser, 6), vol. 42 (1 921), p. 397, fjd by H. M. Dadourian, 
ibid., p. 442. 

75. Initial stress. 

The initial state of a body may be too far removed from the unstressed 
state to permit of the stress and strain being calculated by the principle of 
uperposition as explained in Article 64. Such irdtial states may be induced 
y processes of preparation, or of manufacture, or by the action of body forces, 
n cast iron the exterior parts cool more rapidly than the interior, and the 
uiequal contractions that accompany the unequally rapid rates of cooling 
jive rise to considerable initial stress in the iron when cold. If a sheet of 
^etal is rolled up into a cylinder and the edges welded together the body so 
orrned is in a state of initial stress, and the unstressed state cannot be attained 
without cutting the cylinder open. A body in equilibrium under the mutual 

* Ann. de Chimie, 1 . 12 (1844). 

+ Ann. phys. Chem. {Poffgendorff), Bd. 141 (1870). j . 

^ t A result obUined by these writers is expiaioed in the sense stated in the text by Lord Kelvm 
the Article * Hllaatioity * in Eney* Bfit, quoted in the footnote to Article 66. 
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gravitation of its parts is in a state of stress, and when the body is large the 
stress may be enormous. The Earth is an example of a body which must be 
regarded as being in a state of initial stress, for the stress that must exist in 
the interior is much too great to permit of the calculation, by the ordinary 
methods, of strains reckoned from the unstressed state as unstrained state. 


If a body is given in a state of initial stress, and is subjected to forces, 
changes of volume and shape will be produced which can be specified by a 
displacement reckoned from the given initial state as unstrained state. We 
may specify the initial stress at a point by the components 

and we may specify the stress at the point when the forces are in Action by 
-f AV, •••• In like manner we may specify the density in the initial state 
by pQ and that in the strained state by -f p\ and we may specify the body 
force in the initial state by (ATo, Fq, ^o) and that in the strained state by 
(Xo-rX', Fo4 F', Zo-h Z'). Then the conditions of equilibrium in the initial 
state are three equations of the type 


dXJ^^ 

d*T 


+ . -f -f . 

djj dz 


.(35) 


and thre(* boundary conditions of the type 

ATa.^'*' cos {x, i/o) 4- cos (y, ) 4- cos (z, v^) ~ 0, .... ‘.(36) 

in which Pq denotes the direction of the normal to the initial boundary. 


The conditions of equilibrium in the strained state are three equations of 
the form 


+ + Zx) + (pt + /)') (A „ + A") = 0 (37 ) 


and three boundary conditions of the type 

+ Xx') COB (x, v) + (A,'*' + Xy) cos (y, y) + (A,"" + ZJ) cos (^, v) = A„ 

-m 

in which (A., F., A.) is the surface traction at any point of the displace 
boundary. These equations may be transformed, when the displacement is 
small, by using the results ^35) and (36), so as to become three equations o 
the type 

dx dy -^Tz +P*r, = 0 (39) 

and three boundary conditions of the type 

A*' cos (as, v) + Xy cos (y, v) + A,' cos {z, v) 

=■ A. - A,** (cos («, v) - cos («, i»,)} 1 

- A,!** {cos (y, v) - co6 (y, v,)j 

- A,*! {cos (Z, »)- cos (Z, I!,)]. 
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If the initial stress is not known the equations (35) and conditions (36) 
are not sufficient to determine it, and no progress can be made. If the 
initial stress is known the determination of the additional stress (Z«', ...) 
cannot be effected by means of equations (39) and conditions (40), without 
knowledge of the relations between these stress-components and the displace- 
ment. To obtain such knowledge recourse must be had either to experiment 
or to some more general theory. Experimental evidence appears to be entirely 
wanting*. 


Cauchyf woi-ked out the consequences of applying that theory of material 
points to which reference lias been made in Article 66. He found for A/, ... 
expressions of the form 


dxj 


0w\ 


AV - A-." 1 5: - r - j + 2.V.. g + 24- + at/, 


, du 


Y'-Y iw 4 z - - Y "" ^ 4 i? 4 J — 4- YJ' 


da^ 


dx 


w here (u, v, w) is the displacemeut reckoned from the initial state, and ( J*", . . .) 
IS a stress-system related to this displacement by the same equations as 
would hold if there were no initial stress. In the case of isotropy these 
ffjuations would be (IH) of Article 69 with X put equal to fi. It may be 
observed that the terms of X ,, ... that contain A*'*', ... arise from the changes 
in the distances between Cauchy’s material points, and from changes in the 
directions of the lines joining them in pairs, and these changes are expressed 
by means of the displacement («, v, w). 

Saint- Venant+ has obtained Cauchy’s result by adapting the method of 
Green, that is to say by the use of the energy-function. His deduction has 
Ixjen criticized by K. Pearson §, and it cannot be accepted as valid. Greetts 
original discussion || appears to be restricted to the case of uniform initial 
stress in an unlimited elastic medium, and the same restriction characterizes 
Lord Kelvin’s discussion of Green's theorylT. 


* Reference may be made to a paper by F. H. Gilley, Amer. J. of Scmcf {Sillman), (Ser. 4). 
vol. li (1901). 

I See lutrodnetion and cf. Note B at the end of this book. 


I J. de Math. (LiouviUe), (Sir. 2), t. 8 (18C3). 

S Todhunter and Peatson’a HUUiry, vol. 2, pp. 84, 85. 

II See the paper quoted in the Introduction, footnote 81. ^ t icina 

T BttUimore Ueturet <m Molecular Dynamict and the Wave Theory of Light, London, 904, 

pp. 2*28 ft neq. 
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THE RELATION BETWEEN THE MATHEMATICAL THEORY 
OF ELASTICITY AND TECHNICAL MECHANICS 

76. Limitations of the mathematical theory. 

The object of this Chapter is to present as clear an idea as possible of the 
scope and limitations of the mathematical theory in its application to practical 
questions. The theory is worked out for bodies strained gradually at a 
constant temperature, from an initial state of no stress to a final stalfe which 
differs so little from the unstressed state that squares and producf^ of the 
displacements can be neglected ; and further it is worked out on the\basis of 
Hooke’s Law, as generalized in the statements in Article 64. It is^ known 
that many materials used in engineering structures, e.g. cast iron, building 
stone, cement, do not obey Hooke’s Law for any strains that are large enough 
to be observed. It is known also that those materials which do obey the law 
for small measurable strains do not obey it for larger ones. The statement 
of the law in Article 64 included the statement that the strain disappears on 
removal of the load, and this part of it is absolutely necessary to the ‘mathe- 
matical theory ; but it is known that the limits of strain, or of load, in which 
this condition holds good are relatively narrow. Although there exists much 
experimental knowledge* in regard to the behaviour of bodies which are not 
in the conditions to which the mathematical theory is applicable, yet it 
appears that the appropriate extensions of the theoi-y which would be needed 

* luforraatioii in rejj;ard to experimental reflultn will be found in treatises on Applied Mechanics, 
following may be mentioned:— W. J. M. Rankine, Applied Merhanica, Ist edition, London, 
1858 (there have been numerous later edition^); W. C. Unwin, The Testing of Materiah of 
Construction^ London, 1888; J. A. Ewing, The Strength of Material, Cambridge, 1899; Fiainant, 
Stability des constructions, Resistance des vuiUriaux, Paris, 1896; C. Bach, Kla^ticitdt xmd 
Festigkiit, 2nd edition, Berlin, 1894; A. Fdppl, Vorlemngen Uher technische Mechanik, Bd. 3, 
Festigkeitslehre^ Leipzig, 1900. Very valuable experimental researches were made by J, Bauschinger 
and recorded by him in Mtttheilungen aus dent mechanischtechnischen Laboratoriwu,.,iti MUnchen 
(especially those dated 1886 and 1891) ; these researches were continued by A, Foppl New facth 
in regard to the nature of permanent set in metals, which have proved to be very important, were 
brought to light by J. A. Ewing and W. Rosenhain, Phil. Trans. Roy. Soc. (Ser. A), vols. 193. 
195 (1900, 1901). A later development of the theory there dehcribed, relating to the structure of 
metals and the changes of .structure that accompany overstrain, is given by W. Rosenhain 
S. L; Archbntt in London, Roy, Soc. Proc. (Ser. A), vol. 96, 1919, p. 55, whore references will 
be found to the work of G, T. Beil by and others. Reference may also be made to C, F. Jeuki"' 
London, Hoy. Soc. Proc. (Sen A), vol. 108, 1923, p. 121 and H. J. Gough and D. Hanson, Lovdo>^' 
Roy* Soe, Proc, (Ser, A), vol. 104, 1928, p. 538. Important reports on the state of knowledge j 
regard to many of the matters discussed in this Chapter, including a number of records of 
experimental researches, as well as very complete references to previous work, will be found in 
Bnt. Assoc, Rep. 1913, pp. 168-224, 1915, pp. 159-170, 1916, p)). 280-291, 1919, pp. 46.V-49.1- 
1921, pp. 291—358, Hiid 1923, pp. 345-411, 
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in order to incorporate such knowledge within it cannot be made until much 
fuller experimental knowledge has been obtained. 

The restriction of the theory to conditions in which the strain disappears 
on removal of the load is usually expressed by saying that the body must be 
strained within the limits of “perfect elasticity.'* The restriction to conditions 
in which the measurable strain is proportional to the load is sometimes 
expressed by saying that the body must be strained within the limits of 
“linear elasticity.** The expression “limits of elasticity’* is used sometimes 
in one of these senses and sometimes in the other, and the limits are some* 
times specified by means of a “ stress ** or a “ traction,” i.e. by a load per unit 
of area, and sometimes by the measurable strain. 

When the strain does not disappear after removal of the load, the strain 
which remains when the load is removed is called “ set,” and the excess of the 
strain which occurs under the load above the set is called “elastic strain.” 
The strain is then compounded of set and elastic strain. A body which can 
be strained without taking any set is sometimes said to be in a “ state of ease” 
up to the strain at which set begins. 

77. Stress-strain diagrams. 

One of the greatest aids to scientific investigation of the properties of 
matter subjected to stress is the u^e of these diagrams. They are usually 
constructed by taking the strain developed as abscissa, and the stress pro- 
ducing it as the corresponding ordinate. For most materials the case selected 
for this kind of treatment is the extension of bars, and, in the diagram, the 
ordinate represents the applied traction, and the abscissa the extension of a 
line traced on the bar parallel to its length and rather near the middle. The 
extension is measured by some kind of extensometer*. The load at any 
instant is known, and the traction is estimated by assuming this load to b% 
distributed uniformly over the area of the cross-section of the specimen in 
the initial state. If any considerable contraction of the section were to occur 
the traction would be underestimated. The testing machine, by means of 
which the experiments are made, is sometimes fatted with an automatic 
recording apparatus*}* by which the curve is drawn; but this cannot be done 
satisfactorily with some types of machinej. 

It is clear that, in general, the quantities recorded by such arrangements 
are the traction, estimated as stated, and the extension which it produces 
immediately. Special methods of experimenting and observing are required 

* Several kinds of extensometers are described by Ewing and Unwin. The possibility of using 
the double refraction, produced by loading, to examine stress-strain relations, in specimens strained 
, teyond their elahtio limits, has been explored, to some extent, by E. G. Coker and K. C. Chakko, 

I Tram. Roy. Soc. (Set. A), vol. 221, 1920, p. 189, and by L. N. G. Filon and H. T. Jessop, 
j ^kil, Trutu, Roy, Soc, (Ser. A), vol. 228, 1922, p. 89. 

t Unwin, he, 

I Bauschinger, hiittheilungm^ xx. (1891). 
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if elastic strain is to be distinguished from set, and if the various effects that 
depend upon time are to be calculated. 

The general character of the curve for moderately hard metals under 
extension is now well known. It is for a considerable range of stress very 
nearly straight. Then comes a stage in which the curve is generally concave 
downwards, so that the strain increases faster than it would do if it were 
proportional to the traction ; in this stage the strain is largely a permanent 
set. As the traction increases there comes a region of well-marked dis- 
continuity, in which a small increase of traction produces a large , increase 
of set. The traction at the beginning of this region is called the Yi^d-Point 
After a further considerable increase of traction the bar begins to thin down 
at some section, determined apparently by accidental circumstances, aM there 
it ultimately breaks. When this local thinning down begins theUoad is 
usually eased off somewhat before rupture occurs, and the bar breaks with 
less than the maximum traction. The maximum traction before rupture is 
called the “ breaking stress ” of the material, sometimes also the ultimate 
strength or tenacity.” 



Figure 8 shows the character of the diagram for weld iron.” It is reduced 
from one of Bauschinger's curves. Similar diagrams for mild steel are drawn 
in many books. A is the limit of linear elasticity ; between A and B the 
strain increases rather faster than between 0 and A and at a varying rate, B 
is the yield-point* and D represents the maximum traction. Fig. fli is reduced 
from one of Bauschinger's curves for cast iron. There is no sensible range 
and so no limit, of linear elasticity, and no yield-point. 

Diagrams may be constructed in the same way for thrust and contraction, 
but the forms of them are in general different from the above. For some 

♦ In a curve recorded by W. E. Dalby, Phil Tram, Boy, Sac, (Ser. A), voL 221 (1220), p. 
tils part of fhs curve answering io tiie are BC hi Fig. 8 is very decidedly concave upwards. 
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examples of the determination of the yield-point under thrust reference may 
be made to Bauschinger, Mittheilungerif xiil In the case of cast iron it has 
been verified that the curve is continuous through the origin, where there is 
an inflexion *• 

78. Elastic limits. 

The diagrams do not show the limits of perfect elasticity when these are 
different from the limits of linear elasticity. These limits usually are different, 
and the former are lower than the latter 'K The numerical measures of the 
limits for extension and contraction are usually different for the same speci- 
men. The limits are not very well defined. The limit of perfect elasticity 
for any type of stress would be determined by the greatest traction which 
produces no set, but all that experiment can tell us is the smallest traction 
for which set can be measured by means of our instruments. The limits of 
linear elasticity are shown by the diagrams, but they are liable to the same 
kind of uncertainty as the limits of perfect elasticity, inasmuch as the deter- 
mination of them depends upon the degree of accuracy with which the 
diagrams can be drawn. 

The limits of linear elasticity can be raised by overstrain If a bar of 
steel, not specially hard, is subjected to a load above the elastic limit, and 
even above the yield-point, Jind this load is maintained until a permanent 
state is reached, it is found afterwards to possess linear elasticity up to a 
higher limit than before. If the load is removed, and the bar remains for 
some time unloaded, the limit is found to be raised still further, and may be 
above the load which produced the overstrain. 

On the other hand, the limits of elasticity can be lowered by over8train§. 
If a bar of iron or mild steel is subjected to a load above the yield-point, aild 
then unloaded and immediately reloaded, its elasticity is found to be very 
imperfect, and the limit of linear elasticity very low ; but if the bar remains 
unloaded for a few days it is found to have recovered partially firom the effects 
of the previous overstraining, and the longer the period of rest the more com- 
plete is the recovery. Wrought iron recovers much more rapidly than steel. 

In the case of cast iron, not previously subjected to tests, any load that 
produces a measurable strain princes some set, and there is no appreciable 
range of linear elasticity. After several times loading and unloading, the 
behaviour of the metal approaches more closely to that of other metals as 
exemplified in Fig. 8. These results suggest that the set produced in the 
Srst tests consists in the removal of a state of initial stress. 

* See e.g. Ewing, loe. eit, p. 81. 

t Banschinger, MitthHlungm, xni. (1886). See, however, Arficle 82 A. infra. 

X 

I See e.g. Swing, loc. eit., pp. 83 et teq.. and the tables in Baiaehinger’e MittheUMgen. mt. 
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The yield-point also is raised by overstrain, if the original load is above 
the original yield-poinu, and the amount by which it is raised is increased by 
allowing a period of rest ; it is increased still more by maintaining constant 
the load which produced the original overstrain. This effect is described as 
“ hardening by overstrain/’ 

The following table* gives some examples of the limit of linear elasticity 
and the yield-point for some kinds of iron. The results, given in atmospheres, 
are in each case those for a single specimen not previously tested. 


Metal 

Elastic limit 

Yield-point 

Weld-iron 

1410 

1920 


1830 

2180 

Ingot iron 

2390 

2780 

» 

2660 

2960 

Steel (Bessemer) 

1780 1 

2650 


79. Time-effects. Plasticity. 

The length of time that a body has been subjected to considerable load 
generally affects the strain produced, and the length of time that a strained 
body has been free from load generally affects the extent of the elastic 
recovery. The latter effect was discovered by W, Weber f in 1835 and has 
been called Eloatische Nachwirkung or elastic after-working ; the former 
appears to have been first noted by VicatJ in 1834. When a body has been 
strained by a load surpassing the limit of perfect elasticity, and is set free, the 
set gradually diminishes. The body never returns to its primitive condition, 
and the ultimate deformation is the “permanent set,” the part of the strain 
thSt gradually disappears is called “elastic after-strain.” To produce the 
effect noted by Vicat very considerable stress is generally required. He 
found that wires held stretched, with a tension equal to one quarter of the 
breaking stress, retained the length to which this tension brought them 
throughout the whole time of his experiments (33 months), while similar 
wires stretched with a tension equal to half the breaking stress exhibited a 
notable gradual increase of extension. The gradual flow of solids under great 
stress, indicated by these experiments, has been made the subject of exhaus- 
tive investigation by H. Tre8ca§. He found, in his experiments on the 

•Extracted from results given by Bauschinger, Mittheiiwngen, xiii. We may > take 1000 
atmospheres- 6 *56 tons per square inchs 1*0136 x 10* c.o.s. units of stress. 

t I)e fili Bomhycini vi Eiantica. Odttingen, 1841, An off-print of a paper communioated to 
the KMigliche QeselUchaft der Wistemchaften zu Gdttingen^ 1S85, and practically translated in 
Ann, PhyB, Chem, {Poggendorff)^ Bdc. 34 (1835) and 54 (1841). 

t Bote BUT VaXlongnnmt progreuif du fit defer $oumi$ h divenet tengions, Annalet de§ ponU 
ehauxsiee, ler semestre, 1884. 

I ParUf M^m,,.,par diven zavanU, tt. 18 (1868) and 20 (1872). An account of some of Tr«s<»’® 
expedmeiits ii given by Unwin, he, pp. 46 el zeq. 
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punching and crushing of metals, results which point to the conclusion that 
all solids when subjected to very great pressure ultimately flow, i.e. take a set 
which increases with the time. This capsicity of solids to flow under great 
stress is called plasticity. A solid is said to be “ hard ” when the force required 
to produce considerable set is great, “soft” or “plastic” when it is small. 
A substance must be termed “ fluid ” if considerable set can be produced by 
any force, however small, provided it is applied for a sufficient time. 

In experiments on extension some plasticity of the material is shown as 
soon as the limit of linear elasticity is exceeded*. If the load exceeding this 
limit is removed some set can be observed, but this set diminishes at a rate 
which itself diminishes. If the load is maintained the strain gradually increases 
and reaches a constant value after the lapse of some time. If tlie load is 
removed and reapplied several times, both the set and the elastic strain 
increase. None of these effects is observed when the load is below the limit 
of linear elasticity. The possibility of these plastic effects tends to complicate 
the results of testing, for if two like specimens are loaded at different rates, 
the one which is loaded more rapidly will show a greater breaking stress and 
a smaller ultimate extension than the other. Such differences have in fact 
been observed f, but it has been shown J that under ordinary conditions of 
testing the variations in the rate of loading do not affect the results 
appreciably. 

79 A. Momentary stress. 

A time-effect of the opposite kind has been observed in connexion with 
impact. It appears that very great stress acting for a very short time, of the 
order one-thousandth of a second, or less, does not necessarily cause any 
dangerous set, or fracture, when the stress exceeds that answering to statical 
limits of elasticity, or even when it exceeds the statical yield-point. Such 
stresses may, without sensible error, be calculated by the Mathematical Theory 
of Elasticity, as if there were no such things as limits of elasticity. This 
result has been established by B. Hopkinson and J. E. Sears§. 


80. ViacoBity of solids. 

“ Viscosity ” is a general term for all those properties of matter m virtue 
of which the resistance, which a body offers to any change, depends upon the 
rate at which the change is effected. The existence of viscous resistances 
involves a dissipation of the energy of the substance, the kinetic energy of 
molar motion being transformed, as is generally supposed, into kinetic energy 
of molecular agitation. The most marked effect of this property, if it exists 


a t Cf. Unwin, loc. cit., p. 89. 

* Bausobinger, MitthetlungeUf rra. (1886), » 

tBanBohinger.Jfftlftf«u«j<n. k. (1891). , „ .98 and PWI. Tram. Roy. 8oe. 

% B. Hopkinwn. London. Roy. Soc. Proc., vol. 74, 19W. p. 498,^ i-w • i oy 
8 «. A), voL S18, 1914, p. 487 ; J. B- Soara, Cambridge, Phtl See. Proc. . voL 14, , p 

»®d Cambridge, Phil. Soe. Tram., vol. 91, 1912, p- 49. 
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in the case of elastic solids, would be the subsidence of vibrations set up in 
the solid. Suppose a solid of any form to be struck, or otherwise suddenly 
disturbed. It will be thrown into more or less rapid vibration, and the stresses 
developed in it would, if there is genuine viscosity, depend partly on the dis- 
placements, and partly on the rates at which they are effected. The parts of 
the stresses depending on the rates of change would be viscous resistances, 
and they would ultimately destroy the vibratory motion. Now the vibratory 
motion of elastic solid bodies is actually destroyed, but the decay appears not 
to be the effect of viscous resistances of the ordinary type, that is to sm such 
as are proportional to the rates of strain. It has been pointed out by Lord 
Kelvin* that, if this type of resistance alone were involved, the proportionate 
diminution of the amplitude of the oscillations .per unit of time would be 
inversely proportional to the square of the period ; but a series of experiments 
on the torsional oscillations of wires showed that this law does not hold good. 

Lord Kelvin pointed out that the decay of vibrations could be accounted 
for by supposing that, even for the very small strains involved in vibratory 
motions, the effects of elastic after-working and plasticity are not wholly 
absent. These effects, as well as viscous resistances of the ordinary type, are 
included in the class of hysteresis phenomena. All of them show that the 
state of the body concerned depends at any instant on its previous states as 
well as on the external conditions (forces, temperature, &c.) which obtain at 
the instant. Hysteresis always implies irreversibility in the sequence of 
states through which a body passes, and is generally traced to the molecular 
structure of matter. Accordingly, theories of molecular action have been 
devised by various investigators f to account for viscosity and elastic after- 
working. 

•81. jSSolotropy induced by permanent set. 

One of the changes produced in a solid, which has received a permanent 
set, may be that the material, previously isotropic, becomes aeolotropic. The 
best known example is that of a bar rendered aeolotropic by permanent 
torsion. WarburgJ found that, in a copper wire to which a permanent twist 
had been given, the elastic phenomena observed could all be explained on the 
supposition that the substance of the wire was rendered aeolotropic like a 
rhombic crystal. When a weight was hung on the wire it produced, in 

♦ Sir W. Thomson, Article * Elasticity,* Ency, Brit, or Math, and Pkys, Papers, vol, 3, Cam- 
bridge, 1890, p. 27. ' 

t The following may he mentioned: — J. 0. MaxweU, Article * Constitution of Bodies,* Efici/. 
Brit or Scientific Papers, vol. 2, Cambridge, 1890; J. G. Batcher, London Math, Soe. Proe., 
voL 8 (1877); 0. E. Meyer, J,f, Math, {Crelle), Bd. 78 (1874); L. Boltzmann, Ann, Phys, Chen, 
{Poggendofff), Ergzgsbd. 7 (1878). For a good aoooant of the theories the reader may be referred 
to the Article by F. Braun in Winkelmann’s Handbuek der Physih, Bd. 1 (Breslau, 1891), pp. 321-* 
342. For a more recent discussion of the yisoosity of metals and ozystals, see W. Voigt, Ann, Phys, 
Chm, {Wiedemam), Bd. 47 (1892). 

t Ann. Phys. Chem, (Wudmann)^ Bd. 10 (1880). 
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addition to extension, a small shear, equivalent to a partial untwisting* of 
the wire ; this was an elastic strain, and disappeared on the removal of the 
load. This experiment is important as showing that processes of manufacture 
may induce considerable asolotropy in materials which in the unworked stage 
are isotropic, and consequently that estimates of strength, founded on the 
employment of the equations of isotropic elasticity, cannot be strictly in- 
terpreted f. 

82. Repeated loading. 

A body strained within its elastic limits may be strained again and again 
without receiving any injury ; thus a watch-spring may be coiled and 
uncoiled one hundred and twenty millions of times a year for several years 
without deterioration. But it is different when a body is strained repeatedly 
by rapidly varying loads which exceed the limits of elasticity. Wohler’sJ 
experiments on this point have been held to show that the resistance of a 
body to any kind of deformation can be seriously diminished, by rapidly 
repeated applications of a load. The result appears to point to a gradual 
deterioration § of the quality of the material subjected to repeated loading, 
which can be verified by the observation that after a large number of applica- 
tions and removals of the load, bars may be broken by a stress much below 
the statical breaking stress. 

Bauschinger|| made several independent series of experiments on the same 
subject. In these the load was reversed 100 times a minute, and the speci- 
mens which endured so long were submitted to some millions of repetitions 
of alternating stress. In some cases these severe tests revealed the existence 
of flaws in the material, but the general result obtained was that the strength 
of a piece is not diminished by repeated loading, provided that the load always 
lies within the limits of linear elasticity. 

An analogous property of bodies is that to which Lord Kelvin IT has called 
attention under the name ‘‘fatigue of elasticity**.” He observed that the 
torsional vibrations of wires subsided much more rapidly when the wires had 
been kept vibrating for several hours or days, than when, after being at rest 
for some days, they were set in vibration and immediately left to themselves. 

Experimental results of this kind point to the importance of taking into 
account the manner and frequency of the application of force to a structure 
in estimating its strength. 

* Of. Lord Kelvin, loc. eit.. Math, and Phys. Papers, vol. 8, p. 82. 

+ Cf. Unwin, loc. eit,, p. 25. 

X Veber Feetigkeiteversuehe mit Eiien und Stahl, Berlin, 1870. An aooount of Wohler s experi- 
ments is given by Unwin, loc, eit., pp. 366 et seq. 

§ A diKerent explanation has been proposed by K. Pearson, Messenger of Math . , vol. 20 (1820). 

II Mittheilungen, xx. (1891) and xxv. (1897) edited by Pdppl. 

t Loc. cit. , Math, and Phys, Papers, vd. 8, p. 22. 

•• DiMantom of “fatigne foUnto” will bo tovxA in tbe popon by BmeahaiA oad Awaibutt, 

lenVtin, ukd Ooogb M»d Huuon, died on p. U4. 
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82 A. Elastic Hysteresis. 

It has been known for a long time that there may be a defect of Hooke’s 
Law (Article 64) even within the limits of perfect elasticity. For example, in 
tensile tests, a specimen which has been loaded gradually, and then unloaded 
gradually, may show no measurable subsequent extension, that is to say, it 
may be perfectly elastic within the limits of the applied load ; and, never- 
theless, the extension under a given load, during the process of unloading, 
may be appreciably different from the extension, under the same load, during 
the process of loading. Thus the limits of sensibly linear elasticity may be 
narrower than those of sensibly perfect elasticity. When this is the case it I is 
found that the strain during unloading is greater, not less, than that, at the 
same load, during loading. The earliest account of this phenomenon, whidjh 
I have found, is in a paper by Ewing*, describing experiments made on steel 
wire. They showed that the effect in question, described by the author as 
hysteresis,” is more marked when the loading and unloading are rapid than 
when they are slow, but it is sensible when they are performed very slowly, 
so that there appears to be a true statical hysteresis. It appeared later that 
with very rapid alternations of stress the observable amount of hysteresis is 
less than the statical amountf. For hard metals it seems that there is no 
hysteresis with moderate load, but for rocks, such as granite and marble J:, 
there is hysteresis at quite moderate loads. The effect in metals is especially 
important in torsion te8ts§. The general nature of the effect may be described 
in the words — The stress-strain diagram is a closed curve. It appears to 
follow that some energy is dissipated in putting a specimen through a cycle 
of stress- changes, and Ewing {loc, cit,) calls attention to the bearing of this 
conclusion upon Wohlers experiments on repeated loading and alternating 
stress. The subject, however, is still rather obscure ||. 

it is perhaps a little unfortunate that the term elastic hysteresis ” should 
have been appropriated to describe the special phenomenon noticed by Ewing, 
because, as has been already observed, eL'istic after-working, plasticity, and 
viscosity are also properties which indicate hysteresis, in the general sense of 
the word, and the same may be said of the property called fatigue of elasticity, 
and of those brought to light in experiments on repeated loading and alter- 
nating stress. They all imply a dependence of the instantaneous state of a 
body upon its previous states as well as upon the instantaneous conditions. 

* J, A. Ewing, Brit, Asuoc, Rep,, 1889, p. 602. 

t B. HopkinBon and G. T. WilliamH, London, Roy, Soc, Proc, (Ser. A), vol. 87, 1912, p. 602. 
JF, D. Adams and E. G. Coker, An investigation into the etoMtie constants of rocks, more 
especially with reference to cubic compressibility (Washington, 1906). 
i Of. Searle, MxperimenttU ElasUeity, p. 162. 

{( Cf. the ‘Beport on Alternating Stress* by W. Mason in BHU Assoc, R^,, 1918, p. 188, the 
B^rt by the same author *On the Hysteresis of Steel under repeated Torsion* in Brit, Assoc, 
Rep,,, 1916, p, 285, and further Beports by the same author in Brit, Assoe, Rep,, 1921, p. 829 and 
1928, p. 886. Interesting diagrams, illnstrating the stress-strain relations in pieces subjected to 
repeated loading, will be loiind in the paper by W* E. Dalby cited on p. 114. Beferenoe may also 
be made to the paper by Googh and Hanson cited on p. 112. 
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A rather promising beginning of a mathematical theory of elastic after- 
working, possibly applicable also to other phenomena involving hysteresis, in 
the general sense of the word, has been made by Volterra, starting with the 
physical theory developed by Boltzmann, cited in Article 80. He describes 
the physical circumstances by the epithet “ereditario” (hereditary) and shows 
that the theory leads to equations of a type, which he names “integro-dif- 
ferential,” and by aid of the theory of integral equations he has obtained some 
special solutions of his integro-difterential equations. We shall not pursue 
the matter, but refer the reader to the papers cited below*. 

83. Hypotheses concerning the conditions of rupture. 

Various hypotheses have been advanced as to the conditions under which 
a body is ruptured, or a structure becomes unsafe. Thus Lam6f supposed it 
to be necessary that the greatest tension should be less than a certain limit. 
Ponceletj, followed by Saint- Venant§, assumed that the greatest extension 
must be less than a certain limit, '^rhese measures of tendency to rupture agree 
for a bar under extension, but in general they lead to different limits of safe 
loadingjj. Again, Tresca followed by G. H. DarwinU makes the maximum differ- 
ence of the greatest and least principal stresses the measure of tendency to 
rupture, and not a very different limit would be found by following Coulomb's** 
suggi‘Stion, that the greatest shear produced in the material is a measure of this 
tendency. An interesting modification of this view has been suggested and 
worked out geometrically by 0. Mohrff. It would enable us to take account 
of the possible dependence of the condition of safety upon the nature of the 
load, i.e. upon the kind of stress which is developed within the body. The 
manner and frequency of application of the load arc matters which ought also 
to be taken into account. The conditions of rupture are but vaguely understood, 

* V, Volterra, Iloma, Acc, Line. Hend. (Ser. 5), 1. 18 (21, 1909, pp. 295 and 677, t. 19 (1), 1910, 
pp. 107 and 289, t. 21 (2), 1912, p. 3, t. 22 (1), 1913, p. 629; G. Laurioella, Roma, Acc. Line. Rend. 
(Ser. 5), t. 21 (1), p. 166; It. Serini, Roma, Acc. Line. Rend. (Ser. 5), tt. 23 (2), 1914, p. 1112 
and 25 (1), 1916, p. 165; A. M. Molinari, Roma, .icc. Line. Rend., i. 23 (2), 1914, pp. 106, 168. 
t See e.g. ibe memoir of Lam4 and Clapeyron, quoted in the Introduction (footnote 39). 
t See Todhunter and Pearson^s History, vol. 1, art. 995. 

§ See especially the Histonqve AXrrigi in Saint-Venant’s edition of the L<f<?on ede Hamer, 
pp. exeix— ccv. 

11 For examples see Todhunter and Pearson’s History, vol. 1, p. 660 footnote, 
t ‘On the stresses produced in the interior of the Earth by the weight of Continents and 
Mountains,’ Phil. Trane. Roy. Soc., vol. 173 (1882). The same measure is adopted in the account 
of Prof. Darwin’s work in Kelvin and Tait’s Nat. Phil., Part n. art. 832'. 

‘Bssai sur une application des regies de Maximis etc.,’ M6m....par divert tavane, 1773, 

Introduction. , ^ • 

ft Zeitechr, dee Vereines Demecher Ingenieure, Bd, 44 (1900). A discussion by Voigt of the views 
of Mohr and otlier writers will be found in Ann, Phys, (Ser. 4), Bd. 4 (1901). The subject is dis- 
cussed further in the light of new experimental researches by Th. v. Kirmin, ‘Festigkmtsverttuche 
unter aliaeitigem Druok,’ Zeiteehr. dee Vereinee Deutaeher Ingenieure, 1911, al«o by W. A. Sodble, 
^ Report on Combing Stress,’ BHt. Aeeoe. Rep., 1913. P. B. Haigh, Bnt. Asioc. Rep., 1919, p. 486, 
proposes a ‘eriierion of elastic failure’ based on the strain-energy hmetion, and develops his 
further in Rrit. Aeeoe, Rep., 1921, p. 324 and 1928, p. 368, 
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and may depend largely on these and other accidental circumstances. At the 
same time the question is very important, as a satisfactory answer to it might 
suggest in many cases causes of weakness previously unsuspected, and, in others, 
methods of economizing material that would be consistent with safety. 

In all these hypotheses it is supposed that the stress or strain actually 
produced in a body of given form, by a given load, is somehow calculable. 
The only known method of calculating these effects is by the use of the 
mathematical theory of Elasticity, or by some more or less rough and ready 
rule obtained from some result of this theory. Suppose the body to be subject 
to a given system of load, and suppose that we know how to solve the equations 
of elastic equilibrium with the given boundary-conditions. Then the str^s 
and strain at every point of the body can be determined, and the principal 
stresses and principal extensions can be found. Let T be the greatest principal 
tension, S the greatest difference of two principal tensions at the same point, 
e the greatest principal extension. Let T© be the breaking stress as determined 
by tensile tests. On the greatest tension hypothesis T must not exceed a 
certain fraction of T® . On the stress-difference hypothesis 8 must not exceed 
a certain fraction of Tq. On the greatest extension hypothesis e must not 
exceed a certain fraction of TojE, where E is Young s modulus for the material. 
These conditions may be written 

r<re/<J>, e<Tol^E 

and the number 4> which occurs in them is called the “factor of safety. ’ 

Most English and American engineers adopt the first of these hypotheses, 
but take <I> to depend on the kind of strain to which the body is likely to be 
subjected in use. A factor 6 is allowed for boilers, 10 for pillars, 6 for axles, 
6 to 10 for railway-bridges, and 12 for screw-propeller-shafts and parts of 
other machines subjected to sudden reversals of load. In France and Germany 
the greatest extension hypothesis is often adopted. 

Recently attempts have been made to determine which of these hypotheses 
best represents the results of experiments. The fact that short pillars can be 
crushed by longitudinal pressure excludes the greatest tension hypothesis. 
If it were proposed to replace this by a greatest stresThypothesis, according 
to which rupture would occur when any principal stress (tension or pressure) 
exceeds a certain limit, then the experiments of A. Fdppl* on bodies subjected 
to very great pressures uniform over their surfaces would be very important, 
^ it appeared that rupture is not produced by such pressures as he could 
apply. These experiments would also forbid us to replace the greatest extension 
hypothesis by a greatest strain hypothesis. There remain for examination the 
greatest extension hypothesis and the stress-difference hypothesis. Wehage’s 
experimentst on specimens of wrought iron subjected to equal tensions (or 

* Miuheilrngm (Mtinchen), xxvxx. ( 1899 ). 

t Mitihiilimgen der mehaniuch-Uehniiichen Vumchsemiali su Berlh^ 1888. 
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pressures) in two directions at right angles to each other have thrown doubt 
on the greatest extension hypothesis. From experiments on metal tubes 
subjected to various systems of combined stress J. J. Guest* has concluded 
that the stress-difference hypothesis is the one which accords best with observed 
results. The general tendency of modem technical writings seems to be to 
attach more importance to the limits of linear elasticity and the yield-point 
than to the limits of perfect elasticity and the breaking stress, and to emphasize 
the importance of dynamical tests in addition to the usual statical tests of tensile 
and bending strength. 

84. Scope of the mathematical theory of elasticity. 

Numerical values of the quantities that can be involved in practical 
problems may serve to show the smallness of the strains that occur in 
structures which are found to be safe. Examples of such values have been 
given in Articles 1, 48, 71, 78. A piece of iron or steel with a limit of linear 
elasticity equal to lOj tons per square inch, a yield-point equal to 14 tons 
per square inch and a Young’s modulus equal to 13,000 tons per square inch 
would take, under a load of 6 tons per square inch, an extension 0*00046. 
Even if load(;d nearly up to the yield-point the extension would be small 
enough to require very refined means of observation. The neglect of squares 
and products of the strains in iron and steel structures within safe limits of 
loading cannot be the cause of any serious error. The fact that for loads much 
below the limit of linear elasticity the elasticity of metals is very imperfect 
may perhaps be a more serious cause of error, since set and elastic after- 
working are unrepresented in the mathematical theory; but the sets that 
occur within the limit of linear elasticity are always extremely small. The 
eflfects produced by unequal heating, with which the theory cannot deal 
satisfactorily, are veiy important in practice. Some examples of the appliba- 
tion of the theoiy to questions of strength may be cited here: — ^By Saint- 
Venant's theory of the torsion of prisms, it can be predicted that a shaft 
transmitting a couple by torsion is seriously weakened by the existence of a 
dent having a curvature approaching to that in a re-entrant angle, or by the 
existence of a flaw parallel to the axis of the shaft. By the theory of equilibrium 
of a mass with a spherical boundary, it can be predicted that the shear in the 
neighbourhood of a flaw of spherical form may be as great as twice that at a 
distance. The result of such theories would be that the factor of safety should 
be doubled for shafts transmitting a couple when such flaws may occur. Again 
it can be shown that, in certain cases, a load suddenly applied may cause a 
strain twice f as great as that produced by a gradual application of the same 

• Phil Mag. (Ser. 6), vol. 48 (1900). Mohr (loc. eit.) has criticised Guest. 

t This poiht appears to have been first expressly noted by Ponoelet in his hUfodnction d la 
M4(saniqu€ indmtriillit phyHqui et ixpirimntaU of 1839, see Todhunter and Pearson*! Hfitorpi 
1, art. 988. 
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load, and that a load suddenly reversed may cause a strain three times as 
great as that produced by the gradual application of the same load. These 
results lead us to expect that additional factors of safety will be required for 
sudden applications and sudden reversals, and they suggest that these extra 
factors may be 2 and 3. Again, a source of weakness in structures, some parts 
of which are very thin bars or plates subjected to thrust, is a possible buckling 
of the parts. The conditions of buckling can sometimes be determined from 
the theory of Elastic Stability, and this theory can then be made to suggest 
some method of supporting the parts by stays, and the best places for them, 
so as to secure the greatest strength with the least expenditure of materials; 
but the result, at any rate in structures that may receive small permanpt 
sets, is only a suggestion and requires to be verified by experiment. Further, 
as has been pointed out before, all calculations of the strength of structures 
rest on some result or other deduced from the mathematical theory. 


More precise indications as to the behaviour of solid bodies can be deduced 
from the theory when applied to obtain corrections to very exact physical 
measurements*. For example, it is customary to specify the temperature at 
which standards of length are correct; but it appears that the effects of such 
changes of atmospheric pressure as actually occur are not too small to have a 
practical significance. As more and more accurate instruments come to be 
devised for measuring lengths the time is probably not far distant when the 
effects produced in the length of a standard by different modes of support 
will have to be taken into account. Another example is afforded by the result 
that the cubic capacity of a vessel intended to contain liquid is increased 
when the liquid is put into it in consequence of excess of pressure in the 
parts of the liquid near the bottom of the vessel. Again, the bending of the 
deflexion-bars of magnetometers affects the measurement of magnetic force, 
jfany of the simpler results of the mathematical theory are likely to find 
important applications in connexion with the improvement of measuring 
apparatus. 


• Of. C. Chree, Phil. Mag. (Ser. 6), vol 2 (1901). 
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85. Recapitulation of the general theory. 


As a preliminary to the further study of the theory of elasticity some parts of the 
general theory will here be recapitulated briefly. 


(f») Stress. The state of stress at a point of a body is determined when the traction 
across every plane through the point is known. The traction is estimated as a force per 
unit of area. If v denotes the direction of the normal to a plane the traction across the 
plane is specified by means of rectangular components F,,, Zy parallel to axes of coor- 
dinates. The traction across the plane that is normal to is expressed in terms of the 
tractions across planes that are normal to the axes of coordinates by the equations 


Xy ^ Xx cos (a?, 1/) -h Xy cos (y, i/) -f cos (z, v\ 

FajCOS (a;, i/)-f Yy cos (y, v) 4* F, cos («, v\ 
Zy - Zx COS (ar, v) + Zy cos (y, v) H-Z, cos («, v). 


( 1 ) 


The quantities ... are connected by the equations 

Yg—Zyy Zx-Xy^ Zj,= F* 


( 2 ) 


The six quantities Z«, Fy, Z,, F,, Zx^ Xy are the “components of stress.” Their values at 
any point depend in general upon the position of the point. 


(5) Stress-equations. In a body in equilibrium under body forces and surface 
tractions the components of stress satisfy the following equations at every point in 
the body : 



dX, 

.34 

dx 



dXy 

OX 

CTy 

cz 



dZy 

dx 


+ir 


-j-pF=0, 


In these equations p is the density and (Z, F, Z) the body force per unit of mass. 


.(3) 


The componeiits of stress also satisfy certain equations at the surface of the body. 
If V denotes the direction of the normal drawn outwards from the body at any point 
of its surface and (Z„, Fi>, Hy) denotes the surface traction at the point, the values of the 
components of stress at the point must satisfy the equations (1), in which are 

written for Z„, .... 

(c) DUplacment Under the action of the forces the body is displaced from the 
configuration that it would have if the stress-components were zero throughout. If 
(^»y» 2 f) denotes the position of a point of the body in the unstressed state, and (4r«f tf, 
z^w) denote the position of the same point of the body when under the action 
cf the forces, (u, i;, w) denote the displacement, and the components of displacement 
^ w are functions of a?, y, «. 
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{d) Strain, The strain at a point is determined when the extension of every linear 
element issuing from the point is known. If the relative displacement is small, the 
extension of a linear element in direction (f, n) is 

+ e^^m, (4) 

where e**, ... denote the following: 


cw do cu Iw cv cu 


dz^ cx^ J j 

The quantities eggg, ,,, are the “components of strain.” 

The quantities ar, determined by the equations 

^ cw dv ^ cu dtp ^ or du 

= 

are the components of a vector quantity, the “rotation.” The quantity A determined by the 
equation 

du dif dw 

+ + W 


is the “dilatation.” 


du dv dw 

A= 5 — I h 

cx cy cz 


(e) Stress-strain relatioros. In an elastic solid slightly strained from the unstressed 
state the components of stress are linear fimctions of the components of strain. When the 
material is isotropic we have 

A'^ssXA + SpesBri yy=®XA4-2peyy, 
and by solving these we have 

- <r ( T^+Z,)\, e„ - I { Y, - t (^, + J’,)}, «„ - >{2; - <r( Jr,+ K,)}, , 


2(1 + 0-) ,r 

2r 


« -2(1+'^)^ 
"ac» 




^ ^(3X4-2^) X 

^ x+i ’ "“2(X+m) 

The quantity E is “Young^s modulus,’’ the number tr is “ Poisson’s ratio,” the quantity p is 
the “rigidity,” the quantity X + is the “modulus of compression.” 


86. Uniformly vaiying stress. 

We considered some examples of uniform stress in connexion with the definitions of 
1c^ etc. (Article 69). The cases which are next in order of simplicity are those in wldoh the 
stress-components are linear functions of the coordinates. We shall record the results in 
regard to some particular distributions of stress. 

(a) Lei the axis of ^ be directed vertically upwards, let all the stress-components 
except iTy vanish, and let Z^^gpz, where p is the density of the body and g is the accelera- 
tion due to gravity. 

The stress'^equaiions of equilibrium (3) are satisfied if ir»0, r«*0, -y. Hence this 

state of stress can be maintained in a body of any form by its own weight provided that 
suitable tractiims are applied at its surface. The traction applied at the surface must be 



XTNIFORMLY VARYING STRESS 


B5i 86] 


127 


of amount gpz cos («, v), and it must be directed vertically upwards. If the body is a 
cylinder or prism of any form of cross-section, and the origin is at the lower end, the cylinder 
is supported by tension uniformly distributed over its upper end. If I is the length of the 
cylinder this tension is gpl, and the resultant tension is equal to the weight of the cylinder. 
The lower end and the curved surface are free from traction. 

The strain is given by the equations 


f'xx-eyv’ 


E ' ** E' 


To find the displacement* we take first the equation 


which gives 


vtv ^ g^2 
E ^ 


' iL E"" 






where i» a function of x and y. The equations = = 0 give 


'bu 

rz 


dw„ 


and tlierefore we nniat have 


aw;o 

dy 


. vWfx 

wheiv and are functions of x and y. The equations 

bu dv crgpz 

dx ~ dy E 

give 


ds " 

Tlie equation e^ = 0 gives 


n ft ^0 _ <rgp 

f)^2 ip ’ ”■ “~r»" • 


by 


” E 


by'^bx bxby 


The equations containing Wq can be satisfied only by an equation of the form 


where a', /S', y are constants. The equations containing Wo, v© u© is a function 

of y, say Fx (y), and v© is a function of x, say {x\ and that these functions satisfy the 
equation 

bFx{^)JF^(x) 

atid this equation requires that (y)/dy and bF^ {x)jbx should be constants, y and - y say. 
Hence we have 

-^i(y)*yy+a> -y^+A 

where a and ^ are constants. The complete expressions for the displacements are 
therefore 


- ^xa?~aa+yy+a, 


(x*-|-<rjp*+oy*)+a'a;+/3'y +y. 


The work is given at length as an example of method. 
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The terms containing a, a', y* represent a displacement which would be possible 
in a rigid body. If the cylinder is not displaced by rotation we may omit a , /S', y\ If it is 
not di^laced laterally we may omit a, If the point (0, 0, 1) is not displaced vertically, 


we must have ya= 


Ig^ 
2 E * 


The displacement is then given by the equations 


trgpzx 


agpyz 

*’ F"’ 




.( 11 ) 


Any cross-section of the cylinder is distorted into a paraboloid of revolution about the 
vertical axis of the cylinder, and the sections shrink laterally by amounts proportional to 
their distances from the free (lower) end. 


(6) A more general case* is obtained by taking 

(p ~ p) l^gpz, 

This state of stress can be maintained in a cylinder or prism of any form of length 
suspended in fluid of density p' so as to have its axis vertical and the highest point (0, 0, o) 
of its axis fixed ; then p is the pressure of the fluid at the level of the centre of gravity of 
the cylinder. 

The displacement may be shown to be given by the equations 

^ = ^ = -^[(l-2tr)p+<rg(p-p')l+ff{(rp-(l-<r)p'}g],] 

+ flf kp - (1 - <^) P'} • 


(«) By putting 

1'^ = ^®= — Ay=0, 


we obtain the state of stress in a body of any form immersed in liquid of the same density, 
p being the pressure at the level of the origin +. The displacement may be shown to be 
given by the equations 




{~py+9piy), 


> 


.(13) 


{d) Let all the stress-components except F* and F* vanish, and let these te given by 
the equations 



where r is a constant and p is the rigidity. 


This state of stress can be maintained in a bar of circular section with its axis coinciding 
with the axis of z by tractions applied at its ends only. If a is the radius of the circle the 
tractions on the terminal sections are statically equivalent to couples of moment 
about the axis of x, so that we have the problem of a round bar held twisted by opposing 
couples. 


* C. Chree, Phil. Mag. (Ser. 6), vol. 2 (1901). 
t E. and F. Gosserat, Pam, C. JR., %. 18S (1901). 
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The displacement may be shown to be given by the equations 

u^-ryz^ v^TZX^ w=0, (14) 


so that any section is turned in its own plane through an angle t 2, which is proportional 
to the distance from a fixed section. The constant t measures the twist of the bar. 


87. Bar bent by couples*. 

Our next example of uniformly varying stress is of very great importance. 
We take the stress-component to be equal to - ER-'^x, where is a 
constant, and we take the remaining stress-components to vanish. If this 
state of stress existed within a body, in the shape of a cylinder or prism 
having its generators in the direction of the axis of z, there would be no 
body force, and there would be no tractions on the cylindrical boundary. The 

resultant traction over any cross-section is of amount jjZgdxdy; and this 

vanishes if the axis of z coincides with the line of centroids of the normal 
sections in the unstressed state. We take this to be the case. Then the bar 
is held in the specified state of stress by tractions over its terminal sections 
only, and the traction across any section is statically equivalent to a couple. 

The component of the couple about the axis of z vanishes. The com- 
ponent about the axis of v is j fER“~^x^dxdy, or it is EIjRy where I is the 

moment of inertia of the section about an axis through its centroid parallel 
to the axis of y. The component of the couple about the axis of x is 

//-“ "'^xydxdy, and this vanishes if the axes of x and y are parallel to 

principal axes of inertia of the cross-sections. We shall suppose that this is 
the case. • 


The strain-components are given by the equations 

du ^dv ^<TX dw _ X 
"Sx dy R' dz R* 

dw dv ^du 9^ _ ^ 9*^ _ Q . 

By dz dz"^ dx dx By * 

and the displacement may be shown to be given by the equations 

u = (z^ -b — (ry% v = crR~^^xy, ii; == — R~^xz (15) 

This example corresponds with the bending of a bar by couples. The line 
of centroids of the cross-sections is displaced according to the law u = 
so that it becomes very approximately an arc of a circle of large radius R, in 
the plane {x, z\ which is the plane of the bending couple EljR) the centre of 
the circle is at a? = 

* The theory waB given by Saint-Venant in his memoir on Toraion of 1855. See Introduction^ 
footnote 50 and p. 20. 
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88. Discussion of the solution for the bending of a bar by terminal 
couple. 

The forces applied at either end of the bar are statically equivalent to a 
couple of moment EIIR. This couple, called the “bending moment,” is 
proportional to the curvature IfR. When the bar is bent by a given couple 
M the line of centroids of its cross-sections, called the “central-line,” takes a 
curvature MjEI in the plane of the couple. The formula? for the components 
of strain show that the linear elements of the material which, in the unstressed 
state, are in the plane undergo no extension or contraction. This plane 
is called the “neutral plane”; it is the plane that passes through the cent/al- 
line and is at right angles to the plane of bending. The same formulae show 
that linear elements of the material which, in the unstressed state, are parallel 
to the central-line are contracted or extended according as they lie on the same 
side of the neutral plane as the centre of curvature or on the opposite side. 
The amount of the extension or contraction of a longitudinal linear element 
at a distance x from the neutral plane is the absolute value of MxjEI or xjR, 
The stress consists of tensions and pressures across the elements of the normal 
sections. It is tension at a point where the longitudinal filament passing through 
the point is extended, and pressure at a point where the longitudinal filament 
passing through the point is contracted. The amount of the tension or pressure 
is the absolute value of Mxjly or ExjR. 



The formulsB for the displacement show that the cross-sections remain plane 
but that their planes are rotated so as to pass through the centre of curvature 
as shown in Figure 10. The formulae for the displacement also show that the 
shapes of the sections are changed. If, for example, the^section is originally 
rectangle with boundaries given by the equations 

^=±0, y»±/9, 

in a plane these boundaries will become the curves that are given 
respectively by the equations 

yT fiT irfixIR^O. 

fhe latter are straight lines slightly inclined to their original directions; the 
former are approximately arcs of circles of radii R/a, with their planes paralk^l 
to the plane of (x, y), and their curvatures turned in the opposite sense to that 
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of the line of centroids. The change of shape of the cross-sections is shown in 
Figure 11. The neutral plane, and every parallel plane, is strained into an 



Fig. 11. 


anticlastic surface, with principal curvatures of magnitudes in the plane 
of (x, z), and in the plane of (x, y\ so that the shape of the bent bar is 
of the kind illustrated in Figure 12, in which the front face is parallel to the 
plane of bending {x, z). 



Fig. 12. 

The distortion of the bounding surfaces into anticlastic surfaces, admits of 

very exact verification by means of the interference fringes which are produced by light 
transmitted through a plate of glass held parallel and very close to these surf^^ of the 
kut bar. Cornu* has used this method for an e.vperimental determination of Poissons 
ratio for glass by means of the bending of glass bars. The value obtained was almost 
exactly 

It is worth while to c«lcuUte the potential energy of strain. The value of the strain- 
enorgy.function at any ^int « easily found to be The Pote«tial en^ of strm 

of the part of the bar between two normal sections distant I ajiart is ^ (£//«“) I, w that t e 
potential energy per unit of length is J EljR^. 



89 . Saint-Venant’B principlef. 

In the problem of Article 87, the tractions, of which the bending moment 
ETjR is the statical equivalent, are distributed over the terminal sections in 
the manner of tensions and pressures on the elements of area, these tensions 


* Pari,,.C. R., t. 69 (X869). The method hae been need for eevend MterW* by 
rtiole70(e),footapte. EefemnceiMy al*obeiiiadetoapapetbyH.T. Je«op.Pfc»Lirap.(8er.6), 


lol. 49, 1991, p. 661. * 

t Stated in the memoir on Toreion of 1866. 
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and pressures being proportional to the distance from the neutral plane. But 
the practical utility of the solution is not confined to the case where this 
distribution of terminal traction is exactly realized. The extension to other 
cases is made by means of a principle, first definitely enunciated by Saint- 
Venant, and known as the ‘'principle of the elastic equivalence of statically 
equipollent systems of load.” According to this principle, the strains that are 
produced in a body by the application, to a small part of its surface, of a 
system of forces statically equivalent to zero force and zero couple, are of 
negligible magnitude at distances which are large compared with the linear 
dimensions of the part. In the problem in hand, we infer that, whei^i the 
length of the bar is large compared with any diameter of its cross-section, 
the state of stress and strain set up in its interior by the terminal couple is 
practically independent of the distribution of the tractions, of which \the 
couple is the resultant, in all the portions of the bar except comparati\\ely 
small portions near its ends, 

90. Rectangular plate bent by couples*. 

The problem solved in Article 87 admits of generalization in finother 
direction. A bar of rectangular section is a particular case of a brick -shaped 
body; and, when two parallel faces are near together, such a body is a 
rectangular plate. We have therefore proved that a plate can be held, so that 
its faces are anticlastic surfaces, by couples applied to one pair of opposite 
edges, and having their axes parallel to those edges. The ratio of the principal 
curvatures is the number <r. It is clear that, by means of suitable couples 
simultaneously applied to the other pair of opposite edges, the plate can be 
bent into a cylindrical form, or the ratio of curvatures can be altered in any 
desired way. 

It is most convenient to take the faces of the plate to be given by the 
equations 

± A, 

so that the thickness is 2A The coordinate z thus takes the place of the 
coordinate which we called x in the case of the bar. The requisite stress 
components are Z* and Fy, and both are proportional to the coordinate z. H 
we assume that all the stress-components except A* and Yy vanish, and that 
these are given by the equations 

Yyr:^E^z, (16) 

where a and are constants, we find that the displacement is given by the 
equations 

u = (a — xz, V « — aa) yz, 

w • i OS- <ra) i<r(a + ff)z\ 

Hence any surface which in the unstrained state was parallel to the faces 
becomes curved so that the curvatures in the planes of (x, z) and (y, z) 

* Kelvin and Tait, Nat, PhiL, Part U, pp. 265, 266. 
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respectively <rfi-a and (m-j 8 . These are the principal curvatures of the 
sur&ce. If these quantities are positive, the corresponding centres of curvature 
lie in the direction in which z is positive. Let ii, and be the radii of 
curvature so that 

.hen . = + (18, 

The state of curvature expressed by Rj and R^ is maintained by couples 
applied to the edges. The couple per unit of length, applied to that edge 
= const, for which x has the greater value, has its axis parallel to the axis 
of y, and its amount is 

An equal and opposite couple must be applied to the opposite edge. The 
corresponding couple for the other pair of edges is given by 

The value of the Kstrairi-energy-functioii at any point can be shown without difficulty 
to be 

I o r/1 IV' .11 




and the potential energy of the bent plate per unit of area is 


1 Eh^ r/1 1 

o I \ /> d" /, 




It is noteworthy that this expression contains the sum and the product of the principal 
f'urvatures. • 


91. Equations of equilibrium in terms of displacements. 

In the equations of type 

3Aa, ^ ^ .Q 

ax + by +a. 

we substitute for the normal stress-components A*, ... such expressions as 
XA -1- 2 nduldx, and for the tangential stress-components F„ ... such expressions 
j fOi iJi,{dwldy + dvldz}; and we thus obtain three equations of the type 

(X -t- fi) “ -f /*V«u -(- p J = 0, (19) 

i , dudvdw- fF d^ bF 

[ These equations may be written in a compact form 

(X + p) p 1^-) A + pV>(«,,,«,)-^p(J,F,Z) = 0 (20) 
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If we introduce the rotation 

(^xy J curl (tt, tl, W), 

~ 2 \3y ds * ds do!* dx dy)' 
and make use of the identity 

( 3 3 3 \ 

dx' Wy' a^)^-2curlK,,;.„,^,). 
the above equations (20) take the form 

(\ + 2/t)^^, A- 2/i curl (w*, Wy, Wi) + p(X, Y, Z) = 0. ...(2li 

We may note that the equations of small motion (Article 54) can he expressed in either 
of the forms 


(x+m)(|., l^y+i*VHt>,v,^o)+p{X,r,Z)=p~(u,v,,o), 

/ 0 0 ? \ 0 ^ 
(^+2/*)(^. g^jA-2MCurl(w„Wy,iir,)+p(A', F,Z)=pp(ti,v,w). 


..(22) 


The traction (X„ Y,, Z^) across a plane of which the normal is in the 
direction p, is given by formute of the type 


J, = cos (ar. v) (xA+ + cos (y, v)^[£+ g-) + cos {z, p) y, + £); 

and this may be written in either of the forms 

TT ^ A /X , .dv , . Sw) 

Xy = XA cos (a?, i/) + /i + cos {x, v) -f cos (y, j/) g- + cos {z, v) V , (23) 


er 


where 


X, = > A cos (*, v) + 2/i j g- — Wy cos (a, »») + w, cos (y, v) 


.(24) 


^ = coB (X, I') ^ + cos (y, v) I + cos (a, v) ~ . 


If V is the normal to the bounding surface drawn outwards from the body 
and the values of A, du/dx , ... are calculated at a point on the surface, the 
right-hand members of (23) and the similar expressions represent the com- 
ponent tractions per unit area exerted upon the body across the surface. 

92. RelationB between components of stress. 

When there are no body forces the displacement equations are 

+ 3y’ + (25) 

wid the result of differentiating the left-hand members with respect to x,y,^ 
and adding the differential coefficients is 

V»A-0, 


,( 26 ) 
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80 that A is an harmonic function, i.e. a function satisfying Laplace’s equation, 
at all points within the body. 

From equations (8) of Article 85 we have 

(3\ + 2/i,) A = Ae+ Fj, + 0 say (27) 

and thence it appears that 0 is an harmonic function. 

The first of equations (25) gives, on differentiation with respect to x, 

0 ^A 

On substituting from (8) for and from (27) for A, and utilizing (26), 
this equation becomes 




.(28) 


3\ 4* 2/i d(L^ 

i he result of differentiating the left-hand members of the second and third 


of equations (25) with respect to z and y respectively, adding the differentia] 
eoeflScients, and substituting from equations (8) and (27), is 


V*! y 4- ^ = 0 

^ 4- '‘In. 


+ dydz 

We learn that in addition to the three stress-equations of equilibrium of 
the type 


dx, , ax, dZ, 


d>v hy dz 




,.(30) 


the stress-components in an isotropic solid body, in equilibrium and free from 
body forces, satisfy six indepemlent conditions: three of the type (28), and 
three of the typo (29)*. The coefficient 2 (\ -h -f 2/a) is 1/(1 + (t). 


93. Additional results. * 

fi) It may be proviKl that, wlien there arc no IkkIj forces, each of the com}vonent8 of 
rotatifin i« an harmonic function. 


(ii) In the same cfise it may ho proved that each of tt, r, w sfitisfies the equation 


(31) 

«it all Joints within the Ijody. All the coniiionents of strain and stress also satisfy this 
^‘quation. A functifm sfitisfyinj,^ this equation is scinietimes described iis bihamionic. 


(iii) The equations of the tyixjs (28) and (29) can be deduced t from the equations of 
'Jquilibrium in forms such as (30), the stress-strain relations in the form (9), and the idon- 
ocal relations between components of stress given in Article 17. 

For example the equation 

dy^ dydz 

Kives 


r,-<re}+ 


^,{(l-f<r)ir.-(re}-2(l+(r) 


dyh^ 


^ The result is due to Beltrami, Aec. Lincei Rend, (Ser, 6), 1. 1 (1892). 
t h H. MioheU, London Math, Soc, Pm,, vol, 81 (1900), p. 100. 



136 EQUATIONS SATISFIBD BY STBESS-OOMPONBNTS [OH. V 
and the equations of type (30) give 

dTy 

dy dx oz ' dx oy * 

so that 

' 0y02 ox \ cy ox J dy^ dz^ 

^_ 02 r^ ^ 

0^ 0y^ dz^ 

With the notation 0 = Za.+ we have therefore 

<■+■'>(('■ - ») S) 

or V*e-||-(l+<r)72A.=0: 

and, on adding the left-hand members of the three equations of this type, we find that W 0 
must vanish, and obtain equation (28). 

Equation (29) can be deduced in the same way from the equation 

2 4 - 4 - 

dydz dx^^Sx dy dz 

(iv) As an example of the application of these formula), it may be observed that 
Maxwell’s stress-system, described in (vi) of Article 53, cannot ha the stress in an isotropic 
elastic solid free from the action of body force*, and slightly strained from a state of zero 
stress, for 0 , as given for that system, is not an harmonic function. 


(v) It may be shown t that the stress-functions xi> X 2 » Xs Article 56 satisfy three 
equations of the type 

<»> 


§nd three equations of the type 


0 * 

dydz 


[(l+<r)Vi*x,-e]=0, 


where e is written for 


r*rr, + y, + Y0 
^Ui+X2+xs; 


.(33) 


.(34) 


It may be shown also that the stress-functions ^i, yjn, ^3 of the same Article satisfy 
three equations of the type 



and three equations of the type 

« 


where 6 is written for 


dz ^ dzdx 0^0y ’ 


.( 37 ) 


* G. M. Minchin, Statics^ Brd edn. Oxford 1886, vol. 2, oh. 18. 
t Ibbetoon, Mathematical Theory of Slaeticityt London 1887. 
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(vi) It may be shown* also that, when there are body forces, the stress-components 
satisfy equations of the types 

(M . W dZ\ 




and 


1 -j- O' 


1 -0- ^ ^ hf dz 


)-■ 


dx ' 


) dz 

■ TlUfOr ^ ; 


07 

^ dz " 


.( 38 ) 

.( 39 ) 


1 + 0- 0y0^ ' Oy 

The equations of these two types with the equations (3) are a complete system of 
equations satisfied by the stress-components. 

94. Plane strain and plane stress. 

States of plane strain and of plane stress can be maintained in bodies of 
cylindrical form by suitable forces. We take the generators of the cylindrical 
bounding surface to be parallel to the axis of Zy and suppose that the terminal 
sections are at right angles to this axis. The body forces, if any, must be at 
right angles to this axis. When the lengths of the generators are small in 
comparison with the linear dimensions of the cross-section the body becomes 
a plate and the terminal sections are its faces. 

In a state of plane strain, the displacements v are functions of x, y only 
and the displacement w vanishes (Article 15). All the components of strain 
and of stress are independent of z\ the stress-components Yg vanish, and 
the strain-components Cyg, vanish. The stress-component Zg does not 
in general vanish. Thus the maintenance of a state of plane strain requires 
th(' application of tension or pressure, over the terminal sections, adjusted so 
as to keep constant the lengths of all the longitudinal filaments. 

Without introducing any additional complication, we may allow for an 
uniform extension or contraction of all longitudinal filaments, by taking w to 
be equal to ez, where e is constant. The stress-comj)onents are then expressed 


X, = (X + 2/*)^ + x(| + e), 

n=o, 

• 

i; = (X + 2/t)g" + X^|^ + e). 

^x = 0, 


^:, = (X + 2M)e + x(| + gp, 

„ (dv 0M\ 



The functions a, v are to be determined by solving the equations of equilibrium. 
We shall discuss the theory of plane strain more fully in Chapter IX. 

In a state of plane stress parallel to the plane of (a?, y) the stress-components 
Xxy Ygy Zg vanish, but the displacements u, Vy w are not in general independent 
of z. In particular the strain-component does not vanish, tind in general 
it is not constant, but we have 

dw 

dyj 

Michel], lac. ciU 


w \ ^ 

')z^ X-H2u\9a? By/"* 2 /a 


.( 40 ) 
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The maintenance, in a plate, of a state of plane stress does not require the 
application of traction to the faces of the plate, but it requires the body 
forces and tractions at the edge to be distributed in certain special ways. We 
shall discuss the theory more fully in Chapter ix. 

An important generalization ♦ can be made by supposing that the normal 
traction vanishes throughout the plate, but that the tangential tractions 
Zxi Tz vanish at the faces z — ±h only. If the plate is thin the determination 
of the average values of the components of displacement, strain and stress, 
taken over the thickness of the plate, may lead to knowledge nearly as useful 
as that of the actual values at each point. We denote these average values by 
w, ... e®,., ... ... so that we have for example \ 


XL = {2hy 




udz. 


.(41) 


.(42) 


We integrate both members of the equations of equilibrium over the thickness 
of the plate, and observe that and Yz vanish at the faces. We thus find 
that, if there are no body forces, the average stress-components Xxy Xy, F,, 
satisfy the equations _ _ 

dXx dXy ^ ^ 

'dx dy ’ 

Since Zg vanishes, equations (40) hold, and it follows that the average dis- 
placements u, V are connected with the average stress-components X^, 
by ttie equations 

2X/i (du ^ c) 9^ 

?y) ^ dx 


dx dy 




* \ -H 2/i 1.9a? 


« / 9u dv \ 


dv 


.(43) 


X, 


(dv 9m\ 

” ~ ^ \3a; ^ dy) ' 


States of stress such as art here described will be termed states of “generalized 
plane stress.” 


96. Bending of narrow rectangular beam by terminal load. 

A simple example of the generalized type of plane stress, described in 
Article 94, is afforded by a beam of rectangular section and small breadth (2A), 
bent by forces which act in directions parallel to the plane containing the 
length and the depth. We shall take the plane of {x, y) to be the mid-plane 
of the beam (parallel to length and depth); and, to fix ideas, we shall regard 
the beam as horizontal in the unstress^ state. The top and bottom surfaces 
of the beam will be given by y = T c, so that 2c is the depth of the beam, and 
we shall denote the length of the beam by 1. We shall take the origin at one 
end, and consider that end to be fixed. 

• Of. L. N. O. FUon, Phil. Tratu. Roy. Soc. (Ser. A), vol. 201 (1908). 
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From the investigation in Article 87, we know a state of stress in the 
beam, given by — EyfR; and we know that the beam can be held in 
this state by terminal couples of moment ^hc^EjR about axes parallel to the 
axis of z. The central-line of the beam is bent into an arc of a circle of 
radius R, The traction across any section of the beam is then statically 
equivalent to a couple, the same for all sections, and equal to the terminal 
couple, or bending moment. 

Let us now suppose that the beam 
is bent by a load W applied at the 
end x — l as in Fig. 13. This force 
cannot be balanced by a couple at any 
section, but the traction across any 
section is equivalent to a force W 
and a couple of moment TT (Z - .r). 

The stress-system is therefore not so 
simple as in the case of bending 
by couples. The couple of moment 
IF (Z — a:) could be balanced by 
tractions given by the equation 


W 




■^)y; 


.(44) 


and the average traction Xx across the breadth would be the same as Xx- 
We seek to combine with this traction X* a tangential tmction Xy, so that 
the load W may be equilibrated. The conditions to be satisfied by Xy are the 
following: 

(i) Xy must satisfy the equations of equilibrium 

ax, . ax„ ^ aX, 


dx 


+ —»' = 0 
+ dy 


dx 


= 0 , 


(ii) Xy must vanish when y = ±c, 


(iii) 2h\ Xydy must be etjual to IT. 

J — C 

These are all satisfied by putting 

05) 

It follows that the load W can be equilibrated by tractions X* and Xy, with- 
'>ut Fy, provided that the terminal tractions, of which W is the resultant, are 
I distributed over the end so as to be proportional to — y®. As in Article 89, 
the distribution of the load is important near the ends only, if the length ot 
the beam is great in comparison with its depth. 
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We may show that a system of average displacements which would correspond with this 
system of average stresses is given by the equations 




.(46) 


)~^ + 3:ry2}. 


Since these are deduced from known stress-components a displacement possible in a rigid 
body might be added, so as to satisfy conditions of fixity at the origin. 

These conclusions may be compared with those found in the case of bending by couples 
(Article 88). We note the following results : 

(i) The tension per unit area across the normal sections (A’a.) is connected with 
bending moment, If {l-x\ by the equation 

tension — — (bending moment) (y//), 

where y is distance from the neutral plane, and I is the appropriate moment of inertia. 



(ii) The curvature {€pvjdji:‘^)yz=o is ^ 


3(X-|-;i) W^(/-.r) 


4Ac‘V(3X + 5J/x) 
curvature = (bending moment)/( El ), 


so that we have the equation 


(iii) The surface of particles which, in the unstressed state, is a normal section does not 
continue to cut at right angles the line of particles which, in the Siime state, is the line of 
centroids of normal sections. The cosine of the angle at which they cut when the teim is 
bent is (0v/0^-l-0M/?y)|/=o, and this is 3 W/Sfikc. 


(iv) The normal sections do not remain plane, but !ire distorted into curved surfaces. 
A line of particles which, in the unstressed state, is vertical lieconies a curved lino, of 



which the equation is determined by the expression for n as a function of y when .r is 
constant. This equation is of the form 

M«ay4■/9!y^ 

and the corresponding displacement consists of a part ay whicii does not alter the planeiieM.*^ 
of the section combined with a ^mrt which does. If we construct the curve J?=»/3y2 and place 
it with its origin (a:=0, ys«0) on the strained centraMinc, and its tangent at the origin along 
the tangent to the line of particles which, in the unstressed state, is vertical, the curve will 
be the locus of these particles in the strained state. 

Pig. lA shows the form into which an initially vertical filament is l>ent and the relative 
situation of the central tangent of this line and the normal of the strained (jentral-line. 
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96. Equations referred to orthogonal curvilinear coordinates. 

The equations such as (21) expressed in terms of dilatation and rotation 
can be transformed immediately by noticing the vectorial character of the 

terms. In fact the terms ^ be read as “the gradient of A,” 

and then the equations (22) may be read 

(A. + 2/i) (gradient of A) - 2/a (curl of w) 

+ p (body force) = p (acceleration), (47) 

where or stands temporarily for the rotation (®*, Vy, -sr,), and the factors 
such as A + 2/a are scalar. 

Now the gradient of A is the vector of which the component, in any 
direction, is the rate of increase of A per unit of length in that direction j 
.and the components of this vector, in the directions of the normals to three 
orthogonal surfaces a, y (Article 19), are accordingly 

, aA 3A , aA 
’aa ^a^’ 

We have already transformed the operation curl, and the components of 
rotation, as well as the dilatation (Article 21); and we may therefore regard 
A and as known in terms of the displacement. The equation (47) 

is then equivalent to three of the form 


(A + 2fi) hi 



where h\, Fy are, as in Article 58, the components of the body force in 
tlie directions of the normals to the three surfaces. 


97. Polar coordinates. 

As an example of the oquatioiw (48) we may show tliat the equations of equilibrium 
under no body forces when referred to jK)lar coordinates take the forms 

+ 2/i) sin « - 2,i (rw* sm e)|- = 0, 

- -0d1 =0- -(^9) 

(X + 2ja) r sin (W* sin 6) - = 0. J 

We may show also that the radial comiK>nent8 of displacement and rotation and the dilata- 
tion satisfy the equations 

{nir) 4- (X 4- m) ^ 

^ut thiit some solutions of these equations correspond with states of stress th&t would 
*'«quire body force for their maintenance*. 

* Miohell, Lotidon Math, Soc. Proc„ vol. 32 (1901), p. 24. 
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98. Radial displacement*. 

The simplest applications of polar coordinates relate to problems involving purely radial 
displacements. We suppose that the displacements u», vanish, and we write U in place 
of «r. Then we find from the formulae of Articles 22 and 96 the following results : 

(i) The strain-components are given by 
dU U 

Pr ’ **«=**♦= es*=e*,=e,<-.0. 


(ii) The dilatation and rotation are given by 

dU .^U 




w»=^Wift=0. 


(iii) The stress-components are given by 

rr=(X-4-2/i) ^ -h2X ^ +2 (X4-/i) ^^ = ^r=r^*=0. 

(iv) The general equation of equilibrium, under radial body force is 

(v) If /2=0, the complete primitive of the equation just written is 

where A and B are arbitrary constants. The first term corresponds with the problem of 
compression by uniform normal pressure [Article 70 Q/)]. The complete primitive cannot 
represent a displacement in a solid body containing the origin of r. The origin must either 
be outside the body or inside a cavity within the body. 


(vi) The solution in (v) may be adapted to the case of a shell bounded by concentric 
spherical surfaces, and held strained by internal and external pressure. We must have 


(\-»-2^)|?+2X-?- 


(-Pq when r^ro, 
(— when r=ri, 


where jOo the pressure at the external boundary and is 

iiiternal boundary (r«ri). We should find 

rr Piri^-Poro^ , 1 roWipi-pa) 1 

3X-f2^ V-i ifi r2* 


the pressure at the 


The radial pressiire at any point is 


ri* ^ r® — ri^ 

and the tension in any direction at right angles to the radius is 

1 ri®ro®+2r® I ro® 2r®4-ri® 
2^*7 ro^-r{3~ r.a-r,’’ 


In case the greatest tension is the superficial tension at the inner surface, of amount 
iPi (^o^+2ri®)/(ro®-ri®) ; and the greatest extension is the extension at right angles to the 
radius at the inner surface, of amount 


V - ri® \3X -f 2/i Afi) 


* Most of the results given in this Article are doe to Lam4, Lemons $uf la thiorie,.,de V^lafti- 
eiti, Fans 1852. 
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r iJw *** ^neral eqmition of (iv) A- -grjr^, where g is constant, the sur&ce 
r—ro IS free from traction, and the sphere is complete up to the centre, we find 

i7= - i- ■y^*‘o** /' SX+Sm _ »f\ 

10 X+2p \3X 4-2p r^) ‘ 

This corrMponds with the problem of a sphere held strained by the mutual grevitation 
of Its p^ It IS noteworthy that the radial strain is contiJtion within the sSace 
r— i(3~o‘)/(3+3or)}, but it is extevuion outside this surface. 

The application of this result to the case of the Earth is beset by the serious difficulty 
which has been pointed out in Article 75. ^ 


99. Displacement symmetrical about an awia 

The conditions that the displacement may take place in planes through 
an axis, and be the same in all such planes, would be expressed, by reference 
to cylindrical coordinates r, Q, z, by the equations 

= 0 , duridd = dugidd = 0 . 

It will be convenient to write U for and w for u,. The strain-components 
are then expressed by the equations 


du 

dr' 

dU dw 


U dw 

-r' = 

Cr» = ete^ 0. 


( 50 ) 


The cubical dilatation and the rotation are expressed by the equations 
dll U dw . dU dw 


A = 


dr 


U dw 




ds dr ' 


Wrr = tTg=i 0. 


.( 51 ) 


It will be convenient to write w for The equations of motion in terms of 
displacements take the forms 


(X + 2^)^ + 2M^ + fiK- fi/r, 

(X + 2^)lf-^^(r.) + pF, - pf , ; 

and the stress-equations of equilibrium take the forms 


( 52 ) 


drr ^z 
dr ^ dz ^ 


rr — 60 


+ pFr = 0, 


drz dzz 
dr ^ dz ^ 



«0. 


.( 53 ) 


In case td»ex, where e is constant, and dUjdz^Q, we have a state of plane 
^•^in, with an uniform longitudinal extension superposed. In this case 

* 0. In case zi, rz, Fg vanish, we have a state of plane stress. 
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100. Tube under pressure. 

In the case of plane strain, under no body forces, the displacement U 
satisfies the equation 

<^> 


of which the complete primitive is of the form 

U = Ar-{-Bjr (55) 

We may adapt this solution to the problem of a cylindrical tube under 
internal and external pressure, and we may allow for an uniform longitu(|inal 
extension e. With a notation similar to that in (vi) of Article 98, we should\find 
for the stress-components ^ 

-- _ p, - Po nW 

f*T ~ 

y, 2 yJi 


M 4. P^ ~'P^ • ( 56 ) 

\ {S\ + 2fi)fi 

\ -h /Lt — rr A. + /u 

and for the constants A and B in (55) 

. ^ Pin'' - Po^L 

2(X + /£)(ro^-nO 2(X + /4r 2j,{r7^r/) 

The constant e may be adjusted so that the length is maintained constant; 
then e==0, and there is longitudinal tension zz of amount 

Pin^ ~Pon^ 

It may also be adjusted so that there is no longitudinal tension; then zz-0 
and 

_ ^(Pin'‘-pon*) 

M(:U + 2M)”(ro*~/Vr 

When Po vanishes, and e is not too great, the greatest tension is the circum- 
ferential tension, 06, at the inner surface, r «= r,, and its amount is 

Pi (n* + n*)/(ro»-rj®). 

The greatest extension is the circumferential extension, at the same 
surface. 

If a closed cylindrical vessel is under internal pressure p, and external 

pressure po, the resultant tension tt (ro* — r|*) zz must balance the resultant 
pressure on the ends, and we must therefore have the equation 

^ (n* - r,*) zz^sfjr (r/p, - n^po). 
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This equation gives for e the value* 


3X4-2/^ 




.(58) 


If we assume that the ends of the vessel are plane, and neglect the alteration 
of their shape under pressure, the volume of the vessel will be increased by 
TTVili (eTi + 2I7i), where li denotes the length of the inside of the cylinder, and 
Ui is the value of O’ at r = ri. With the above value of e this is 
3 




, I {pi-po)ro^ 


[_3\ 4 2fi 


.(59) 


In like manner, if we denote by the length of the outside of the cylinder, 
and neglect the change of volume of the ends, the volume within the external 
boundary of the vessel will be increased by 




:1X 4“ 2/1 r, - rj- /i ?V - rf 


.(60) 


The quantity differs from by the sum of the thicknesses of the ends. 
in the case of a long cylinder this difference is unimportant. The constant 
]/(3X 4- 2/i) is Ijk, the reciprocal of the modulus of compression. When the 
iifference between Iq and is neglected, the result accords with a more general 
Tsiilt’^, which can be proved for a closed vessel of any form under internal 
ind external pressure, viz. if Vi and are the internal and external volumes in 
the unstressed state, then Fj is increased by the amount (piFi — Po^o)/^’, 
when internal and external pressures puPa are applied. In obtaining the 
results (59) and (60) we have not taken proper account of the action of the 
fmds of the cylinder, for we have assumed that these ends are stretched in 
their own planes so as to fit the distended cylinder, and we have neglected 
the changes of shape and volume of the ends; further, we have supposed that* 
the action of the ends upon the walls of the vessel is equivalent to a tension 
uniformly distributed over the thickness of the walls. The results will 
provide a good approximation if the length of the cylinder is gi'eat in com- 
parison with its radii and if the walls are very thin. 


101. Application to gun-construction. 

In equations (56), the 8tress-eom[X)nenta rr and B6 are expressed by formulse of the type 

ee=A+^, 

''here A and B are constants. These constants are determined by the internal and 
external jiressurea. We have therefore a solution of the stress^equations in a tube under 

The problem has been discussed by numerous writers iooluding Lam^, he. ciu Ante p. 142. 
It is important in the theory of the piezometer. Cf. Poyoting end Thomson, Propertiet of Matter, 
hondon 1902, p. H6. The fact that « depends on k (=\+h>) °*het elastic con- 

't»nt has been utilized lor the determination of k by A. Mallock, London, Roy. Soc, Proe., vol 74 
(1904). 

t See Chapter 
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intenud and external preesui^ which is applicable in other cases besides the case where 
the material would, in the absence of the pressures, be in the unstressed state. The 
solution has been taken to be applicable to states of Initial stress, and has been applied to 
the theory of the construction of cannon*. Cannon are sometimes constructed in the 
form of a series of tubes, each tube being heated so that it can slip over the next interior 
tube; the outer tube contracts by cooling and exerts pressure on the inner. Cannon so 
constructed have been found to be stronger than single tubes of the same thickness. If, for 
example, we take the case of two tubes between which there is a pressure P, and suppose 
/ to be the radius of the common surface, the initial stress may be taken to be given by 
the equations 


rr^^P 


and 


-P 


r*-r,a 




r* fj' 


(r'>r>ri). 


The additional stress when the compound tube is subjected to internal pressure p may be\ 
taken to be given by the equations 




rr 




B3*-p 


!!l! ^0^**"^** 


The diminution of the hoop tension BB at the inner surface may be taken as an index 
of the increased strength of the compound tube. 


102. Rotating cylinder f. 


An example of equations of motion is afforded by a rotating cylinder. In equations (52) 
we have to put fr^ -wV, where w is the angular velocity. 

The equations for the displacements are 


mth 


the conditions 


r 

. dw\ , 0 fdU 

0W\ 

dr)’‘~ 

»*pr, 


, 0ir\ 0 fdU 

dw\ u 

^cr 

+ 7 

^ dg) \0r "" 

di-Jr 


rr 

asrraaO when fsea 

it 

o 



rstmzgmO when ±4 




( 61 ) 


The cylindrical bounding surface is here taken to be and it is supposed that there is 
an axle-hole given by r^a' ; the terminal sections are taken to be given by s» ±f, so that 
the cylinder is a shsit of length 21, or a disk of thickness 21. 

Case (a). Rotating shaft. 

An approximate solution can be obtained in the case of a long shaft, by treating the 
problem as one of plane strain, with an aliowance for uniform longitudinal extension, e. 
We regard the cylinder as complete, i.e. without an axle-hole ; and then the approximate 
solution satisfies the equations 

rzm^O throughout, 

V 

rr«»0 when r*a, 


« A a Oxsasliill, Natnre, vol. 42 (1890). Cf. Bcdtsmaim, Wim BeHehSs, Bd. 59 (1870). 
t 8^gsi;pmhg0.ChteeinCamlMdgePHL8oe,Proe»,Tol.7(IM2),pp,20l,2BB* Thepmbl^ 
had been dlseossed prsvionsly by several writers among whom Maxwell (he. eit. Article 57)# snd 
Hc|ldiison» Mmsmget of Moth. (Set. 2), voi 2 (1871), may be mmitioiied. 
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but it does not satisfy «=0 when +Z. The uniform longitudinal extension « can be 
adjusted so that the tractions zz on the ends shall have no statical resultant, i.e. 

fa^ 

I ZZrdfssQ; 

J 0 

and then the solution represents the state of the shaft with sufficient exactness over the 
greater part of the length, but is defective near the ends. [Cf. Article 89.] 

We shall state the results in terms of E and a. We should find 



where the constants A and e are given by the equations 



The stress-components are given by the equations 

8 1— cr 8\l-(r l-cr/i 

^ o)2p {d^ ~ 2r2) <T 

«= 4 

Instead of making the resultant longitudinal tension vanish, we might suppose that 
the tension is adjusted so that the length is maintained constant. Then we should have 

. . . ®V'(3~2er)(l+(T)(l-2cr). 

«-0, i — ^ ^ ; (65) 

the first two of equations (64) would still hold, and the longitudinal tension would be given 
liy the equation 

- a.*p{(3-2<r)a*-2r»} a 

i (66) 


Case (b). Rotating disk. 

An approximate solution can be obtained in the case of a thin disk, by treating 
the problem as one of plane stress. If the disk is complete, the approximate solution 

satisfies the equations zz « 0, rz =0 throughout, so that the plane faces of the disk are fr^ 
from tradition ; but it does not satisfy the condition n*«0 when r^a. Instead of this it 
wakes j rrdz vanish at r«a, so that the resultant radial tension on any portion of the 

rim between the two plane faces vanishes* ; and it represents the state of the disk in the 
parts that ar<^ not too near the edge. 

In this case T, a.s a function of ?*, satisfies the equation 


4p(x-f-p) £ /?r r\ _ ^ 
x+2p 


w-pr ; 


and we also have 


dw X 

dz X+2p 

from which we may deduce the equation 




fr’ 


Hr 


(^V ^ Xa^pr 

4p (X+p) 


,(67) 

.( 68 ) 

.(69) 


* A imall 8nppl«me&taty dupltoament eorrespouding with tnetion - rr at th« «dge (urfww and 
tnetion ot«r the pUne faoos would be roqoired for the oomplete wlntion of the problem. Sm 
« paper by F. FutBer in Dublin, R. Irith Aead. ZVani., vol. 32 (1902). 
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f* 

These equations, with the condition that j rrcfc vanishes when rao, determine U 

and IP, apart firom a displacement which would be possible in a rigid body; and we may 
impose the conditions that 17 and in vanish at the origin (r-0, s»0), and that 2ar, which 
is equal to dUlbz-dwIdr, also vanishes there. We should then find that 17, w are given by 
the equations 

£7= ^(1 -<r) {(3+ff) a* - (1 +a) r>} + (1 +.r) (P- 3*>), ] 


.(70) 


w= ~ ^^<r{(3+<»')®*~2(l+<r)r^}— ^ ’ 

from these equations we should deduce the following expressions for the streBS-c(|m> 
ponents: 

When tbei'e is a circular axle-hole of radius a' we have the additional condition that 
rrefossO when r=a', but now the displacement may involve terms which would be infinite 


.(71)' 


fJ 


at the axis. We should obtain the complete solution by adding to the above expressions for 
V and w terms U* and w/, given by the equations 




«7=- ^^(3+a)a^ 


.(72) 


and these displacements correspond with additional stresses given by the equations 

!4(3+,) («•.- ^ , ». * (3+.) (.- + ^; («) 

these are to be added to the expressions given in (71) for rr and 66, 



CHAPTER VI 

EQUILIBRIUM OF ^OLOTROPIC ELASTIC SOLID BODIES 

103. Symmetry of structure. 

The dependence of the stress-strain relations (25) of Article 72 upon the 
directions of the axes of reference has been pointed out in Article 68. The 
relations are simplified when the material exhibits certain kinds of symmetry, 
and the axes of reference are suitably chosen. It is necessary to explain 
the geometrical characters of the kinds of symmetry that are observed in 
various materials. The nature of the seolotropy of the material is not 
completely determined by its elastic behaviour alone. The material may 
be aeolotropic in regard to other physical actions, e.g. the refraction of light. 
If, in an aeolotropic body, two lines can be found, relatively to which all the 
physical characters of the material are the same, such lines are said to be 
“equivalent.” Different materials may be distinguished by the distributions 
in them of equivalent lines. For the present, we shall confine our attention 
to the case of homogeneous materials, for which parallel lines in like senses 
are equivalent; and we have then to consider the distribution of equivalent 
lines meeting in a point. For some purposes it is important to observe that 
oppositely directed lines are not always equivalent. When certain crystals are 
undergoing changes of temperature, opposite ends of particular axes become 
oppositely electrified; this is the phenomenon of pyro-electricity. When 
certain crystals are compressed between parallel planes, which are at right 
angles to particular axes, opposite ends of these axes become oppositely 
electrified; this is the phenomenon of piezo-electricity*. We accordingly 
consider the properties of a material relative to rays or directions of lines going 
out from a point ; and we determine the nature of the symmetry of a material 
by the distribution in it of equivalent directions. A figure made up of a 
set of equivalent directions is a geometrical figure exhibiting some kind of 
symmetry. 

104. Geometrical symmetry f. 

When a surface of revolution is turned through any angle about the axis 
of revolution, the position of every point, which is on the surface but not on 
the axis, is changed; but the position of the figure as a whole is unchanged. 

* For an outline of the main facts in regard to pyro- and piezo-electrioity the reader may con- 
salt Maeoart, Lejons mr VtUctrieiU et U magnilime, 1 . 1, Paris, 1896, or Liebisoh, PhydikaHtcht 
^'VUUographie, Leipzig, 1891. 

t The facto are stated in greater detail and the necessary proofs are given by Sehoenflies, 
und Krp$taUitruetur, Leipzig, 1891. Reference may also be made to H. Hilton, 
^•Khemtieal CryttaUognphy and thi Theory of Qtoupt of Movements, Oxford, 1998. 
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In other words, the surface can be made to coincide with itself, after an 
operation which changes the positions of some of its points. Any geometrical 
figure which can be brought to coincidence with itself, by an operation which 
changes the position of any of its points, is said to possess “symmetry.” The 
operations in question are known as “covering operations”; and a figure, 
which is brought to coincidence with itself by any such operation, is said to 
“allow” the operation. The possible covering operations include (1) rotation, 
either through a definite angle or through any angle whatever, about an axis, 
(2) reflexion in a plane. A figure, which allows a rotation about an axis, is 
said to possess an “axis of symmetry”; a figure, which allows reflexion in a 
plane, is said to possess a “plane of symmetry.” ( 

It can be shown that every covering operation, which is neither a rotatio^ 
about an axis nor a reflexion in a plane, is equivalent to a combination of such 
operations. Of such combinations one is specially important. It consists of 
a rotation about an axis combined with a reflexion in the perpendicular plane. 
As an example, consider an ellipsoid of semiaxes a, 6, c; and suppose that it 
is cut in half along the plane (a, 6), and thereafter let one half be rotated, 
relatively to the other, through ^tt about the axis (c). The ellipsoid allows a 
rotation of amount tt about each principal axis, and also allows a reflexion 
in each principal plane; the solid formed from the ellipsoid in the manner 
explained allows a rotation of amount about the c axis, combined with a 
reflexion in the perpendicular plane, but does not allow either the rotation 
alone or the reflexion alone. A figure which allows the operation of rotation 
about an axis combined with reflexion in a perpendicular plane is said to 
possess an “axis of alternating symmetry.” 

A special case of the operation just described arises when the angle of 
rotation about the axis of alternating symmetry is tt. The effect of the opera- 
tion, consisting of this rotation and reflexion in a perpendicular plane, is to 
replace every ray going out from a point by the opposite ray. This operation 
is known as “central perversion,” and the direction of the corresponding axis 
of alternating symmetry is arbitrary; a figure which allows this operation is 
said to possess a “centre of symmetry.” 

It can be shown that the effect of any two, or more, c^overing operations, 
performed successively, in any order, is either the same as the effect of a 
single covering operation, or else the first and last positions of every point of 
the figure are identical. We include the latter case in the former by intro- 
ducing the “identical operation” as a covering operation; it is the operation 
of not moving any point. With this convention the above statement may be 
expressed in the form : — The covering operations allowed by any symmetrical 
figure form a group. 

With eveiy covering operation there corresponds an orthogonal linear 
transformation of coordinates. When the operation is a rotation about an 
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axis, the determinant of the transformation is -h 1 ; for any other covering 
operation, the determinant is — 1. All the transformations, that correspond 
with covering operations allowed by the same figure, form a group of liueoLT 
substitutions. 

105. Elastic symmetry. 

In an isotropic elastic solid all rays going out from a point are equivalent. 
If an BBolotropic elastic solid shows any kind of symmetry, some equivalent 
directions can be found; and the figure formed with them is a symmetrical 
figure, which allows all the covering operations of a certain group. With this 
group of operations, there corresponds a group of orthogonal linear substitu- 
tions; and the strain-energy- function is unaltered by all the substitutions of 
this group. The effect of any such substitution is that the components of strain, 
referred to the new coordinates, are linear functions of the components of 
strain, referred to the old coordinates. It will be convenient to determine the 
relations between elastic constants, which must be satisfied if the strain-energy- 
function is unaltered, when the strain-components are transformed according 
to such a substitution. 

Let the coordinates be transformed according to the orthogonal scheme 



X 

y 

z 


h 

??ji 

7ll 


h 

* i 

m2 

7?2 

Z 

h 

; ^^3 

'^3 


We know from Article 12 that the components of strain are transformed 
according to forraute of the types 

^x'x' ~ ^xx^\ d" Syy 7)1^ 4" 4" €yj[7ni Til ^z^Ui li 4" ^xy^i Ut \ , ] 

= "iiexxkh-^eyyfThm^ 4- €^n^ih)’¥eyz{m^n^ 4- m^n^) 4- > ...(1) 

If the material possesses, at each point, a centre of symmetry, a figure 
consisting of equivalent rays going out from the point allows the operation of 
central perversion. The corresponding substitution is given by the equations 

X X, y' = y, z* 

This substitution does not affect any component of strain, and we may conclude 
that the elastic behaviour of a material is in no way dependent upon the 
presence or absence of central symmetry. The absence of such symmetry in 
^ niaterial could not be detected by experiments on the relation between 
stress and strain. 
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It remains to determine the conditions which must hold if the strain-energy- 
function is unaltered, when the strain-components are transformed by the 
substitutions that correspond with the following operations: — (1) reflexion 
in a plane, (2) rotation about an axis, (3) rotation about an axis combined 
with reflexion in the plane at right angles to the axis. We shall take the 
plane of symmetry to be the plane of x, y, and the axis of symmetry, or of 
alternating symmetry, to be the axis of z. The angle of rotation will be taken 
to be a given angle 6, which will not in the first instance be thought of as 
subject to any restrictions. 

The conditions that the strain-energy-function may be unaltered, by any of 
the substitutions to be considered, are obtained by substituting for Ca.v» 
in the form CnC**'*' + . - , their values in terms of c**, and equating the 
coeflBcients of the several tenns to their coeflBcients in the form Cu^gx + .... 

The substitution which corresponds with reflexion in the plane of (x, y) is 
given by the equations 

X ^x, = / = 

and the formulae connecting the components of strain referred to the two 
systems of axes are 

^yy* 

^yz > f • 

The conditions that the strain-energy-function may be unaltered by this 
substitution are 

Cl4 * ^15 = C.24 = C 2 # = Cs4 =* Cj6 = = Cm = 0 (2) 

The substitution which corresponds with rotation through an angle 6 about 

the axis of z is given by the equations 

« 

a?' = a;co8^ 4-ysin^, — a;sin^ H-y cos z ^z\ (3) 

and the formulae that connect the components of strain referred to the two 
systems of axes are 

cos* ^ % sin* sin 6 cos 6, 

sin* 0 cos* d — exy sin 6 cos 6, 

Hz *»Sy,co8^-ettcSin 
Hzi “^yfSin^-hSjRrCOS^, 

an — 26 «p sin cos ^ 2eyy sin cos ^ f (cos* ^ - sin* 0). ) 

The algebruc work required to determine the conditions that the strain-energy -function 
may be unaltered by this substitution is more complicated than in the cases of central 
perversion and refieiion in a plane. The equations fall into sets connecting a small 
number of coefficients, and the relations between the coefficients involved in a set of 
equations can be obtained without much difficulty. We proceed to sketch the process. 
We have tiie set of equations 
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<*11 “ ^ + 2C|j sin* ooB* + Cjj sin* — 4ci j cos* sin — 4cj(( sin* cos + 4C(|(( sin* cos* 

Cm - On sin* fl + 2ois sin* cos* +Cj2 cos* + 4c,g sin* cos ^ + 4c*, cos* sin + 4 cm sin* cos* 

c„ «= Cl, sin* cos* + c, (cos* « + sin* fl) + cjj sin* cos* + 2 (c,, - c*,) sin cos (cos* B - sin* ) 
-4c66Bin*dcos*d, 

Cm -<*11 sin* cos* tf - 2c,* sin* cos* « + c** sin* ^ cos* + 2 (c,* - c*,) sin cos (cos* B - sin* B) 

+ Cm (cos* B — sin* )*, 

c,e = c„ cos* ^ sin - c,* sin cos 0 (cos* (9 - sin* ) - c** si n* cos + c„ cos* B (cos* B -3 sin* B) 
+ c*g sin* B (3 cos* B - sin* ^ ) - 2 cm sin cos B (cos* B - sin* B), 

c*e - «ii sin* cos + c,, sin cos (cos* - sin* ^ ) - c** cos* sin + c,* sin* B (3 cos* B - sin* B) 
+ Cm cos* B (cos* B~Z sin* B) + 2cm sin BcoaB (cos* B - sin* B). 

The equations in this set are not independent, as is seen by adding the first four. We form 
the following combinations : 

c,fl+CM«(c„ -Cm) sin B cos d+(cie+CM) (cos* d-sin* d), 

<^n ~ <’«“(<’,i — Cm) (<30s* d - sin* d) - 4 (Cjg + cm) sin d cos d, 
from which it follows that, unless sin d=0, we must have 

^20 ~ 

When we use these results in any of the fii-st four equations of the set of six we find 
(fn - cia - 2cn) sin^ d cos* ^ + 2c, e sin B cos B (cos* B - sin* B) * 0, 
and when we use them in either of the last two equations of the same set we find 
— 8c,(, sin* B cos* B + (c,, - 0,2 — 2co6) sin B cos B (cos* B — sin* B) ssO ; 
and it follows that, if neither sin B nor cos B vanishes, w’e must have 

= i (C|i — Cja), Ci(j = 0. 

Again we have the set of equations 

Ci3 = c,3 cos* ^ + C23 sin* B — 2030 si n ^ cos Bj 
C23= c,3 sin* ^ + C23 cos* B -f 2c36 sin B cos B^ 

Cae ■» (Ci3 - C23) sin B cos ^ -f C36 (cos* B - sin* B ) ; 
from which it follows that, unless sin ^«0, we must have 

Cj3«C23, C3o=0, 

In like manner we have the set of equations 

C44 C44 cos* B-\-c^ sin* B + 2C43 sin B cos B^ 

C66—C44 sin* ^+Cft5 COS* B ~ 2c4/j sin B cos 
<?45 • -* (<^44 - Cy,) sin 6 COS B 4- C45 (cos* B - sin* B ) ; 
from which it follows that, unless sin we must have 

<^44*<^»> C46»»0. 

In like manner we have the set of equations 

C34 w C34 cos ^ -f C36 sin 

-Caisin d+csscosd; 

Ifoin which it follows, since cos that we must have 
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Finally we have the set of equations 

cu«BCu cos* 0i5 cos* ^ sin ^+084 sin* ^ cos ^+035 sin* $ - 2c4e cos* $ sin B - SScfte^in* ^ cos 

<?i5* - Cj4 cos*^ sin c^cos* ^ -^^4 sin* B-¥c2b sin * B cos 2(J46 sin* Boos 2<^cos* B sin B^ 
ca4* Ci4 sin* d cos ^ + Ci5 sin* ^+034 cos* ^+025 cos* ^ sin ^ + 2c4fl cos* B sin 2 om sin* B cos B, 

C2^tm -<?j4 sin* + 4 * 16 sin* ^ cos ^ - 0^4 cos* B sin B-hC2s cos* B- 2^46 sin* B cos ^+2c6eC08* ^ sin ^ 
C46 = Cj4 COS* ^ sin d + Ci6 sin* ^ cos ^ - C24 cos* ^ sin ^ - C25 sin* B 00s B 
+ (c46 cos ^ + Cm sin B) (cos* B — sin* B\ 

Cfie«= ~ Ci4 sin* B cos B-^Cu cos* B sin B+c^ sin* ^ cos ^ ~ C25 cos* B sin B 
— (C4e sin ^ ~ Cm cos (cos* B - sin* B), 

From these we form the combinations 

Ci4 + C24 * (Ci4 -f C24) COS B + (Ci 6 + C26) sin B, 

C16 + C26 « - (ci4 + C24) sin B + (ci 6 + (?26) cos B ; 
and it follows, since cos that we must have 

Cl 4 -t“C 24 s= 0 , Cj 4 -|-C 26 == 0 . 

Assuming these results, we form the combinations 

(ci4 - Cm) = (cu ~ Cm) cos B - (c^ + c^) sin B, 

(ci6 + C46) « (c,4 - Cm) sin ^ -f (c,5 -f C46) cos B ; 
from which it follows that 

Ci 4 *Cm, Ci5*s--C4e. 

Assuming these results, we express all the coefficients in the above set of equations in 
terms of and Cm, and the equations are equivalent to two : 

C46 (1 ~ cos* d + 3 sin* B cos B) Cm (3 cos* d sin d — sin* *« 0 , 

C 40^(3 cos* d sin d - sin* d) 4 - Cm (1 - cos* d 4 * 3 sin* B cos B) « 0 . 

The condition that these may be compatible is found to reduce to (1 - cos d) (1 4 2 cos d)* **0; 
so that, unless cos we must have 

, C 46 «Cm = 0 . 

We have thus found that, if the strain-energy-function is unaltered by a 
substitution which corresponds with rotation about the axis z, through any 


angle other than tt, Jtt, ^tt, the following coefficients must vanish: 

pj8> ^ 46 > C44, Cj4, C24, C16, C25, Cj4, Cwj ( 5 ) 

and the following equations must hold among the remaining coefficients: 

Cji = C22, Ci 3 = C28, C44 = Cm, Cm * J (Cn — C12) ( 6 ) 

When the angle of rotation is w, the following coefficients vanish: 

Ci4, Cm, Ci5, C 26 , Cm, Cm, Cm, Cj#; (7) 

no relations between the remaining coefficients are involved. When the angle 
of rotation is Jw, the following coefficients vanish: 

^401 Cm, C 45 , C|4, Cm, Cm, Cm, Cm, Cm} •.*•••*••( 8 ) 

and the following aquations connect the remaining coeflSoients: 

Cii*Cm, Ci2>"tCM» C44 *Cm, Cm**~<^« •••••••••••••••(8) 



106-107 ON STEAIN-ENBEOY-FUNCTION 166 

When the ang^le of rotation is Jir, the following coefficients vanish: 

O45) ^859 

and the following equations connect the remaining coefficients: 

Cii-Caa, Cia — Cas, 044*= C56, Cee a J(Cii - Cm), ) 

Cu* — C* 4 aC 6 e, — C16 a Cjs a C4G. ) ^ ^ 

In like manner, when the axis of z is an axis of alternating S 3 rmmetry, and 
the angle of rotation is not one of the angles tt, ^tt, Jtt, the same coefficients 
vanish as in the general case of an axis of symmetry, and the same relations 
connect the remaining coefficients. When the angle is tt, we have the case of 
central perversion, which has been discussed already. When the angle is ^tt, 
the results are the same as for direct symmetry. When the angle is Jtt, the 
results are the same as for an axis of direct symmetry with angle of rotation § 7 r. 

106. Isotropic solid. 

In the case of an isotropic solid every plane is a plane of symmetry, and 
every axis is an axis of symmetry, and the corresponding rotation may be of 
any amount. The following coefficients must vanish : 

^ 14 » ^ 34 > ^ 25 > ^ 28 » ^ 34 > ^ 36 > ^ 46 » ^ 86 > •••( 12 ) 

and the following relations must hold between the remaining coefficients: 

^11 ~ ^22 “ ^ 38 > ^23 ~ “ ^12, C44 ~ C55 == Cfig ~ J (Cij — C12) *( 13 ) 

Thus the strain-energy-function is reduced to the form 

i C12 {B^xx “h ^\y + “h C12 ifiyy^zz "h "h ^awc^yy) 

"h i (^11 “ ^12) ^ ^ (I^) 

which is the same as that obtained in Article 68. • 

107. Symmetry of crystals. 

Among aeolotropic materials, some of the most important are recognized as 
crystalline. The structural symmetries of crystalline materials have been 
studied chiefly by examining the shapes of the crystals. This examination 
has led to the construction, in each case, of a figure, bounded by planes, and 
having the same symmetry as is possessed in common by the figures of all 
crystals, formed naturally in the crystallization of a material. The figure in 
question is the “crystallographic form” corresponding with the material. 

F. Neumann* propounded a fundamental principle in regard to the physical 
behaviour of crystalline materials. It may be stated as follows: — Any kind of 
symmetry, which is possessed by the crystallographic form of a material, is 
possessed by the material in respect of every physical quality. In other words 

* Sss hit Vifrliiwuffin ilber dii ThzcfU dif EloiticitUtt Xitlpsdg, 1685. 
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we may say that a figure consisting of a system of rays, going out from a 
point, and having the same symmetry as the crystallographic form, is a set of 
equivalent rays for the material. The law is an induction from experience, 
and the evidence for it consists partly in a posteriori verifications. 

It is to be noted that a crystal may, and generally does, possess, in respect of some 
physical qualities, kinds of symmetry which are not possessed by the crystallographic 
form. For example, cubic crystals are optically isotropic. Other examples are aflforded by 
results obtained in Article 105. 

The lawi of the symmetry of crystals are laws which have been observed to be obeyed by 
crystallographic forms. They may be expressed most simply in terms of equivalent ra;|^s, 
as follows : 

(1) The number of rays, equivalent to a chosen ray, is finite. 

(2) The number of rays, equivalent to a chosen ray, is, in general, the same for a^l 
positions of the chosen ray. We take this number to be 1, so that there is a set of iir 
equivalent rays. For special positions, e.g. when one of the rays is an axis of symmetry, 
the number of rays in a set of equivalent rays can be less than N. 

(3) A figure, formed of N equivalent rays, is a symmetrical figure, allowing all the 
covering oi>erations of a certain group. By these operations, the N equivalent rays are 
interchanged, so that each ray comes at least once into the position of any equivalent ray. 
Any figure formed of equivalent rays allows all the covering operations of the same group. 

(4) When a figure, formed of N equivalent rays, possesses an axis of symmetry, or 
an axis of alternating symmetry, the corresi)onding angle of i*otation is one of the angles 
"•i §"■, iw*. 

It can be shown that there are 32 groups of covering operations, and no more, which 
obey the laws of the symmetry of crystals. With each of these groups there corresponds a 
class of crystals. The strain-energy-function corresponding with each class may be written 
down by making use of the results of Article 105 ; but each of the forms which the function 
can take corresponds with more than one class of crystals. It is necessary to describe briefly 
the symmetries of the classes. For this purjKJse we shall now introduce a few definitions 
and geometrical theorems relating to axes of symmetry : 

The angle of rotation about an axis of symmetry, or of alternating symmetry, is 27r/w, 
where n is one of the numbers : 2, 3, 4, 6, The axis is described as “ n-gonal.” For n = 2, 3, 4, C 
respectively, the axis is described as ‘‘digonal,” ‘‘trigonal,” “tetragonal,” “hexagonal.” 
Unless otherwise stated it is to be understood that the w-gonal axis is an axis of symmetry, 
not of alternating symmetry. 

The existence of a digonal axis, at right angles to an w-gonal axis, implies the existence 
of n such axes ; e.g. if the axis z is tetragonal, and the axis a: digonal, then the axis y and 
the lines that bisect the angles between the axes of x and y also are digonal axes. 

The existence of a plane of symmetiy, pa.s8ing through an «-gonal axis, implies the 
existence of n such planes; e.g. if the axis z is digonal, and the plane .r=0 is a plane of 
symmetry, then the plane also is a plane of symmetry. 

If the n-gonal axis is an axis of alternating symmetry, the two results just stated still 
hold if n is uneven ; but, if n is even, the number of axes or planes implied is in. 


* The reetriotion to these angles is the expression of the “ law of rational indices.” 
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108 . ClasBifioation of crystals. 

The symmetries of the classes of crystals may now be described by reference to the 
groups of covering operations which correspond with them severally : 

One group consists of the identical operation alone ; the corresponding figure has no 
symmetry ; it will be described as “asymmetric.” The identical operation is one of the 
operations contained in all the groups. A second group contains, besides the identical 
operation, the operation of central perversion only ; the symmetry of the con-esponding 
figure will be descril)ed as "central.” A third group contains, besides the identical operation, 
the operation of reflexion in a plane only; the symmetry of the corresponding figure will 
be described as “equatorial.” Besides these three groups, there are 24 groups for which 
tliere is a “ principal axis” ; that is to say, every axis of symmetry, other than the principal 
axis, is at right angles to the principal axis ; and every plane of symmetiy either passes 
through the principal axis or is at right angles to that axis. The five remaining groups 
are characterized by the presence of four axes of trigonal symmetry equally inclined to one 
another, like the diagonals of a cube. 

When there is an /i-gonal principal axis, and no plane of symmetry through it, the 
symmetry is described as “w-gonal” ; in case there are digonal axes at right angles to the 
principal axis, the symmetry is further described as “holoaxial”; in case there is a plane 
of symmetry at right angles to the principal axis, the symmetry is further described as 
“equatorial”; when the symmetry is neither holoaxial nor equatorial it is further 
described as “ polar.” When there is a plane of .symmetry through the n-gonal principal 
axis, the symmetry is descritel as “ di-w-gonar* * * § ; it is further described as “equatorial” 
or “polar,” according as there is, or is not, a plane of symmetry at right angles to the 
principal axis. 

When the principal axis is an axis of alternating symmetry, the symmetry is described 
AS “di-w-gonal alternating,” or “n-gonal alternating,” according as there is, or is not, a 
plane of symmetry through the principal axis. 

The appended table shows the names* of the classes of crystals so far described, the 
symlH)lst of the corresponding groups of covering operations, and the numbers of the classes 
AS given by Voigt J. It shows also the grouping of the classes in systems and the namee^ 
of the classes as given by Lewis §. 

The remaining groups, for which there is not a principal axis, may be described by 
reference to a cube ; and the corresponding crystals are frequently called “ cubic,” or 
“ tesseral,” crystals. All such crystals possess, at any point, axes of symmetry which are 
distributed like the diagonals of a cul)e, having its centre at the point, and others, which are 
parallel to the edges of the cube. The latter may be called the “ cubic axes.” The symmetry 
about the diagonals is trigonal, so that the cubic axes are equivalent. The symmetry with 
res[)ect to the cubic axes is of one of the types pi*eviously named. There are five classes of 
cubic crystals, which may be distinguished by their symmetries with respect to these axes. 
The table shows the names of the classes (Miers, Lewis), the symbols of the corresponding 
groupH (Schoenflies), the numbers of the classes (Voigt), and the character of the symmetry 
with respect to the cubic axes. 

* The names are those adopted by H. A. Miers, Mineralogy, Oxford, 1902. 

t The symbols are those used by Schoenflies in his book KrystalUysteme und Krystallstructur* 

t Bapports pri$ent4et au Congrls International de Physique, t. 1, Paris, 1900. 

§ W. J. Lewis, Treatise on Crystallography, Cambridge, 1899, The older classification in six 
ometimes seven) “syetems” as opposed to the 82 ‘•classes” is supported by some modern 
authorities. See V. Goldschmidt, Zeitsehr, /. Krystalhgraphie, Bde. 31 and 32 (1899). 
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Hexagonal 

and 

Rhombohedral 


Tetragonal 


Name of olaas 
[Miers] 


Asymmetric 

Central 


Equatorial 
Digonal polar 
Digonal equatorial 


Digonal holoaxial 
Didigonal polar 
Didigonal equatorial 


Trigonal polar 
Trigonal holoaxial 
Trigonal equatorial 
Ditrigonal polar 
Ditrigonal equatorial 
Hexagonal polar 
Hexagonal alternating 
Hexagonal holoaxial 
Hexagonal equatorial 
Dihexagonal polar 
Dihexagonal alternating 
Dihexagonal equatorial 


Tetragonal polar 
Tetragonal alternating 
Tetragonal holoaxial 
Tetragonal equatorial 
Ditetragonal polar 
Ditetragonal alternating 
Ditetragonal equatorial 


Symbol 
of group 
[Sohoenflies] 


Number 
of class 
[Voigt] 


Name of class 
[Lewis] 





2 Anorthic I 

1 Anorthic II 


4 Oblique II 

5 Oblique I 

3 Oblique HI 


Prismatic I 
Prismatic III \ 
Prismatic II 


Rhombohedral I 
Rhombohedral IV 
Rhombohedral VI 
Rhombohedral V 
Rhombohedral VII 
Hexagonal I 
Rhombohedral II 
Hexagonal V 
Hexagonal II 
Hexagonal III 
Rhombohedral III 
Hexagonal IV 


Tetragonal III 
Tetragonal VII 
Tetragonal V 
Tetragonal IV 
Tetragonal VI 
Tetragonal I 
Tetragonal II 




Name of class 

[Mien] 

[Lewis] 

1 

tesaeral polar 

Cubic III 

tesseral holoaxial 

Cubic I 

teoeeral central 

Cubic IV 

diteaseral polar 

Cubic V 

ditOMeral central 

Cubic 11 


[Sohoenflies] 



Number 

[Voigt] 

Symmetry with respect 
to the cubic axes 

32 

digonal 

29 

tetragonal 

31 

digonal equatorial 

30 

tetragonal alternating 

28 

tetragonal equatorial 
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100. Elastioity of orystala. 

We can now put down the forms of the strain-energy-fiinction for the 
different classes of crystals. For the classes which have a principal axis we 
shall take this axis as axis of z] when there is a plane of symmetry through 
the principal axis we shall take this plane as the plane {x, z)] when there is 
no such plane of symmetry but there is a digonal axis at right angles to the 
principal axis we shall take this axis as axis of y. For the crystals of the 
cubic system we shall take the cubic axes as coordinate axes. The classes will 
be described by their group symbols as in the tables of Article 108 ; we shall 
first write down the symbol or symbols, and then the corresponding strain- 
energy-function; the omitted terms have zero coefficients, and the constants 
with different suffixes are independent. The results* are as follows: 

Groups Cl, Si — (21 constants) 

h CliCxafiyy “ 1 " C\i6xx€gz 4" Cn^xx^yz " 1 “ “h 

4- 4” ^Vt^yy^zx + ^^y^fixy 

4- 4“ Cn6zz0yz 4“ CfsBz^zx h ^86 ^zz^xy 

+ ^iA^yzfizx h 04ii6yz6xy 

h ^65^*2* h 0,6 ^zafixy 

4- 

Groups S, 0„ C ^ — (13 constants) 

jBX 4" ('li^xx^yy 4* C\%€xx^zz 4* OnBxx^xy 

4"JCtt^yy 4* 4’C26^yy^jCy 

4* 4"C36^w^ary 

4" \ C 446 * yz + 04bZyzZzx 
4- 

4“ 

Groups F, C^, F* — (9 constants) 

4" Oxz^mx^yy 4" ^iz^xx^zz 

4-^Cn6^yy 4* 

4- i Ot^u 4- i C4^^yz 4“ 4“ iCae ®* xy • 

Groups 0„ Si — (7 constants) 

4- Cxi^mx^u 4- CuSaa^y* 4- Cme^x^zm 
4* \Cll^yy 4- Ct| 6 yySa — C| 46 yySyg — 

+ JCaS*«f 4-JC44S*yz — CiBSyjSjBy 

+ JC44S*ap +Cj4S»^4-i(Cii — Oi,)«*xy 


* The retulte m due to Voigt. 
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Groups A, — (6 constants) 

" 1 “ *+“ ^^xz^zz *+■ 

“f* \^ii^yy ^n^yy^zz ^vs^yy^zx 

+ JCss ^ tz + \^i/i^yz "I” zx ““ (^u^yz^xy 

+ i(Cn-C,2)e**y. 

Groups Gs*, A^ G«, A, Ge^ Ge®, A ^ — (o constants) 

^li^xx^yy + ^u^xx^zz 
+ h^i^yy ^is^yy^zz 

+ ^ C^s^zz + yz ^^44 ^*2® + l(Cii ““ Cia) ^ *y. 

Groups G4, S4, G ^ — (7 constants) 

i<^n^“xx ('li^xx^yy + Ciz€xx^zz + Oi^Cxx^xy 

+ Oi^eyy^zz •“ Cie^J/ySajy 

i(^33^^ZZ “^" i^44^\z * 4 " i^44^%X 4 “ ^^* 6 ^ Xy 

Groups A, G/, /SV, A*— (6 constants) 

+ Ci2^xx^yy + ^i3^xx^zz ^iz^yy^zz 

+ ^044^*^^ -f ^0446*2*4- ^CeeC \y* 

Groups r, 0, r*, 0* — (3 constants) 

•JCii (^*a! 4" 6^yy 4- ^22) + Ci^ifiyyBzz 4- Czz^xx 4* ^xx^yy) 4~ ^044(6*^2 4" ^*xy)* 

110. Various types of symmetry. 

Besides the kinds of symmetry shown by crystals there are others which 
mjrit special attention. We note the following cases: 

(1) The material may possess at each point three planes of symmetry at 

right angles to each other. Taking these to be the coordinate planes the 

formula for the strain-energy-function would be 

2 = A.6^xx 4* S^yy 4* G^zz 4" ^F^y^u 4* 2G^2Z ^xx 4' ^HSxx^yy 

L^yz + M^zx"^ ^^xy (15) 

This formula contains a number of those which have been obtained for various 
classes of crystals. 

(2) The material may possess an axis of symmetry in the sense that all 
rays at right angles to this axis are equivalent. Taking the axis of symmetry 
to be the axis of z, the formula for the strain-energy-function would be 

2W^ A (fzax + «*ify) + Oe^zi 4“ 2jP(^yy 4* 4- 2 (4 - 2N) e*»^vy 

^L(^yz’¥^zx)^ N^xy (15) 

Bodies which show this kind of symmetry may be described as "transversely 
isotropic.^* It is to be noted that cubic crystals are not transversely isotropic. 
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For a cubic crystal F^QssH, £ = ilfa=i\r, but the relation 

H = A — 2N does not hold. 

(3) The material may possess symmetry of one of the kinds already 
discussed, or of some other kind, but the axes of symmetry may be directed 
differently at different points’*. In such cases we may be able to choose a 
system of orthogonal curvilinear coordinates so that the normals to the orthogonal 
surfaces at a point become lines with reference to which the strain-energy- 
function is simplified. For example, formula (15) might hold for axes a?, y, ^ 
directed along the normals to the surfaces of reference at a point, or the 
material might be transversely isotropic with reference to the normals and 
tangent planes of a family of surfaces. This kind of symmetry of structure 
may be possessed by curv^ed plates of metal. When a body possesses symmetry 
in this way it is said to possess “curvilinear aiolotropy/' 


111. Material with three orthogonal planes of symmetry. Modulnses. 

In the €<0868 where formula (15) holds, Young’s modulus E for an arbitrary direction 
(/i, 7/ii, n\) is given by the equation 


^ ^ 2m,2'7q2 ^ 2^,2 


E~ E.^'^ E-i'^ 'Fi ^ 




F. 


.(17) 


where JE’i, Ai, are the Young’s moduluses for the three principal directions, and the 
and F’s are given by such equations os 


1 


nc-F^ 


2 2(GE-^AF) 1 




\ A 11 G 

’ Fr 

A H 0 

■^U B F 


H B F 

\ a F c 


G F C 


.(18) 


This case has been discussed by Saint-Venantt. He showed that there are in general 
13 directions for which E becomes a maximum or minimum. Of these 3 are the axes of 
'.r, y, z\ 2 others lie in each of the coordinate planes between the axes, and the remaining 4 
lie one in each of tl)e trihedral angles formed by the coordinate planes. He also foimd that 
all these directions except the first three will be imaginary if Fi lies between E2 and A’s, 
Fi lies between and Eu ^nd F3 lies lietween Ei and E>, and if the 3 quantities such as 


i - iO ( A - A) (i - JO (j-r 

In the notation of this Article the rigidity for directions {L, n^) and (^3, m3, n^) is 

the reciprocal of the expression 

t [W ^ ^ ^ ^ + (1^ - j^) - j) 

{m2»3 4*^13713)* , , (^2 ^3 “b ^3^2)® 

4. 4 ^ 4 * ^ 


^ This kind ol isolotropy was noted by Saint-Venant, J» de Math* (Liouville)^ (S4r. 2), t. 10 
U865), who worked out some examples of its application. The case of a cylindrical distribution 
has been discussed by Voigt, OMtingen Naehri^ihten^ 1886. 
t See the ^Annotated Clebsob,* pp. 96 et itq* 
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The rigiditiee for the pairs of axes at right angles to the planes of symmetiy are 
A M, N. 

With the same notation we could show that the Poisson’s ratios for contractions parallel 
to the axes of y and z respectively^ when the stress is tension across the planes const., are 

for y, El (l/2ir- l/Z’s), and for 2 , Ei (l/2Jf ~ l//i) (20) 

The values for other pairs of directions can be written down without difficulty (Article 73). 
With the same notation we may show that the modulus of compression is the reciprocal of 


JTr’Tjr^t" A»'2CT«'jCT*t*jCT 

X&l ^2 ^3 


1 . 

' L 


1 

M 


N' 


.( 21 ) 


In the case of cubic crystals we may show that the value of A Young’s modulus for 
tension in direction (^, m/n), is given by the equation* 


( 22 ^ 

Provided that the coefficient of the second term is positive, JE^ is a maximum in the directions 
of the principal axes, and a minimum in the directions of lines equally inclined to the three 
principal axes ; further it is stationary without being a maximum or a minimum in the 
directions of lines bisecting the angles between two principal axes, and remains constant 
for all lines given by f±»i±w==0. 


1 12. Extension and bending of a bar. 

As examples of distributions of stress in an seolotropic solid body, we may take the 
problems of extension of a bar and bending of a bar by terminal couples. We shall suppone 
that the material has, at each j)oint, three planes of symmetry of structure, so that the 
strain>energy-function is given by the formula (15); we shall suppose also that the bar is 
of uniform section, that the axis of z is the line of centroids of its normal sections, and that 
the axes of x and y are parallel to principal axes of inertia of its normal sections, so that 
the line of centroids and the said principal axes are at right angles to planes of symmetry. 

(a) Extension, 

We suppose that all the stress<components except Z, vanish, and take Z^^ J5V, where r is 
^constant, and JE^is the Young’s modulus of the material corresponding with tension A- 

We find the displacement in the form 

vas-o-jjy, w^fZy (23) 

where cti is the Poisson’s ratio for contraction parallel to the axis of x when there is tension 
is the corresponding ratio for contraction parallel to the axis of y. 

(5) Bending by couples. 

We assume that all the stress-components vanish except Z^i^wd take A* 
where B is constant. 

We find that the displacement is given by the equations 

(^*-f<riir*~<r2y*), V"^a’iB'"^xyy w^--R*^xz^ (24) 

and that the traction across a normal section is statically equivalent to a couple about an 

axis parallel to the axis of y, of moment EIIR^ where Jmx f j x^dxdy^ the integration being 
taken over the cross-section. 

The interpretation of the result is similar to that in Article 88, 

* A figure showing the variation of XfE with direetion is drawn by Lieblseh, Bhytikaluc^ 
Erystsdiogrc^hie {Leipzig, 1891), p. 564. 
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113. Slastio constants of crystals. RestQts of experiments. 

The elastic constants of a number of minerals have been determined by W. Voigt ♦ by 
experiments on the twisting and bending of rods. Some of his principal results are stated 
here. The constants are expressed in terms of an unit stress of 10 ® grammes’ weight per 
square centimetre. 

For Pyrites (cubic), the constants are 

Cji = 3680, C 44 *1075, C 12 ~ — 483, 

and we have 

Principal Young’s modulus, ^=3630, 

Principal Rigidity, 644 =/* = 1075 ; 

also by calculation we find Principal Poisson’s ratio 0 -= -i} nearly. 

These results are very remarkable, since they show that these moduluses of pyrites are 
much greater than those of steel t, and further that a bar of the material cut in the direction 
of a principal axis when extended expands slightly in a lateral direction The modulus 
of compression is about 905 x 10® grammes’ weight per square centimetre, which is con- 
siderably smaller than that of steel. 

The table shows the values of the constants for three other minerals for which the 
energy-function has the same form as for Pyrites. In this table C 44 is the principal rigidity, 
and E is the principal Young’s modulus. 


Material 

E 

<*11 

<•12 

C 44 

Fluor Spar 

1470 

1670 

457 

345 

Rock-salt 

418 

477 

132 

129 

Potassium (Chloride 

372 

375 

198 

65-5 


Except in the case of rock-salt, Cauchy’s condition (^ 12 = 044 ) is not even approximately 
verified, and the differences are much greater than could be accounted for by assuming 
experimental errors. * 

Beryl is a hexagonal crystal of the cla-ss specified by the group for which the constants 
are 

Cii«2746, C33=2409, Ci2=980, Ci3=674, 044 * 666 . 

For a bar whose axis is in the direction of the principal axis of symmetry J^= 2100 . For a 
Uir whose axis is in the direction of a secondary axis of symmetry jF»2300. The first of 
these is about the same as that for steel, and the second is rather greater. The principal 
rigidities are 666 and 883, of which the first is less and the second considerably greater 
than the rigidity of steel. Cauchy’s relations are approximately verified. 

Quartz is a rhombohedral ciystal of the class specified by the group The constants 

arc 

Cn* 868 , C83-1074, 0,3*143, Oi2«70, 044 * 582 , 0 , 5 = -171, 

^^h 1 E in the direction of the principal axis is 1030. 


* For references see Introduction, footnote 55. 
t See table. Article 71. 

t It has been enggeited that these somewhat paradoxical results may be doe to “twinning” 
the crystals. 
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Topaz is a rhombic crystal (of the class specified by the group F^) whose principal 
Young’s moduluses and rigidities are gi*eater than those of ordinary steel. The constants 
of formula (15) are for this mineral 

^ = 2870, 5«3560, (7* 3000, F^m, 6^*860, jy=1280, 

X-1100, jif*1350, iV^-1330. 

The principal Young’s moduluses are 2300, 2890, 2660. 

Barytes is a crystal of the same class, and its constants are 

.4*907, B*800, (7*1074, i^*273, (?*276, J?-468, 

Z*122, if* 293, iV^*283. 

These results show that for these materials Cauchy’s reduction is not valid. 


114. Curvilinear sBolotropy. 

As examples of curvilinear aeolotropy (Article 110) we may take the problems of a tube 
(Article 100) and a spherical shell (Article 98) under pressure, when there is transverse 
isotropy about the radius vector*. 


(a) In the case of the tube we should have 

jy/U \ \ 

-r-C-+F{^-+e),^ 

6e=A^+F''^-~+ffe, .(26) 

zz^Ae+F^+Hj, I 


where H is written for A - ^N. The displacement U is given by the equation 

^ ar« r ar r2 ’ 

*of which the complete primitive is 

U = ar»» H-/3r “»» + 


.(26) 


.(27) 


n being written for ^(A/(7), and a and being arbitrary constants. The constants can be 
adjusted so that tt has the value — po at the outer surface r*ro, and -px at the inner 
surface rmri. The constant e can be adjusted so as to make the resultant of the longi* 
tudinal tension over the annulus ro>r >ri balance the pressure n (piri*— poV) ^ 
end of the cylinder. 


(b) In the case of the sphere we should find in like manner that the radial displacement 
U satisfies the equation 


CPU 
^ df^ 




U 




0 ; 


.( 28 ) 


sothat £r=ar”-i+/3r""“i, 

where «2=i|l + 8 4+_^_-^J, 


Saint- Venant, J. de Math. {LiomiOe), (84r. 2), i 10 (1865). 
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and we can find the formula 


which agrees with the result obtained in (vi) of Article 98 in the case of isotropy. 

The cubical dilatation of the spherical cavity is the value of ZUjr when r»ri, and 
this is 


ro**-n**l (n-i)C+2^' * {n^)C-iF j’ 


.(30) 


This result has been applied by Saint-Venant to the theory of piezometer experiments, 
in which a discrepancy appears to have been observed between the results obtained and 
the dilatation that should theoretically be found to occur if the material were isotropic. 
The solution in (30) contains three independent constants and Saiht-Venant held that these 
could be adjusted so as to accord with the experiments in question. 



CHAPTER VII 


GENERAL THEOREMS 


115. The variational equation of motion*. 

Whenever a strain-energy-function, W, exists, we may deduce the equa- 
tions of motion from the Hamiltonian principle. For the expression of this 
principle, we take T to be the total kinetic energy of the body, and F to be 
the potential energy of deformation, so that F is the volume-integral of F. 
We form, by the rules of the Calculus of Variations, the variation of the 

integral j(T-V)dt, taken between fixed initial and final values (to and t,) 

for t. In varying the integral we assume that the displacement alone is subject 
to variation, and that its values at the initial and final instants are given. 
We denote the variation so formed by 

iJiT-Vjdt 


We denote by 8 Wi the work done by the external forces when the displace- 
ment is varied. Then the principle is expressed by the equation 


hj{T-V)dt+jBW,dt = 0. 
We may carry out the variation of TdL We have 


.( 1 ) 




and therefore 


sjTdt^ldtlllp(j^j^ + 'jdxdydz 

■ 

Here and ^ are the initial and final values of t, and 8u, ... vanish for both 
these values. The first term may therefore be omitted; and the equation (1) 


• Cl Eirahhoff, Vorle$unfen ltber...Sf0ehMik, Toritiaog 11. 
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is then transformed into a vaviaiional egucction of motion. Further, SF is 
jjjsWdxdydg, and SIT, is given by the equation 

dxdydz + jj (X,Su + Y,Sv + Z,Bw) dS. 

Hence the variational equation of motion is of the form 

///{'’ © 

+ + ZSw) dxdydz - jJ(X,Su +F,Sv + Z,Sw) dS=0... .(3) 

Again, 8 Tf is ^ as*. + + . . . + 




whore, for example, Be^x is dZujdx, Hence jjJsW dxdydz may be transformed, 

by integration by parts, into the sum of a surface integral and a volume 
integral. We find 


jsWdxdydz SB jj 


dW , .dW , ,dW , 0 . 

g— cos (x, ^ cos (y, i;) + g— cos (z, v)^ Bu 


+ ... + ...'^dS 

8 0F 8 dW\. 1 , , , ... 


The coefficients of the variations 8w, . , . under the signs of volume integration 
and surface integration in equation (3), when transformed by means of (4), 
must vanish separately, and we thus deduce three differential equations of 
motion which hold at all points of the body, and three conditions which hold 
at the boundary. The equations of motion are of the type 

a»u 

^ dt^ ^ ^ dxde^x dzde^x ’ ^ ' 

and the surface conditions are of the type 

cos {x, v) + ~ cos {y, v ) + cos («, v) = X, (6) 

8«-, ' 8e«, 8e» 


116. Applioations of the variational equation. 

(i) As an example* of the application of this method we may obtain the equations (19) 
of Article 58. Wo have 


Of. J. Lannor, CamhrUge PhU. Soe. Trem., voL 14(1886). 
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and, by the formulae (36) of Article 20, we have also 
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bBaa — fh 


da 




h d 


Every term j j ^ transformed by the aid of the formulae of 


the type 


/// cos(a, 


[ a vl] 


and the integral will then be transformed into the sum of a surface integral and a velume 
integral, in such a way that no differential coefficients of 8uy occur. We may 

collect, for example, the terms containing btia in the volume integral. They are 

J J J \^ 2^3 beaaJ ^3 

The equations in question can be deduced without difficulty. 

(ii) As another example, we may obtain equations (21) of Article 91 and the second 
forms of equations (22) of the same Article. For this puiqK>se we ol>serve that 

• 2 - 4 , , ^4:^2. 4 if 

** * \0y cz dy dz) 

Hence the strain-energy -function in an isotropic body may be expressed in the form 
(XH-2/i) 4 ^ 2 - 1 - 2/4 (®',2 4 - 07 ^ 2 4 - 137 , 2 ) 4 - 2/4 ^ similar termsj. 


Now 


^dw cv dv aw\ , . , 
:r- ^ ~ I dxdydz 
\cy cz cy czj ^ 


mi 

M ?!? ddv ^ ^ dv ddwXl 

^ W dz cy)^\dz hy ^ dz ^ ^ 


"" / ~ f (y» ^ («» »') ; 

and therefore the tei*ms of the type 2/4 ^ ^ ^ contribute anything to 

the volume integral in the transformed expression for J J Js W dxdydz. Hence the equations 
of motion or of equilibrium can be obtained by forming the variation of 

jjjli (^+2/4) A2-f 2 / 4 ( 07 * 24 . ary2-f.tsr,*)]rfd?cfy& 

instead of the variation j j j dxdydz. The equations (21) and the second forms of 
equations (22) of Article 91 are the equations that would be obtained by this process- 
The result here found is that the differential equations of vibration, or of equiUbriui>^> 
of an isotropic solid are the same as those of a body possessing potential energy of 
formation per unit of volume expressed by the formula 

i (X-f 2fi) A24-2/* («r,*+ w/4- w.*). 
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The surface conditions are diflferent in the two cases. In MacCullagh’s theory of optics* it 
was shown that, if the luminiferous tether is incompressible and possesses potential energy 
according to the formula 2^ the observed facts about reflexion and re- 

fraction of light are accounted for ; the surface conditions which are required to hold for 
the purposes of the optical theory are precisely those which arise from the variation of the 
volume integral of this expression. Larmort has described a medium, which possesses 
potential energy in the required manner, as “rotationally elastic.” The equations of motion 
of a rotationally elastic medium are formally identical with those which govern the propa- 
gation of electric waves in vacuo. 


117. The general problem of equilibrium. 


We seek to determine the state of stress, and strain, in a body of given 
shape which is held strained by body forces and surface tractions. For this 
purpose we have to express the equations of the type 


'dx \^exx) ^ dz 


•f pX = 0 


.( 7 ) 


as a system of equations to determine the components of displacement, UyV,w\ 
and the solutions of them must be adapted to satisfy certain conditions at 
the surface S of the body. In general we shall take these conditions to be, 
either (a) that the displacement is given at all points of S, or (b) that the 
surface tractions are given at all points of S. In case (a), the quantities 
w, V, w have given values at iu case (6) the quantities of the type 


^ cos {x, I') + ^ cos {y, "h ^ cos {Zy v)y 


ave given values at S. It is clear that, if any displacement has been found, 
hich satisfies the equations of type (7), and yields the prescribed values for 
le surface tractions, a small displacement which would be possible in a rigid ' 
ody may be superposed and the equations will still be satisfied; the strain 
nd stress are not altered by the superposition of this displacement. It follows 
i‘at, in case (6), the solution of the equations is indeterminate, in the sense 
liat a small displacement which would be possible in a rigid body may be 
upei’poscd upon any displacement that satisfies the equations. 

The question of the existence of solutions of the equations of type (7) which 
Iso satisfy the given boundary conditions will not be discussed here. It is of 
f^ore importance to remark that, when the surface tractions are given, the 
quations and conditions are incompatible unless these tractions, with the 
dy forces, are a system of forces which would keep a rigid body in equilibrium, 
^^ppose in fact that w, Vy vj are a system of functions which satisfy the equations 
^ype (7). If we integratf the left-hand member of (7) through the volume 

* I^vbliny R, Xriih Acad, Tram,, vol. 21 (1839), or Collected Works of James MacCullagh, 
1880, p. U5. 

t ThiU Trans, Roy. 8oc. (S«r. A), vol. 185 (1894). 
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) by 


of the body, and transform the volume integrals of such terms 
Green’s transformation, we find the equation 

I jx^dS +jjj pXdxdydz - 0. (8) 

If we multiply the equation of type (7) which contains Z by y, and that which 
contains F by z, and subtract, we obtain the equation 

lliblk © + 4 © + ^ ©1 ■ {1^ ©) 4 © + Fz ©} 

p{yZ--zY^dxdydz^0\ 

and, on transforming this by. Greens transformation, we find the equations 

J ^{yZ^ — zF^)dS~hjJJp (yZ --zF) dxdydz = 0 (9) 

In this way all the conditions of statical equilibrium may be shown to hold. 

118. Uniqueness of solution 

We shall prove the following theorem: If either the surface displacements 
or the surface tractions are given the solution of the problem of equilibrium 
is unique, in the sense that the state of stress (and strain) is determinate 
without ambiguity. 

We observe in the first place that the function Wy being a homogeneous 
quadratic function which is always positive for real values of its arguments, 
cannot vanish unless all its arguments vanish. These arguments are the six 
components of strain; and, when they vanish, the displacement is one which 
would be possible in a rigid body. Thus, if W vanishes, the body is only moved 
as a whole. 

Now, if possible, let v , w' and u", tf', w" be two systems of displacements 
which satisfy the equations of type (7), and also satisfy the given conditions 
at the surface S of the body. Then u' — u", v — v", w' - w" is a system of 
displacements which satisfies the equations of the type 

( 10 ) 


3, 


+ ^ 1 


4 .^ 

(dW^ 

a®' 



[dej 


KdeJ 


throughout the body, and also satisfies conditions at the surface. Denote this 
displacement by (u, v, w). Then we can write down the equation 

* Of. Kitchboff, J.f. UztK (Cntte), Bd. fi6<18S9). 
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117 - 119 ] 

and this is the same as 

C0S(®,l/)^+C08(y, y)^ + co8(«, 

Otgx, 

+ two similar expressionsj d8 

W dW dW 

Wh6n the surface conditions are of displacement u, Vy w vanish at all points 
of S\ and when they are of traction the tractions calculated from w, v, w vanish 
at all points of S, In either case, the surface integral in the above equation 

vanishes. The volume integral is ljj2Wda!d^d2: and since W is necessarily 

positive, this cannot vanish unless W vanishes. Hence (u, v, w) is a displace- 
ment possible in a rigid body. When the surface conditions are of displacement 
u, Vy w must vanish, for they vanish at all points of S, 


III 

-III 


vrr W rf vrr Vff (7rr 0 VV I 


119. Theorem of minimum energy. 

The theorem of uniqueness of solution is associated with a theorem of 
minimum potential energy. We consider the case where there are no body 
forces, and the surface displacements are given. The potential energy of 
deformation of the body is the volume integral of the strain-energy-function 
taken through the volume of the body. We may state the theorem in the 
form : 

The displacement which satisfies the ditferential equations of equilibrium, 
is well as the conditions at the bounding surface, yields a smaller value for the 
:)Otential energy of deformation than any other displacement, which satisfies 
he same conditions at the bounding surface. i 

Let (w, v, w) be the displacement which satisfies the equations of equilibrium 
throughout the body and the conditions at the bounding surface, and let any 
>ther displacement which satisfies the conditions at the surface be denoted by 
v + v\ w^w). The quantities u\ v\ w' vanish at the surface. We 
lenote collectively by e the strain-components calculated from u, v, w, and by 
the strain-components calculated from u\ v\ w ; we denote by / (e) the strain- 
energy-function calculated from the displacements w, v, with a similar 
flotation for the strain-energy-function calculated from the other displacements. 
We write V for the potential energy of deformation corresponding with the 
displacement (w, w, w), and for the potential energy of deformation corre- 
sponding with the displacement (u -f m', v + v\ w; -f w')* Then we show that 
must be positive. 

We have 


r, - F«|f| {/(« + e') -/(«)} dxdydz, 
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F.- F- dxdydz, 

because f {e) is a homogeneous quadratic function of the arguments denoted 
collectively by e. Herein f {e') is necessarily positive, for it is the strain- 
energy- function calculated from the displacement (w , v\ w'). Also we have, 
in the ordinary notation, 


Be 


dddJW 

Bos Bz B&gz 


/Bw' 9t;'\ BW fBu' 3w'\ 3 W (Bv 3u'\ 3 F 
Isy BzjBeyz^KBz Bx)Be;^j.'^\Bx'^ By) Becpy* * * § 


We transform the volume integral of this expression into a surface integral 
and a volume integral, neither of which involves differential coefficients of 
u\ v\ w\ The surface integral vanishes because u\ v\ w' vanish at the surface. 
The coeflScient of u* in the volume integral is 


i 

Bx \Be^J By \Bexy) ^ Bz V3e^/ 


and this vanishes in virtue of the equations of equilibrium. In like manner 
the coefiicients of v' and v/ vanish. It follows that 


K-V=ffl/(e')dxdydz. 

which is necessarily positive, and therefore F< F,. 


The converse of this theorem has been employed to prove that there exists a solution 
of the equations of equilibrium which yields given values for the displacements at the 
boundary*. If we knew independently that among all the sets of functions u, v, xo^ wliich 
take the given values on the boundary, there must be one which gives a smaller value to 


jjj Wdxdydz 


than any other gives, we could infer the truth of this converse thoorem. 


The same difficulty occurs in the proof of the existence-theorem in the Theory of 
Potential t. In that theory it has been attempted to turn the difficulty by devising an 
explicit process for constructing the required function J. In the case of two-dimensional 
potential functions the existence of a minimum for the integral concerned has been proved 
by Hilbert §. 


* Lord Kelvin (Sir W. Thomson), Phil. Tram. Roy, Soe,, vol. 153 (1863), or Math, and Phys. 
Papers t vol. 3, p. 861. 

+ The difficulty appears to liave been pointed out first by Weierstrass in his lectures on the 
Caiculns of Variations. See the Article * Variation of an integral* in Ency. Brit* Suppleniexii, 
[Ency, Bnt., 10th ed., vol. 33 (1902)]. 

t See, e,g., C. Neamann, Untersuchungen Uber das logarithmische und Newt&n'sche Potential, 
Leipzig, 1877. 

§ ‘Ueber das Dirichlefsobe Princip * (Festschrift zur Feier dts IbOjdhrigen Bestehefu d, K'dniyl- 
Oes, d, JFiss, zu Qbttingen)^ Berlin, 1901. 
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120. Theorem oonoeming the potential enei^ of deformation*. 

The potential energy of deformation of a body, which is in eqailibiium under 
given load, is equal to half the work done by the external forces, acting through 
the displacements from the unstressed state to the state of equilibrium. 

The work in question is 

jjj p(uX + vV+ wZ) d-xdydz + JI (uX, + vF, + wZ,) dS. 

The surface integral is the sum of three such terms as 

{[ [dw . .air , , aif ^ j 

and the work in question is therefore equal to 

, „ a aF , a aF a aF\ K ^ ^ 

“ 1'’^+ SS" + ssi.) + 

J J J r” si; s;; s: + SI + ^ 8z) 


^yy ^'^yz '■^^zx ^^xy^ 

The first line of this expression vanishes in virtue of the equations of equi- 
librium, and the second line is equal to 2 Wdxdydz. Hence the theorem 
follows at once. 


121. The reciprocal theorem t- 


Let u, V, w be any functions of a?, y, z, t which are one-valued and free from 
discontinuity throughout the space occupied by a body; and let us suppose 
that v, w are not too great at any point to admit of their being displacements 
within the range of “small displacements” contemplated in the theory of 
elasticity founded on Hooke’s Law. Then suitable forces could maintain the 
body in the state of displacement determined by v, w. The body forces and 
surface tractions that would be required can be determined by calculating the 
strain-components and strain-energy-function from the displacement (t«, w) 
and substituting in the equations of the types 



In some books the potential energy of deformation is called the “resilience” of the body, 
t The theorem is due to E. Betti, 11 nuovo Cimento (Ser. 2), tt. 7 and 8 (1872). It is a special 
of a more general theorem given by Lord Bayleigb, London Math* Soc. Proc,^ vol. 4 (1878) ► 
Scientific Papers, vol. 1, p. 179. For a general discussion of reciprocal theorems in Dynamics 
reference may be made to a paper by H. Lamb, London Math. Soc. Proc . , vol. 19 (1889), p. 144. 
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The displacement u,v,wia one that could be produced by these body forces 
and surface tractions. 


Now let (u, V, w), (u, v', w') be two sets of displacements, (X, Y, Z) and 
(X', F, Z) the corresponding body forces, (X,, F-, Z,) and (X'„ F,, Z'J) 
the corresponding surface tractions. The reciprocal theorem is as follows: 

The whole work done hy the forces of the first set {including kinetic reactions), 
acting over the displacements produced by the second set, is equal to the whole 
work done by the forces of the second set, acUng over the displacements produced 
by the first. 

The analytical statement of the theorem is expressed by the equation 


+ J l(X,u' + Fy + Z,w') dS 


dxdydz 


+ j |*(xy + F> + z\w) ds. (11) 


In virtue of the equations of motion and the equations which connect the 
surface tractions with stress-components, we may express the left-hand member 
of (11) in terms of stress-components in the form of a sum of terms containing 
u\ v'y w explicitly. The terms in u are 


(IS ©1 ‘'*‘**'* 

+//»■ (., .) (0 + oo.(3,.„) (^) + CO. (», .) (|£) 


dS. 


It follows that the left-hand member of (11) may be expressed as a volume 
integral; and it takes the form 



By a general property of quadratic functions, this expression is symmetrical in 
the components of strain of the two systems, Skc, ... and e'gx It is there- 

fore the same as the result of transforming the right-hand member of (11). 


122. Determination of average strains*. 

We may use the reciprocal theorem to find the average values of the 
strains produced in a body by any system of forces by which equilibrium can 
be maintained. For this purpose we have only to suppose that u', w' are 


* The method ie dne to Botti, loe. eit. 
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displacements corresponding with a homogeneous strain. The stress-com- 
ponents calculated from w' are then constant throughout the body. 

Equation (11) can be expressed in the form 

•f BzzZ ' a + -h + B^X*y) dxdy dz 

» jjj p {Xu' -I- Yv + Zw') dxdydz + JJ (X„m' + F„d' + Z,w') dS... .(12) 

If Z'e is the only stress-component of the uniform stress that is different from 
zero the corresponding strain-components can be calculated from the stress- 
strain relations, and the displacements (u, v, w') can be found. Thus the 

quantity JJJexgdxdydz can be determined, and this quantity is the product 

of the volume of the body and the average value of the strain-component Cxx 
taken through the body. In the same way the average of any other strain 
can be determined. To find the average value of the cubical dilatation we 
take the uniform stress-system to consist of uniform tension the same in all 
directions round a point. 

123. Average strains in an isotropic solid body. 

In the case of an isotropic solid of volume V the average value of e*® is 

^jJJp{Xx~<T(Yy + Zz)}da^dydz+ ^ | {X^ -<r(Y,y+ Z^)} dS; ...(13) 
the average value of is 

2^111 p(rj + ^y)da:dyd^ + 2 ^ jjp(Y,z + Z,y)dS; (14) 

the average value of A is 

^^jJJp(Xx+Yy + Zz)da;dydz + ^^lj(X^+Yry+Z^)dS....(15) 

The following results* may be obtained easily from these formulae : 

(i) A solid cylinder of any form of section resting on one end on a horizontal plane is 
shorter than it would be in the unstressed state by a length WH^Ets^^ where W is its 
weight, I its length, w the area of its cross-section. The volume of the cylinder is less than 
it would be in the unstressed state by Wlf^k, 

(ii) When the same cylinder lies on its side, it is longer than it would be in the un- 
Htressed state by <r WhlEta, where k is the height of the centre of gravity above the plane. 
The volume of the cylinder is less than it would be in the unstressed state by WhjZk, 

(iii) A body of any form compressed between two parallel planes, at a distance e ajmrt, 
will have its volume diminished by pcj^k, where p is the resultant pressure on either plane. 

* Numerous examples of the application of these formulie, and the corresponding formula) 
^oran leolotropic body, have been given by 0. Chree, Cambridge FhiL Soe* Trane, ^ vol. 15 (1892), 
P- 318. 
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If the body is a cylinder with plane ends at right angles to its generators, and these ends 
are in contact with the compressing planes, its length will be diminished by pcjEm^ where 
a> is the area of the cross-section. 

(iv) A vessel of any form, of intenial volume Fj and external volume when sub- 
jected to internal pressure pi and external pressure will be deformed so that the volume 
Vq - Vi of the material of the vessel is diminished by the amount (po Vq -pi Vi)/k, 


124. The general problem of vibrations. Uniqueness of solution. 


When a solid body is held in a state of strain, and the forces that maintain 
the strain cease to act, internal relative motion is generally set up. SLch 
motions can also be set up by the action of forces which vary with the time. 
In the latter case they may be described as forced motions.” In problems of 
forced motions the conditions at the surface may be conditions of displacem^t 
or conditions of traction. When there are no forces, and the surface of the 
body is free from traction, the motions that can take place are ‘‘free vibrations.” 
They are to be determined by solving the equations of the type 


dx Koe^xJ oy V9e*y/ oz \deix/ ot^ 


.(16) 


in a form adapted to satisfy the conditions of the type 

cos {x, v) 5 h cos (y, v) 5 (- cos {z, v) r — = 0 


.(17) 


at the surface of the body. There is an infinite number of modes of free 
vibration, and we can adapt the solution of the equations to satisfy given 
conditions of displacement and velocity in the initial state. 


When there are variable body forces, and the surface is free from traction, 
Tree vibrations can coexist with forced motions, and the like holds good for 
forced motions produced by variable surface tractions. 

The methods of integration of the equations of free vibration will occupy 
us immediately. We shall prove here that a solution of the equations of free 
vibration which alsp satisfies given initial conditions of displacement and 
velocity is unique*. 

If possible, let there be two sets of displacements (u\ v\w') and (w”, v", w") 
which both satisfy the equations of type (16) and the conditions of type (17), 
and, at a certain instant, t = to, let (u, v\ w') = (u\ v", w") and 


/ du' dv^ dw \ _ fdu'* dv'' dw"\ 

The difference (u — te", v — v", v) — w”) would be a displacement which would 
also satisfy the equations of type (16) and the conditions of type (17), and, 


Of. F. Neumann, Vwltmn^tn iiber..,Elasticitdt, p. 125. 



123-126] OF VIBEATIONS 


177 


at the instant t s tg, this displacement and the corresponding velocity would, 
vanish. Let (u, v, w) denote this displacement. We form the equation 



dwKde^J dy[de^J dzydeig)] 

da!\dexy) Sy\deyy) dz\deyz)) 

^ dt* dx\dexg) dy\deyz) 9i'\9e»/j J 


dxdydz * 0, ...(18) 


in which the components of strain, e,*..., and the strain-energy-function, W, 
are to be calculated from the displacement (u, v, w). The terms containing p 
can be integrated with respect to t, and the result is that these terms are 
equal to the kinetic energy at time t calculated from dufdt , . . for the kinetic 
energy at time t„ vanishes. The terms containing W can be transformed into 
a surface integral and a volume integral. The surface integral is the sum of 
three terms of the type 


■ Ilf' Ih s "> © + <*'> ■’> © 




and this vanishes because the surface tractions calculated from (u, v, w) vanish. 
The volume integral is 


M 


dW dcxx 9W^9gyj/ I 4 . 

dcxx deyy dt de^z dt de^z dczx de. 


^yz 


— ^ dxdydz, 

'xy J 


and this is the value ^dxdydz at time t, for W vanishes at the instant 

t - Iq, because the displacement vanishes throughout the body at that instant.^ 
Our equation (18) is therefore 


fl.f K [fs)' ^ (sT ©1 + - 0 

and this equation cannot hold unless, at the time t, the velocity {duldt, ...) and 
the strain-energy-function W vanish. There would then be no velocity and no 
strain, and any displacement {% v, w) that could exist would be possible in a 
rigid body and independent of the time. Since (u, v, w) vanishes throughout 
the body at the instant vanishes throughout the body at all subsequent 

instants. 


125. Flux of energy in vibratory motion. 

The kinetic energy T and potential energy V of the portion of the body within a closed 
I surface 8 are expressed by the formulte 

T^il j JJJ Wdxdydz, 
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in 'whicb the dots denote differentiation with respect to and the integration extends 
through the volume within S* We have at once 


dW dw 
de„ dz 


3i(r+ F).j J J Ip(uu+w+v^)+^ 05+g^ 

^dW /dw ^dv\ ^dW/du ^dib\ /dv ^ du\\ . . , 

^ dey,\di/ dz) de„\dz^dx)'^dejgy\dx^dy)\ ^ ^ 

The right-hand member may be transformed into a volume integral and a surface integral. 
The terms of the volume integral which contain u are 


(ff . / d dw d dw a dw\. . . 

J j j “ r-0s 0^- ^ 0^ - s 8i^j 

and the terms of the surface integral which contain u are 

When there are no body forces, we deduce the equation 

. (?'+ r)= j j(nx,+vr,+az^) ds. 


d 


•( 21 ) 


This equation may be expressed in words in the form : — The rate of increase of the energy 
within S is equal to the rate at which work is done by the tractions across S. 

According to the theorem (vii) of Article 63 the expression — (aJr„+i>T,-f ie^,) is the 
normal component of a vector quantity, of which the components parallel to the axes are 

—(uXf+vXy+wZx), —(.aXg+vVf+wr,), —(‘&Zt-^‘vr,+iiz,). 

This vector therefore may be used to calculate the flux of energy. 


126. Free vibrations of elastic solid bodies. 

In the theory of the small oscillations of dynamical systems with a finite 
number of degrees of freedom, it is shown that the most general small motion 
of a system, which is slightly disturbed from a position of stable equilibrium, 
is capable of analysis into a number of small periodic motions, each of which 
could be executed independently of the others. The number of these special 
types of motion is equal to the number of degrees of freedom of the system. 
Each of them is characterized by the following properties; 

(i) The motion of every particle of the system is simple harmonic. 

(ii) The period and phase of the simple harmonic motion are the same 
for all the particles. 

(iii) The displacement of any particle from its equilibrium position, 
estimated in any direction, bears a definite ratio to the displacement of any 
chosen particle in any specified direction. 

When the i^stem is moving in one of these special ways it is said to be 
oscillating in a “principal” (or “normal”) mode. The motion consequent upon 
my small disturbance can be represented as the result of superposed motions 
in the different normal modes. 
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When we attempt to generalize this theory, so as to apply it to systems 
with infinite freedom, we begin by seeking for normal modes of vibration*. 
Taking p/2Tr for the frequency of such a mode of motion, we assume for the 
displacement the formulas 


w = u' cos {j)t 4 - 6 ), v = V* cos {pt 4 €), w = w* cos {pt 4 €), . . .(22) 

in which u* tf, •uf are functions of y, z, but not of t, and p and e are constants. 
Now let TT' be what the strain-energy-function, W, would become if u\ v\ v/ 
were the displacement, and let X'x* ..♦be what the stress components would 
become in the same case. The equations of motion under no body forces take 
such forms as 


dx dy 


+ 1 = +«■•«'. 0 ; 


(2S) 


and the boundary conditions, when the surface is free from traction, take such 


forms as 

cos {Xy v) Z'jc 4 cos (y, v) X'y 4 cos {2,v)Z'x-0 (24) 


These equations and conditions suffice to determine u\ v\ w' as functions of 
X, y, 2 with an arbitrary constant multiplier, and these functions also involve p. 
The boundary conditions lead to an equation for p, in general transcendental 
and having an infinite number of roots. This equation is known as the 
“frequency equation.’* 

It thus appears that an elastic solid body possesses au infinite number of 
normal modes of vibration. 

Let Pi, P 2 I-- be the roots of the frequency equation, and let the normal 
mode of vibration with period iTrjpr be expressed by the equations 

U « ArUr cos {prt 4 €r), V » ilr^r COS (prt 4 €r), W = ArWr COS (prt 4 6r)> • • *(25) » 

in which A^ is an arbitrary constant multiplier. The functions Ur, Vr, Wr are 
called “normal functions.” 

The result of superposing motions in the different normal modes would be 
a motion expressed by equations of the type 

U^^Ur(f>rj W ^%Wr<j>ri (26) 

in which <f>r stands for the function Ar cos {prt 4 €.), The statement that every 
small motion of the system can be represented as the result of superposed 
motions in normal modes is equivalent to a theorem, viz.: that any arbitrary 
displacement (or velocity) can be represented as the sum of a finite or infinite 
series of normal functions. Such theorems concerning the expansions of 
functions are generalizations of Fourier’s theorem, and, from the point of view 
H rigorous analysis, they require independent proof. Every problem of free 
''ibrations su^^ts such a theorem of expansiou. 

* See Clebeeh, Ebutieit&t, or Lord Bayleigh, Theory of Sound, vol. 1. 
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127. General theoreme relating to free vibrations*. 

(i) In the variational equation of motion 

jJJsF dxdydz +JJJp ^ •••(27) 


let tt, V, w have the forms Ur<f)r, Vr<l>r, Wr<f>r, and let Su, Bv, Bw have the forms 
f^8<f>8> where <f>r and (f>s stand for Ar cos (prt 4- e^) and -4, cos (p^t + €,), 
and the constants Ar and A^ may be as small as we please. Let W become 
Wr when Ur, Vr, Wr are substituted for u, v, w, and become Wg when Ug, Wg 
are substituted for v, v, w. Let e denote any one of the six strain-coni- 
ponents, and let er and eg denote what e becomes when Ur, Vr, Wr and Ug, v,, Wg 
respectively are substituted for u, v, iv. Then the variational equation takes 
the form 


[/ f ^ dxdydz. 


The left-hand member is unaltered when er and eg are interchanged, i.e. when 
u, V, w are taken to have the forms Ug<f>g , ... and B% Bv^ Bw are taken to have 
the forms Ur(f>r, and then the right-hand member contains pa^ instead of pr\ 
Since pr and p, are unequal it follows that 



Vr Vg 4- WrWg) dxdydz — 0. 


(28) 


This result is known as the “conjugate property’* of the normal functions. 


(ii) We may write <^r in the form ^^cosp^^ 4- and then the 
conjugate property of the normal functions enables us to determine the constants 
An Br in terms of the initial displacement and velocity. We assume that the 
displacement at any time can be represented in the form (26). Then initially 


we have 

I’o — W^^^ArWry (29) 

Mo = tBrPrUr, % - IBrPrVry = ^BrPrWr, (30) 


where (Mo, Vq, Wq) is the initial displacement and (uq, Vq, Wq) is the initial 
velocity. On multiplying the three equations of (29) by pVr, pWr 
respectively, and integrating through the volume of the "body, we obtain the 
equation 


ArJJjp(Ur’‘+Vr^ + w/) dxdydz ’"JJJp ('“«“*• + + w'oWr) dxdydz. . . .(31) 


The other coeiBcients are determined by a similar process. 


(iii) The conjugate property of the normal functions may be used to 
show that the frequency equation cannot have imaginary roota If there were 


* These iheoieins were given by Qebeoh as a generaUeation of Poiseon's theory of the vibrs- 
tiooe of an elastic sphere. ^ Introdoctioa. 
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a root pr of the form a + there would also be a root of the form t* — 
With these there would correspond two sets of normal functions Un Wr and 
Ugt Vgf Wg which also would be conjugate imaginaries. The equation 



Ug + VrVg + WrWg) dxdydz = 0 


could not then be satisfied, for the subject of integration would be the product 
of the positive quantity p and a sum of positive squares. 

It remains to show thatp,.® cannot be negative. For this purpose we consider 
the integral 

jjj p (ur^ -f Vr^ 4- Wr^) dxdydZy 


which is equal to 


I \ 05? dy dz 


4 ...4- ...f 


where ... are what Xx , ... become when u,., Wr are substituted for 
u, V, w. The expression last written can be transformed into 

- Pr''^jj[^r (cos (x, v) + COS {y, v) 4 cos {z, v) } 4 dS 


4 j* Wrdxdydz, 

in which the surface integral vanishes and the volume integral is necessarily 
positive. It follows that pr^ is positive. 


128. Load suddenly applied or suddenly reversed. 

The theory of the vibrations of solids may be used to prove two theorems 
of great importance in regard to the strength of materials. The first of these 
is that the strain produced by a load suddenly applied may be twice as great 
as that produced by the gradual application of the same load; the second is 
that, if the load is suddenly reversed, the strain may be trebled. 

To prove the first theorem, we observe that, if a load is suddenly applied 
to an elastic system, the system will be thrown into a state of vibration about 
a certain equilibrium configuration, viz. that which the system would take if 
the load were applied gradually. The initial state is one in which the energy 
is purely potential, and, as there is no elastic stress, this energy is due simply 
to the position of the elastic solid in the field of force constituting the load. 
If the initial position is a possible position of instantaneous rest in a normal 
mode of oscillation of the system, then the system will oscillate in that normal 
^ode, and the configuration at the end of a quarter of a period will be the 
^qinlibrium configuration, i.e. the displacement from the equilibrium configura- 
will then be zero; at the end of a half-period, it will be equal and 
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opposite to that in the initial position. The majdmum ^laement from the 
initial configuration will therefore be twice that in the equilibritim configfuration. 
If the system, when left to itself under the suddenly applied load, does not 
oscillate in a normal mode the strain will be less than twice that in the 
equilibrium configuration, since the system never passes into a configuration 
in which the energy is purely potential. 

The proof of the second theorem is similar. The system being held 
strained in a configuration of equilibrium, the load is suddenly reversed, and 
the new position of equilibrium is one in which all the displacements arjb 
reversed. This is the position about which the system oscillates. If it 
oscillates in a normal mode the maximum displacement from the equilibrium 
configuration is double the initial displacement from the configuration of no 
strain; and, at the instant when the displacement from the equilibrium con- 
figuration is a maximum, the displacement from the configuration of no strain 
is three times that which would occur in the equilibrium configuration. 

A typical example of the first theorem is the case of an elastic string, to 
which a weight is suddenly attached. The greatest extension of the string is 
double that which it has, when statically supporting the weight. 

A typical example of the second theorem is the case of a cylindrical shaft 
held twisted. If the twisting couple is suddenly reversed the greatest shear 
can be three times that which originally accompanied the twist. 
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THE TRANSMISSION OF FORCE 

129. In this Chapter we propose to investigate some special problems of 
the equilibrium of an isotropic solid body under no body forces. We shall take 
the equations of equilibrium in the forms 

I’ (1) 

and shall consider certain particular solutions which tend to become infinite 
in the neighbourhood of chosen points. These points must be outside the 
body, or in cavities within the body. We have a theory of the solution of the 
equations, by a synthesis of solutions having certain points as singular points, 
analogous to the theory of harmonic functions regarded as the potentials due 
to point masses. From the physical point of view the simplest singular point 
is a point at which a force acts on the body. 


130. Force operative at a point*. 

When body forces ( J, F, Z) act on the body the equations of equi- 
librium are 


+ J-) A + (m, «,«;) + p(X, F,F)*0, ...(2) 

and the most general solution of these equations will be obtained by adding 
to any particular solution of them the general solution of equations (1). The 
effects of the body forces are represented by the particular solution. We 
seek such a solution in the case where (X, V, Z) are different from zero 
within a finite volume T and vanish outside T. The volume T may be that 
of the body or that of a part of the body. For the purpose in hand we may 
think of the body as extended indefinitely in all directions and the volume T 
as a part of it We pass to a limit by diminishing T indefinitely. 

We express the displacement by means of a scalar potential ^ and a vector 
potential (F, Q. H) (c£ Article 16) by means of formula of the type 


3<^ .an 


* The iMolta obtained in thii Artiele ore 


doe to Lord KeWin. See Introduction, footnote (». 
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and we express the body force in like manner by means of formulas of 
the type 

.(4) 


da; dy dz * 


( 6 ) 


Since A = V*^ the equations (2) can be written in such forms as 

and particular solutions can be obtained by writing down particular solutions 
of the four equations 

(\ -f- 2/x) * 0, fjS/^F + pL » 0, I 

fiV^G^pM^O, fjL^^H+pN^O. j 

Now X, Y, Z can be expressed in forms of the type (4) by putting 

where X', Z' denote the values of X, F, Z at any point (a:', y , z') within 
y, r is the distance of this point from x, y, z, and the integration extends 
through T. It is at once obvious that these forms yield the correct 
values for X, Y, Z at any point within T, and zero values at any point 
outside T. 

We now pass to a limit by diminishing ail the linear dimensions of T 

indefinitely, but supposing that JJJ X'dx'dy'dz' has a finite limit. We pass 

in this way to the case of a force X, acting at (x', y', z') in the direction of 
the axis of x. We have to put 


•(7) 


p JjJx'dx'dy'd/^Xo, 


.( 8 ) 


and then we have 


1 


9r~‘ 






Now V^{dr/dx ) » ^Zr~^jdx, and we may therefore put 


4>- 


. x» dr 
8w (X + ifi) dx ’ 


.Jf BB 0^ 0 = — 


jX* ^ 

Sir ft dt’ 


H 


Xq dr 
Sir ft By 


. ...( 10 ) 
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The corresponding forms for u, v, w are 

av X, 

87r/t(\ + 2ya)aiC»'^47r/ar 

v = — + 

8w/t (\ + 2^) 'dx'by ’ '(H) 

w » — a*r 

Stt^ (X + 2/*) 0a!0z ■ 

due to force {X„ Y,, Z.) actingat the point 
, y , ^ IS expressed by the equation 

(t/, v, w;) = 5 

Stt/i (a, 4- 2//,) \ r * r ' r) 

.( 12 ) 

When the forces X, F, act through a volume T of finite size, particular 
integrals of the equations (2) can be expressed in such forms as 
X 4- /I 


u = 


S-TT/i (X 4- 2fJL) ^ 

A» 4" r -y»S 


dx'dy'dz',...{lZ) 

) 

where the integration extends through the volume T. 

It may be observed that the dilatation and rotation corresponding with the 
displacement (11) are given by the equations 


. 9„ _n 9^ -^oSr-i X.Tyr-^ 

47r(X + 2M)aa: ’ = 37’ 


...(14) 


131. First type of simple solutions*. 

When the force acts at the origin parallel to the axis of z we may write the expressions 
for the displacement in the forms 


‘A 


xz 
H ’ 



w^A 


x + 3yi 1\ 
X4*/* 


.(15) 


It may be verified immediately that these constitute a solution of equations (1) in all space 
except at the origin. We suppose that the origin is in a cavity within a body, and calculate 
the traction across the surface of the cavity. The tractions corresponding with (15) over 
9-»y surfaces bounding a body are a system of forces in statical equilibrium when the origin 
is not a {Kiint of the body [cf. Article 117], It follows that, in the case of the body with 
the cavity, the resultant and resultant moment of these tractions at the outer boundary of 
the body are equal and opposite to the resultant and resultant moment of the tractions 
^t the surface of the cavity. The values of these tractions at the outer boundary do not 
depend upon the shape or size of the cavity, and they may therefore be calculated by 


^ The Bolation expreseed in equations (15) has reoeived.this title at the hands of Boussinesq, 
application# d## Potcntiei#.... 
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taking the cavity to be spherical and passing to a limit by diminishing the radius of the 
sphere indefinitely. In this way we may verify that the displacement expressed by (15) is 
produced by a single force of magnitude 6rr^(X-h2ft)J/(X-h/i) applied at the origin in the 
direction of the axis of z. 


We write equations (16) in the form 








A+V, 


)■ 


.(16) 


The cubical dilatation d corresponding with the displacement (16) is , and 

the stress-comjranents can be calculated readily in the forms 


r,=2M ^ 




* -^1 
a+m/’ 




x^;}. 


{“O' 


n:,}. 


Z.~2^A ^ (3 (J) + j^} . I 


, dr dr dr~^ 
da; dy dz 

The tractions across any plane (of which the normal is in direction v) are given by the 
equations 

JT.-SmA 1^3 gj ^ ~ jcos (., V) ^ -cos (*, v) -g^ ) J , 


vr ft .r^or0r0r”^ . M f / , v0r”^ 

[^3g^ g^ ^ jcos (z, .) -^-eos (y, .) 




dv 


(KS) 


X+fi I 

‘ -^1- 

A+H ’ 


dz 


)]• 


and, when v is the inwards drawn normal to a spherical surface with its centre at the 
origin, these are 


QfiAxz 


y 

> ^ V 


QfiAyz 




.(17) 


Whatever the radius of the cavity may be, this system of tractions is statically equivalent 
Vo a single force, applied at the origin, directed along the axis of z in the positive sense, 
and of magnitude SwfiA (X+2ft)/(X+/i). 

Some additional results in regard to the state of stress set up in a body by the applica< 
tion of force at a point will be given in Article 141 infra. 


132. Typical nuclei of strain. 

Various solutions which possess singular points can be derived^ from that discussed in 
Article 131. In particular, we may suppose two points at which forces act to coalesce, and 
obtain new solutions by a limiting process. It is convenient to denote the displacement 
due to force (Xq, Fq, applied at the origin by 

(Xo^i -f-FoM24*X0Wg, Fot?2+X0t?g, ToM*2+Fofi^g), 

so that for example (ti^, Wi) is the displacement obtained by replacing Xq by unity in 
equations (11). We consider some examples* of the synthesis of singularities : 

(a) Let a force be applied at the origin in the direction of the axis of and let 
an equal and opposite force be applied at the point (A, 0, 0), and let us pass to a limit 

* In most of these theleadiag steps only of the analysis are given. The results (s') end (1^0 
are due to Dongall, Mdinburph Math. Boe. Proe., vol. 16 (1868). 
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by supposing that A is diminished indefinitely while P remains constant The 
ment is 

P ^ 

We nmy d^ribe the singularity as a “double force without moment” It is related to an 
axis, in this caso the axis of x, aud is specified as regards magnitude by the quantity P, 


(of) We may combine three double forces without moment, having their axes porallei 
to the axes of coordinates, and specified by the same quantity P. The resultant displace- 
ment is 


t\0* ^ dy^ dz)' \0a: 0y 0* jj 


Now the result (12) shows that we have 


Vs=W2, Wi-Us, U2==Vu (19) 

and thus (18) may he written P (A^, A2, As), where Aj is the dilatation when the displace- 
ment is (wi, vj, wi), and so on. Hence the displacement (18) is 

P 0r“^ 0r“^\ 

47r(X-f2/ut) I 04? ’ dy ^ dz j 

We may describe the singularity as a “centre of compression” ; when P is negative it may 
be called a “ centre of dilatation.” The point must be in a cavity within the body ; when 
the cavity is spherical and has its centre at the point, it may be verified that the traction 
across the cavity is normal tension of amount 

{;iP/(X+2,i)ir}r-3 


(6) We may suppose a force to act at the origin in the positive direction of the 
axis of 4?, and an equal and opposite force to act at the point (0, 4, 0), and we may pass to 
a limit as before. The resultant displacement is 

P ^ 

[dy* 0y’ 

We may describe the singularity as a “double force with moment.” The forces applied to 
the body in the neighbourhood of this point are statically equivalent to a couple of moment 
P about the axis of «. The singularity is related to this axis and also to the direction of 
the forces, in this case the axis of 4?. 


(6') We may combine two double forces with moment, the moments being about the 
same axis and of the same sign, and the directions of the forces being at right angles to 
each other. We take the forces to be and -h^^P parallel to the axes of 47 and y at 
the origin, --h^^P parallel to the axis of 4? at the point (0, 4, 0), and h'^^P parallel to the 
axis of y at the point (4, 0, 0), and we pass to a limit as before. The resulting displace- 
tnent is 



We may describe the singolaiity as a ** centre of rotation about the axis of a” The fbroes 
applied to the body In the neighbourhood of this point are statically equivalent to a couple 
of moment 2P about the axis of z ; the singularity is not related to the directions of the 
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forces. In like manner we may have singularities which are centres of rotation about the 
axes of X and y, for which the displacements have the forms 


and 





(e) We suppose that centres of dilatation are distributed uniformly along a semi-infinite 
line. The line may be taken to be the portion of the axis of z on which z is negative. The 
displacement is given by equations of the form 

\ 

where B is a constant, and 
Now 


and 


_ 1 f. A 1 

Jo 0 L J r) r(r-hr)* 


and the displacement is given by the equations 


u^B 


v= J5 


B 

r (^ + r) r 


.(24) 


r(«+r)* 

These displacements constitute the ‘‘simple solutions of the second type*.” The result 
may be expressed in the form 


(w,r,w)=5(l, |^)log{*+r) (25) 


A singularity of the type here described might be called a “line of dilatation,” and B 
might be called its “strength.” If B is negative, the singularity might be called a “line of 
compression.” 

((f) A line of dilatation may be terminated at both ends, and its strength may be 
variable. If its extremities are the origin and the point (0, 0, — !•)» ^nd its strength is 
proportional to the distance from the origin, we have 


US 1 


C* 




B? 


.(26) 


where C' is constant. Now we have 

^ ^ 1 i\ 

where The integral remains finite when k is increased indefinitely, 

and we ^ve 


Again we have 


rz^' 1 i_/t A J_. 

Jo r/**«+r* 


This does not tend to a limit when k is increased indefinitely. Let O' ( *r, W) denote 
the displacement (86) ; and, in addition to the line of dilatation which gives rise to the 


“ Boussinesq, he, eit. 
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displacement {U, F, IT), let there be a line of compression, with the same law of stiengtih, 
ext^ding from the point (A, 0, 0) to the point (A, 0, - A). We pass to a limit hj taking A 
to diminish indefinitely and C" to increase indefinitely, in such a way that C'h has a finite 
limit, C say. The displacement is given by the equations 


^dV 


WszC 


0ar * 


Now 


kx ^ X X 

dx fJi ( 2 +A+fJ,) r( 2 +r)’ 


and this has a finite limit when k is increased indefinitely, viz. -xlr{z+r). The displace- 
ment due to such a semi-infinite double line of singularities as we have described here is 
expressed by the equations 


“ ^C-t-r r(2^-r)>)’ <27) 

or, as they may be written, 

, . » / 02 02 02 \ 

(u,v,‘u>)--cf^^, —Jigiog(z+r)-r} (28) 

In like manner we may have 

(«,r,«>)=-c(g^, ( 29 ) 

(e) Instead of a line-distribution of centres of dilatation, we may take a line-distribution 
of centres of rotation. From the result of example (6') we should find 


. 0 , 


where i) is a constant, and the axes of the centres of rotation are parallel to the axis of x. 
This gives 


In like manner we may have 


- D y 

w=0, V - — w^D —^ 

r’ r{zJtr) 


or, as they may be written, 


J) X 

w = — , t;« 0 , w^^D—. r, 

r r( 0 +r) * 


.(30) 

•( 31 ). 


( ? 0 \ 

0i’ (32) 


Other formulae of the same kind might be obtained by taking the line of singularities 
in directions other than the axis of z. 


The reader will observe that, in all the examples of this Article, except (o) and (^)» the 
components of displacement are harmonic functions, and the cubical dilatation vanishes. 
The only strains involved are shearing strains, and the displacements are independent of 
the ratio of elastic constants X ; fi. 


133. Local Pertarbations. 

Examples (o) and (o') of the last Article show in particular instances how 
the application of equilibrating forces to a small portion of a body sets up 
strains which are unimportant at a distance from the portion. The displacement 
to a distribution of force having a finite resultant for a small volume 
varies inversely as the distance; that due to forces having aero resultant for 
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the small volume varies inversely as the square of the distance, and directly 
as the linear dimension of the small volume. We may conclude that the 
strain produced at a distance, by forces applied locally, depends upon the 
resultant of the forces, and is practically independent of the mode of distribu- 
tion of the forces which are statically equivalent to this resultant. The effect 
of the mode of distribution of the forces is practically confined to a compara- 
tively small portion of the body near to the place of application of the forces. 
Such local effects are called by Boussinesq “perturbations locales*.” 

The statement that the mode of distribution of forces applied locally gives 
rise to local perturbations only, includes Saint- Venant’s “Principle of the| 
elastic equivalence of statically equipollent systems of load,” which is used in \ 
problems relating to bars and plates. In these cases, the falling off of the 
local perturbations, as the distance from the place of application of the load 
increases, is much more rapid than in the case of a solid body of which all 
the dimensions are large compared with those of the part subjected to the 
direct action of the forces. We may cite the example of a very thin rectangular 
plate under uniform torsional couple along its edges. The local perturbations 
diminish according to an exponential function of the distance from the edgef . 


134. Second type of simple solutions. 

The displacement is expressed by the equations given in Article 132 (c), 
viz.: 


u — B 


X Tf y ^ 

r{z^r)* r(z-fr)' ^ 


.(24 bis) 


or, as they may be written, 

• T> 31 og(z-t-r) „ 91 og(z + r) T,^log(z + r) 

u^B — ^ v^B — ^ w^B — ^ 
dx oy dz 

It may be verified immediately that these expressions are solutions of the 
equations (1) at all points except the origin and points on the axis of z at 
which z is negative. There is no dilatation, and the stress components are 
given by the equations 


X,* 2fjLB 




r*(z + r) r®(.2’ + r)® 

o ijf + ^ 
^^^\r^(z^r) r»(z 


— 2y>B 




yL 1 

s + r)*j ’ 






z, — 




XySBt^ 2flB 


xy{Z'^2r) 

r*(z + ry 


* Bdsniiiaiq, he. eit. 

t JUlfin and Tait, Nat. PhiL, Part n. pp« 267 et teq. Of. Artidas 226 b. and 246 ▲. i^fra. 
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At the Bur&ce of a hemisphere, for which r is constant and z is positive, these 
give rise to tractions 


X, = 2fiB 




the normal (v) being drawn towards the centre. 


_ 




(33) 


135. Pressure at a point on a plane boundary. 

We consider an elastic solid body to which forces are applied in the 
neighbourhood of a single point on the surface. If all the linear dimensions 
of the body are large compared with those of the area subjected to the load, 
we may regard the body as bounded by an infinite plane. 

We take the origin to be the point at which the load is applied, the plane 
z = 0 to be the bounding surface of the body, and the positive direction of the 
axis of z to be that which goes into the interior of the body. The local effect 
of force applied at the origin being very great, we suppose the origin to be 
excluded by a hemispherical surface. 

The displacement expressed by (15) could be maintained in the body by 
tractions over the plane boundary, which are expressed by the equations 




A 


F. = - 






and by tractions over the hemispherical boundary, which are expressed by 
the equations (17). The resultant of the latter for the hemispherical surface 
is a force in the positive direction of the axis of z of amount 

4tirfiA (\ -f 2/i)/(\ + /Lt). 

The displacement expressed by (24) could be maintained in the body by 
J tractions over the plane boundary, which are expressed by the equations 


X, — 2fiB-^, = .( 34 ) 

and by tractions over the hemispherical boundary, which are expressed by 
the equations (33). The resultant of the latter is a force in the positive 
direction of the axis of z of amount 

If we put £ — — Aft,l{\ + fi), the state of displacement expressed by the 
|8um of the displacements (15) and (24) will be maintained by forces applied 
the hemispherical surface only; and, if the resultant of these forces is P, 
jthe displacement is given by the equations 

P xz _ P X 

4i7rfi r* 47r (\ + ft) r{z + r), 

P P y 

4nrfi r* 47r {\ + ft) r {z +r) ’ 

P(\ + 2ft) 1 
4ir/ir* 47r/i (X + /a) r ’ 


.( 36 ) 
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At all points not too near to the origin, these equations express the displace- 
ment due to a pressure of magnitude P applied at the origin. 

For the discussion of this solution, it is convenient to regard the plane boundary as 
horizontal, and the body as supporting a weight P at the origin. We observe that the 
tractions across a horizontal plane are 

so that the resultant traction per unit area exerted from the upper side across the plan 
at any point is a force directed along the radius vector drawn from the origin and o 
magnitude f (Plnr^) cos® d, where $ is the angle which the radius vector drawn from th 
origin makes with the vertical drawn downwards. The tractions across horizontal plane 
are the same at all points of any sphere which touches the bounding plane at the origin 
and their magnitude is ^PjirlPj where D is the diameter of the sphere. These expression 
for the tractions across horizontal planes are independent of the elastic constants. 

The displacement may be resolved into a horizontal component and a vertical com 
ponent. The former is 

Psind f ^ M L.„ T 

AwflT L X -f-Zi (1 4-C08 d)J ^ 

it is directed towards or away from the line of action of the weight according as the radiu 
vector is without or within the cone which is given by the equation 

(X + p) cos d (1 + cos 

When Poisson’s ratio for the material is J the angle of the cone is about 68“ 32'. At air 
point on the bounding plane the horizontal displacement is directed towards the axis anc 
is of amount ^P/?rr (X-f / a). The vertical displacement at any point is 

it is always directed downwards. Its magnitude at a point on the bounding plane if 
J/’(X+2/i)/irr/*(X-|-/i). The initially plane boundary is deformed into a curved surface 
The parts which are not too near the origin come to lie on the surface formed by th< 

• revolution of the hyperbola 

xz— (X+ 2>t)/»rfi (X + fi) 

about the axis of z. 


136. Distribated pressure. 

Instead of supposing the pressure to be applied at one point, we maj 
suppose it to be distributed over an area on the bounding plane. Let (x', y, 0) 
be any point of this plane, P' the pressure per unit of area at this point, 
r the distance of a point (x, y, z) within the body firom the point (x', y'. 0). 
Let denote the direct potential of a distribution P' over the area, x 
logarithmic potential of the same distribution, so that 

jjPrdxdy', xs=JJp'log(a + r)<ix'(iy', -(3®) 

where the integrations are taken over the area subjected to pressure. 
observe that 

’t'V*2^-2jJ^dx'dy'-2^, say, 


,(37) 
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where <f> is the ordinary or inverse potential of the distribution P", We 
observe also that ^ = z<f>. 

The displacement at any point of the body produced by the distributed 
pressure P* is expressed by the equations 

4/t (X + fi) dx 4m-fi dxdz ’ 

v=-- -J.-- 

W (X. + /t) 0y ivfi dydz ' 

L^ + J^_±2^VS4- 

47r (\ + fi) dz dz"^ 47r/A (X. + /a) ^ ’ 

These expressions can be simplified by introducing a new function H 
determined by the equation 

^TTfl ^7r{\ -^ flY 

and we have the expressions^ for the displacement 

3fl 3fl 3fl X 4- 2/i 

dx' ^ dy dz ^ iw/x (X-f fi) ' 

We observe that these expressions are finite and determinate for all values 
of y> ^)i provided z is positive; and that, as the point {x, y, z) approaches 
any point (a?', y', 0), they tend to definite finite limits. They represent the dis- 
placement at all points of the body, bounded by the infinite plane ^ = 0, to which 
pressure is applied over any areaf. The normal component, of the displace- 
ment at any point on the surface of the body is (X -}- 2/4) </)/47r/i (X -f /a). 

137. Pressure between two bodies in contact.— Geometrical Pre- 
liminaries. 

Let two bodies be pressed together so that the resultant pressure between 
them is P. The parts of the bodies near the points of contact will be com- 
pressed, so that there is contact over a small area of the surface of each. This 
corntnon area will be called the compressed area, and the curve that bounds it 
the curve of compression. We propose to determine the curve of compression 
the distribution of pressure over the compressed areaj. 

The shapes, in the unstressed state, of the two bodies near the parts that 
into contact can be determined, with sufficient approximation, by equations 
^Uhe form 

Zi « + P«y* 4- 2Htxy, ‘ 

" These formula are due to Hertz, J. /. Math, (CrelU), Bd. 92 (1881), reprinted in Get. Werke 
^^^hinrieh Hertz, Bd. 1, Leipzig 1896, p. 165. 

I A number of special oases are worked out by Boossinesq, he. eit. 

" theory is due to Hertz, he. cit. 
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the axes of Zi and being directed along the normals drawn towards the 
interiors of the bodies respectively. In the unstressed state, the bodies are 
in contact at the origin of (a?, y\ they have a common tangent plane there, 
and the distance apart of two points of them, estimated along the common 
normal, is expressed with sufficient approximation by the quadratic form 
(ill + -da) a?* + (Bx -f y® + 2 (Hi 4- Hi) xy. This expression must be positive 
in whatever way the axes of x and y are chosen, and we may choose these 
axes so that Hx + H^ vanishes. Then Ai -f and Bx 4 B^ must be positive. 
We may therefore write 

Ax^Ai^A, JBi + £a = 5, (41)\ 

A and B being positive. 


If Rx, Rx are the principal radii of curvature at the point of contact for 
the body (1), and Rz, Rn' those for the body (2), and if these have positive 
signs when the corresponding centres of curvature are inside the bodies 
respectively, we have 

2 (il 4 5) = I/-B 1 4 lIRx' 4 l/R, 4 II R^ (42) 

The angle (w) between those normal sections of the two surfaces in which the| 
radii of curvature are Rx, R^k given by the equation 




1 

X 


+ ( tT — 


J, 

-R.' 






_ 1 

R^') \X' 


x) 


COS 2ft).... (43) 


The angle (<»') between the (x, z) plane, chosen so that i/j = - Hi, and t 
normal section in which the radius of curvature is jR, is given by the equati' 

sin 2(o>- a) = sin 2a>' (44) 


If we introduce an angle t by the equation 


COST* _ 


B + A’ 


.(45) 


so that 2.dco8ec* jT = 258ec*iT = l/^, + l/iJ,' + l/ii, + l/JRj' (46) 

the shape of the “relative indicatrix,” + const., depends on tl 
angle t only. 


When the bodies are pressed together there will be displacement of hot 
We take the displacement of the body (1) to be («„ v,, w,) relative to tl 
axes of (x, y, z,), and that of the body (2) to be («,, «„ w,) relative to 
axes of («, y, «,). Since the parts within the compressed area are in cont 
after the compression, we must have, at all points of this area, 


Sl + «0|“-(x,+ Wi) + «, 



BODIES IN CONTACT 


137, 138] 


195 


where a is the value of Wi + ^2 fl-t the origin*. Hence within the compressed 


area we have 

+ = (47) 

and outside the compressed area we must have 

Wi + Wi>a-AoL^-By‘\ (48) 


in order that the surfaces may be separated from each other. 


138. Solution of the problem of the pressure between two bodies in 
contact. 

We denote by X-i, /Ltj the elastic constants of the body (1), and by X^, fi 2 
those of the body (2). The pressure P between the bodies is the resultant of 
a distributed pressure (P' per unit of area) over the compressed area. We may 
form functions %i, fli for the body (1) in the same way as <;!>, %, ft were 
formed in Article 136, and we may form corresponding functions for the 
body (2). The values of and W 2 at the common surface can then be written, 

(49) 

where -f (Xi + /ii), % = (X^ -f 2 fjb 2 )IW/M 2 (Xg + /a 2 )> • • -(^O) 

and <f>Q is the value of <f>i or (fy^ at the surface, i.e. the value of the convergent 

integral jJp'r^^cLr'dy' at a point on the surface. The value of <f>o at any point 

within the compressed area is determined in terms of the quantity a and the 
coordinates of the point by the equation 

'' - %’) ( 51 ) 

This result suggests the next step in the solution of the problem. The* 
functions denoted by <pi and <f >2 are the potentials, on the two sides of the 
plane 2 : » 0, of a superficial distribution of density P' within the compressed 
area, and the potentit.1 at a point of this area is a quadratic function of the 
coordinates of the point. We recall the result that the potential of a homo- 
geneous ellipsoid at an internal point is a quadratic function of the coordinates 

* If the pointo (xi, pi, «,) of the body (1) and (» 2 » 3 / 2 , ^ 2 ) of the body (2) come into contact, 
^'e must have 

+ + Pi + Vi + - ( 22 +^ 2 ) + a; 

in equation (47) we identify (xj, yi) with (jrg, pg). We may show that, without making this 
identification, we should have 

w?! 4* « a - /i Xj* - By^^ - 2 [.Ig 4 (*i + x*) (ui - Uj) 

+ (yi +ya) ~ 1^2) + ^^2 {^1 (*'1 - vg) + y, (u, - Ug)}]. 

the result we shall find for Wi+Wg an expression of the order Aa\ where a is the greatest 
diameter of the compressed area, and U] . tig . ... will be of the same order in a as W] 4 - tcg ; thus the 
neglected axe of a higher order of small quantities than those retained. If the bodies are 

the same material we have and vi «V 2 when and and thus the ideatifiea- 

I of (ofi, yi) with (xg, pg) leads in this case to an exact result. 
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of the point. We therefore seek to satisfy the conditions of the problem bj 
assuming that the compressed area is the area within an ellipse, regarded ai 
an ellipsoid very much flattened, and that the pressure P' may be obtainec 
by a limiting process, the whole mass of the ellipsoid remaining finite, anc 
one of its principal axes being diminished indefinitely. In the case of ai 
ellipsoid of density p, whose equation referred to its principal axes is 

the mass would be fTrpahc; the part of this mass that would be contained ii; 
a cylinder standing on the element of area dx'dy would be 
2pdxdy'c ^(1 ~ 

and the potential at any external point would be 

h r (l- ^ ] ^ 

V a>+rfr b^ + ir C> + f /[(«* + ^) + -^)(c« + ^’ 
where p is the positive root of the equation 

a^/(a^ + p) + y^l(b^ + 1/) -f z^l{c^ + = 1. 

At an internal point we should have the same form for the potential with (I 
written for p. We have now to pass to a limit by taking c to diminish 
indefinitely, and p to increase indefinitely, while a and b remain finite, in 
such a way that 

(i) fir(pc)aJ = P, 

(ii) 2(pc)V(l-^>=-yW = -P'. 

(iii) if>t= vabipc) I (l - ^ - ,) i. 

the third of these conditions being satisfied at all points within the compressed 
area. Hence we have 

3P 





and 


(ft - A3c‘ - By^) 


(53) 


^1 + ^, 

_ y:J] 

L a^ + ^jr j(a® + 

The equation (52) determines the law of distribution of the pressure P' over 
the compressed area, when the dimensions of this area are known. The 
equation (53) must hold for all values of a: and y within this area, and it 
therefore equivalent to three equations, viz. 

d^ 


« - T P (^1 + f )((.» + -^) ^li ’ 

A^\P (%. + (o.+^)?}(t+^)^}i ’ 




.( 54 ) 


0 (6* + l(o* + 
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The second and third of these equations determine a and b, and the first of 
them determines a when a and b are known. If we express the results in 
terms of the eccentricity (e) of the ellipse, e will be determined by the equation 


B 


f 

J 0 


dg 





,(55) 


(I will be given by the equation 






and a will be given by the equation 

op /•' 

J 0 


(l + ?)Sir(l-e“+Oli’ 
dc 


4a 


.(56) 


.(57) 


1 ?( 1 + ?)(!-«* + 01 ^' 

We observe that e depends on the ratio A only. Hertz has tabulated the 
values of 6/a, =(1-^2)^, in terms of the angle t, of which the cosine is 
(B - A) j(B + A). He found the following results: 


T = 



90 “ 

80 “ 

70 “ 

60 “ 

50 “ 

40 “ 

30 “ 

20 “ 

10 “ 

0 “ 

hia- 

1 

079 

0*62 

i 

0*47 

0-36 

0-26 

0*18 

0*10 

005 

0 


At points on the plane ^ = 0 which are outside the compressed area, </>o is 
the potential, at external points in this plane, due to the distribution F over 
the compressed area. It follows from (49) that at points on the surfaces of 
the bodies, outside the compressed area and not far from it, we may write, 
I with sufficient approximation 


.cx a:* yM dir 

[where v is the positive root of the equation 

a:;*/(a* + *') + yV(^*-f-y)=s 1 ..(58) 


Hence we have 
(Wj 4 * io.j) - (a - Ax* - By*) 


3P rw 


y* '\ dir 

o’+t ^ f {(a* + f) (b * + V^) ’ 


...(59) 


l^ow, when ^ lies between 0 and p, the point (x, y), which is on the ellipse (58), 
is outside the ellipse ai*/(o’ + '^) + yV(^'+ 1. and therefore the expression on 
p right-hand side of equation (59) is positive. The condition of inequality (48) 
i* therefore satisfied. 


7he assumptions that the compressed area is bounded by an ellipse 
where ajuid 6 are determined by the second wd third of 

P oations (54), and that the pressure F over this area is expressed hy the 
fmula (52), satisfy all the conditions of the problem. When F is known 
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the functions X’ ^ bodies can be calculated, and hence we 

may determine the displacement and the distribution of stress in each body. 

Hertz* has drawn the lines of principal stress in the (x, z) plane for the case in which 
X~2/i (Poisson’s ratio = J). His drawing was in part conjectural, as the differential equation 
determining the directions of the lines of principal stress cannot be integrated exactly. 
A more exact result has been obtained by S. Fuchs t, by a method of approximate inte- 
gration, in the case of a sphere resting on a plane. The lines of principal stress in the 
body with the spherical boundary are represented in Fig. 16, where the full curved lines 



are lines of principal stress along which the traction is pi*essure, and the dotted lines are 
lines of principal stress along which the traction is tension. It will be observed that neai 
the compressed area both the principal stresses are pressures. A little further away out 
set of lines shows tension near the surface and pressure in the central portions. Still 
further away the same set of lines shows tension throughout. The other set of lines art 
always lines of pressure. 

Hertz made a series of ex|>eriment8 with the view of testing the theory. The result 
that the linear dimensions of the compi’essed area are proportional to the cube root of the 
pressure between the bodies was verified very excictly ; the dependence of the form of the 
compressed area upon the form of the relative indicatrix was also verified in cases in which 
the latter could be determined with fair accuracy. 

139. Hertz’s theory of impact. 

The results obtained in the last Article have been applied to the problem 
of the impact of two solid bodie.sJ. The ordinary theory of impact, founded 
by Newton, divides bodies into two classes, “perfectly elastic’' and “imperfectly 
elastic.” In the case of the former class there is no loss of kinetic energy in 
impact. In the other case energy is dissipated in impact. Many actual bodies 
are not very far from being perfectly elastic in the Newtonian sense. Hertz’s 
theory of impact takes no account of the dissipation of energy; the compression 
at the place of contact is regarded as gradually produced and as subsiding 
completely by reversal of the process by which it is produced. The locai 
compression is thus regarded as a statical effect. In order that such a theory 
may hold it is necessary that the duration of the impact should be a large 

* Verhandlmgen dei Vtreim tur Bef'&rdemng de§ Gtmrhiifieiint, 1882, reprinied in Hertz, Oei> 
Werke, Bd. 1, p, 174. 

t PhgiikdUiche ZeiUehr., 19X8, p. 1282. Farther dieooeeioii of the esse oonsidered by Fuebsj 
will be fotmd in a paper by W. B. Morton and L. J. Close, PUL Mag. (Ser. 6), voL 4$, 1922, p. 3^ 

t Berta, Math. (CreUe), Bd. 92 (1881), repriiited in Herto, Gs$. Werke, Bd. 1, p. HO. 
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multiple of the gravest period of free vibration of either body which involves 
compression at the place in question. A formula for the duration of the 
impact, which satisfies this requirement when the bodies impinge on each 
other with moderate velocities, has been given by Hertz, and the result has 
been verified experimentally*. 

At any instant during the impact, the quantity a is the relative displacement 
of the centres of mass of the two bodies, estimated from their relative positions 
at the instant when the impact commences, and resolved in the direction of the 
common normal. The pressure P between the bodies is the rate of destruction 
of the momentum of either. We therefore have the equation 


at \ nil -f mj/ 


(60) 


where d stands for da/di, and wi,, are the masses of the bodies. Now P is 
a function of so that the principal semi-diameters a and b of the compressed 
area at any instant are also functions of t, determined in terms of P by the 
second and third of equations (54); in fact a and b are each of them pro- 
portional to pi* Elquation (67) shows that a is proportional to P^, or that P 
is proportional to a? ; we write 

P^kal (61) 


where 




.]■-/: 




(62) 

Equation (60) may now be written 

(63) 


where ifc, = (mi + This equation may be integrated in the form 

^ (d* — u®) = — (64) 

where v is the initial value of d, i.e. the velocity of approach of the bodies 
before impact. The value of a at the instant of greatest compression is 



I and, if this quantity is denoted by ai, the duration of the impact is 

of' - 
J 0 [»* - 


* Sohne^li, Arch. de$ wt, phyi., Geneva, U 16 (1886). InveBtigstions of the duration of 

I mpact in the oaae of high vi^ooitiee were made by Tait, EdinXmryh .Key* See. Ttam*, vole. 86, 87 
(IBIK), 1892), reprinted in P. G. Tait, SdenHfic Popm , vol. 2, Gambridg# 1900, pp. 228, 249. The 
^^eory will be disooaied farther in Chapter XX infra. 
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We may express in terms of the shapes and masses of the bodies and 
the velocities of propagation of waves of compression in them ; let Fj and Fj 
be these velocities*, pi and pg the densities of the bodies, o-, and o-j the values 
of Poisson's ratio for the two materials; then 


so that 


where 


- (l-o-,)® . _ 

7rF.V,a-2<7,)’ 7rFgVg(l-2<r,)’ 

5m,7Wgt;» 3 VJ. [ (1 - (l-o-g)' ] 

4(7ni + »»2) |f,*Pi ( 1 — 2<r,) — J 


•( 66 ) 

''67) 


* dr 

It appears that the duration of the impact varies inversely as the fifth root 
of the relative velocity of approach before impact. The order of magnitude 
of the gravest period of free vibration that would involve compression is 
1/iliFi, and thus the duration of impact bears to this period a ratio of which 
the order of magnitude is ( 




dK 


(i+r)«{r(i-e»+r)ii 





140. Impact of spheres. 

When the bodies are spheres of radii ri, rg, we have 

J=5=J(l/ri + l/rg), e=0, a = b,\ 


5 _ 3 v ffTi 

4 r,+rg 




.(69) 


a=^(5,+5g)/»; 


from which we find 


“‘“L~ ~ J \ n'-j / 


I 

) 


.(70) 


Hence the duration of the impact and the radius of the (circular) compressed area arc 
determined. 

In the particular case of equal spheres of the same material the duration of the 
impact is 

(7.) 

^ I 8 vivi' 

where r is the radius of either sphere, <r is the Poisson^s ratio of the material, and V is the 
velocity of propagation of waves of compression. The radii of the circular patches that , 
come into contact are each equal to 

<”> 

These results have been verified experimentally t. 


* Fi* i* (X, +ifn)lpt and F,* is (X,+2^//i,. See Chapter XIH iitfra. 
t Sehaeebdi, Bep. d. Pkgi., Bd. 22 (1886), and Hamburger, Tageblatt d. Nat. Vert, in 
haden, 1887. 
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141. Effects of nuclei of strain referred to polar coordinates. 


We may seek solutions of the equations (1) in terms of polar cooi’dinates, the displace- 
ment being taken to be inversely proportional to the radius vector r. The displacement 
must satisfy equations (49) of Article 97. If we take and to be proportional to cos 
and to be proportional to sin we may show that* 

A = |i4 (n + cos &) tan* | -P 5 (w - cos d) cot* || , 


jc* tan" ^ - D cot" , 

C08wd> f X-H2 u n 

Ur \ , -|-(7tan*-4-/)cot* 

[ /i cos n(t> 2 


I 


where D are arbitrary constants ; and then we may show that 

rsm^ [ 2fi dd \co» n(t>J \ 2 2/ 


+ 6nan*^-t-/fcot*~|, 


iu = [n ~ . cos B € tan* ^ - Z) cot* f ^ tan* ^ ^ cot* -I , 

♦ rsine^l 2/1 cos?)(/) ^2 2/ 2 2j 


where it and H are arbitrary constants. In the particular cases where 7i.=0 or 1 some of 
the solutions require independent investigation. These cases include the first type of 
simple solutions for any direction of the ap[>lied force, the second type of simple solutions, 
and the solutions arrived at in Article 132, examples (<f), (e). We give the expressions for 
the displacements and stress-components in a series of cases. 



* J. H. MicheH, London Math. Soe. ProCn ▼ol. 82 (1900)* p. 28. 
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(a) The first type of simple solutions, corresponding with a force F parallel to the 
axis of £ 1 , is expressed by the equations 


F cosd X+3tt F sin^ 




; 


4?rfi r 2{X+2fi)ivfi r 

the stress-components are expressed by the equations 

^ 3X-f4^ F COB S ^ XX n F COB 6 

\ + r* ’ + 4^ 

n Q- ^ /’sin (9 

d«-d«-=0, 

The meridian planes (0= const.) are principal planes of stress ; and the lines of principal 
stress, which are in any meridian plane, make with the radius vector at any point angles ^ 
determined by the equation 

tan 2^« - {2fil(3\^bfi)}ta,n B, 

These lines have been traced by Michell, for the case where X==p, with the result shown in 
Fig. 16, in which the central point is the point of application of the force. 

(jS) When the line of action of the force F* is parallel to the axis of .r, the displace- 
ment is expressed by the equations 


14,. a 


F* sin ^ cos ^ 


Ub 


X4-3;a F' cohBcob<I> 


4ir/i r ’ ' 2(X+2/fi)47r^ r 

the stress-components are expressed by the equations 




X-J-3 F* sin <f> 
2 (X + 2fi) ^TTfA r 


■' 3X+4u F' sin d cos A 

X + 2p 4ir 


dd=0<^ = 


' M /*' sin <b . 

/ rd. 


fjL F' sin B c os 0 
*X+2/4 4ir r® ’ 

ft F' cos B cos <f> 


X + 2ft 4rr 

(y) The second type of simple solutions is expressed by the equations 


ttr= 


B 


Ub» - 


B sin B 
r 1+cosd’ 


the stress-components are expressed by the equations 

rr=-2p^, = 


(3) The solution (28) obtained in Article 132 (c?) is expressed by the equations 

C sin 0 
r 1-irCOSd' 


* C 008 d> C Bind} 

«r-0, 


r 1+casd 

the stress-components are expressed by the equations 
^ ^ « (7 (l-co8d)cos<i 


^ (1+008 d) Bind " ^»3l+oo8d’ ^r»l+008d 
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(») m solution (31) obtained in Article 132 (e) is expressed by the equations 


sin B cos 


2 ) ^ 
cos <^, 


r l+cosd ’ 

the stress-components are expressed by the equations 


D 


Bincf); 


l + cose# * 




D sin B sin (j> 

r+ cos'd' 




142. Problems relating to the equilibrium of cones*. 

(i) We may combine tbe solutions expressed in (a) and (y) of the last Article so as to 
)btain the distribution of stress in a cone, subjected to a force at its vertex directed along 
ts axis, when the parts at a great distance from the vertex are held fixed. If is the 
quation of the surface of the cone, the stress-components 6B^ d<^, rB must vanish when 
1 = 0 , and we have therefore 

_iL_Z^ + «o. 

X + 2fi 47r l-fcoso 

he resultant force at the vertex of the cone may be found by considering the traction in 
he direction of the axis of the cone across a spherical surface with its centre at the vertex ; 
wi^uld be found that the force is 

F 

f(xT2i I ) “) + 1* “) “)}. 

id, when F is positive, it is directed towards the interior of the cone. 

By putting o*Jtr we obtain the solution for a point of pressure on a plane boundary 
Lrticle 135). 

(ii) We may combine the solutions expressed in (/3), (3), (e) of the last Article so as 
obtain the distribution of stress in a cone, subjected to a force at its vertex directed at 
jht angles to its axis. The conditions that the surface of the cone may be free from 


i~r— “ - Z) sin a*= 0 


F’ 

2C- i) (1 -h 2 cos a) - T-7'erT“\ 0 (1 + ^’8 a) 

- 2(7 ^ ~ + %D sin a + ® (1 ® ^ 

Rinn 4trrA4>2ii) 


F' (1 -f WS a)* « /’^(1-fcosa; 

8tr(X+2/i) » 4jr(X+2^) ‘ 


e resultant force at the vertex is in the positive direction of the axis of .r, when F^ i« 
litive, and is of magnitude 


4 


(2+“^i)l+2(‘(i_co8a)>. 
X+2^ ' 


By combining the results of problems (i) and (ii) we may obtain the solution for foroi 
ing in a given direction at the vertex of a cone ; and by putting we may obtaii 
solution for force acting in a given direction at a point of a plane boundary. 


* MiaIiaII. loe, dU 



CHAPTER IX 


TWO-DIMENSIONAL ELASTIC SYSTEMS 

143. Methods of the kind considered in the last Chapter, depending upon 
simple solutions which tend to become infinite at a point, may be employed 
also in the case of two-dimensional elastic systems. We have already had 
occasion (Chapter v) to remark that there are various ways in which sucl: 
systems present themselves naturally for investigation. They are furthei 
useful for purposes of illustration. As in other departments of mathematica 
physics which have relations to the theory of potential, it frequently happens 
that the analogues, in two dimensions, of problems which cannot be solved ir 
three dimensions are capable of exact solution; so it will appear that in th( 
theory of Elasticity a two-dimensional solution can often be found whicl 
throws light upon some wider problem that cannot be solved completely. 


144. Displacement corresponding with plane strain. 


In a state of plane strain parallel to the plane {x, y), the displacement v 
vanishes, and the displacements u, v are functions of the coordinates x, i 
only. The components of rotation w* and Vy vanish, and we shall writ* 
w for w*. When there are no body forces, the stress-equations of equilibriuu 
show that the stress-components X*, Yy, Xy can be expressed in terms of i 
stress-function x, which is a function of x and y, but not of z, by the formula 


y X- 

-Aw — — 


ay»- 




dxdy 


Since 




and A is an harmonic function, we see that x <^ti8t satisfy the equation 


( 1 ) 

( 2 ) 


^ 12 ^0 
3®* 3y* ao’Sy* 


( 3 ) 


We shall denote the operator 3*/aa* -f a’/Sy* by Vj* and then this equation i 
Vi^sO. It shows that is a plane harmonic function. 

The equations of equilibrium in terms of dilatation and rotation are 



From these we deduce that A and v are plane harmonic functions, and tha 
(X-f 2/a)A + (2^ is a function of the complex variable x^iy. The plan 
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harmonic function is equal to i{\ + fi) A. We introduce a new function 
f of + ty by means of the equation 


so that 


f + tiy « jl(X + 2fi)A + iifiis} d{x + Ly\ (5) 


Then we have 


A.lso we have 


[t follows that 


^ dx df 2 (X, + /i) ^ 0a:' ^ dx ’ 


.( 6 ) 




) = -^. 




•( 7 ) 


These equations enable us to express the displacement when the stress- 
function 'x^ is known. 

Again, when A and w are known, we may find expresfions for u, v. We 
have the equations 

7 \m 

.( 8 ) 


du dv 

dy ’ 0a? 0y 


These, with (6), give 

u=l( y'L- 

aicV2(X + 2/t)j^0yV2/t/^ ’ 

0^l2(X+2/i); 0®l2/tr ’ 

in which [Article 14 (rf)] v' + tit' is a function of a: + ty. We may put 

,0/ ,0/ 

““0a:’ ““0y‘ 

where / is a plane harmonic function, and then m, v can be expressed in the forms 

1 I 

2/4 2/4 (\ + 2/4)*^ 0y 0a? ^ 

.V \t£_yh+¥. 

’2(X + 2jit) 2/t(X + 2/*)^0y 0y' 


.( 9 ) 
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We may show without difficulty that the corresponding form of x 




and we may verify that the forms (7) for % v are identical with the forms (9). 


145. Displacement corresponding with plane stress. 

In the case of plane stress, when every plane parallel to the plane of w, y 
is free from traction, we have 0. We wish to determine the 

most general forms for the remaining stress-components, and for the corre- 
sponding displacement, when these conditions are satisfied and no body forces 
are in action. We recall the results of Article 92. It was there shown that, 
if 0 = Za.-f + the function 0 is harmonic, and that, besides satisfying 
the three equations of the type 

dX,3X,>Z, 

to 3j 32 ' 

the stress-components also satisfy six equations of the types 

+ ( 12 ) 

1 -h cr 00)2 1 + cr dydz ' 

Since Zx, F^, Zg are zero, d®/dz is a constant, ^ say, and we have 

0*00 + ^^, (13) 

where 0® is a function of x and y, which must be a plane harmonic functio 
since 0 is harmonic, or we have 

V,-^0o = O (14) 

The stress-components Z,, Fy, Xy are derived from a stress-function j 
which is a function of x, y, Zy in accordance with the formulai (1), and we hav 

= (15) 

The first of equations (12) gives us 

1 + ff 0a!’ ’ _ 

or, in virtue of (14) and (15), 

In like manner the remaining equations of (12) are 

9* (^y. . <T S* /0’y . «r „ \ „ 




dxdy 1 + O' 
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0*Y (T . 

It follows that IS a linear function of sc and y, and this function 

may be taken to be zero without altering the values of Yy, Xy. We 
therefore find the following form for x '■ 

(16) 


where Xo and are independent of z and satisfy the equations 

= = (17) 

We may introduce a pair of conjugate functions f and of a; and y which 
are such that 


dx dy dy dx 

and then the most general forms for Xt ““d can be written 


.(18) 


x« *= +/. xi = (*“ + y') + z, (19) 

where / and F are plane harmonic functions. The general form for x being 
known, formulaj for the stress can be found, and the displacement can be 
deduced. 


The displacement (u, v, w) must satisfy the equations 

I-Ia-.k.), 

^ ...( 20 ) 

“dy h ' h "dx ’ ix^dy E *'* 

There is no diflSculty in obtaining the forraute* 

1/. . M\ l + (ra, ' 

^(,+/3yz4 .(21) 

lii9(*“ + y' + Xo 

jiny small displacement possible in a rigid body may, of course, be superposed 
>n this displacement. 


146. Oeneraliaed plane stress. 

We have shown in Article 94 that, when the stress-component Z, vanishes 
iverywhere,8nd the stress-components Zy and Fj vanish at two plane boundaries 
the average values of the remaining stress-components Z,, Ty, Xy 

* EquiTalsnt tomoln ««n obtuned by OlebMh, ElutMtit, gSS. 
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are determined by the equations 

dl^ . dX 


ds 


3X„ . dV, 




.( 22 ) 


da^ dy 

and that the average values of the displacements Uy v are connected with the 
average values of the stress-components by the equations 


da 

'da^' 


where 


« /dll dv] 

X' = 2\fi/(\ + 2/it) (24) 


It follows that u, V are determined by the same equations as if the problem 
were one of plane strain, provided that X is replaced by X'. The quantities 
Ty, are derived from a stress-function exactly in the same way as in 
problems of plane strain. 


The average values of the displacements in any problem of plane stress are 
independent of the quantities /3 and F of Article 145, and are the same as if 
the problem were one of generalized plane stress. It appears from this state- 
ment that the investigation of states of plane strain may be applied to give 
an account of the effects produced by some distributions of forces which do 
not produce states of plane strain. The problems to which this method is 
applicable are problems of the equilibrium of a thin plate which is deformed 
in its own plane by forces applied in the plane. The actual values of tht^ 
stresses and displacements produced in the plate are not determined, unless 
the forces are so distributed that the state is one of plane stress, but the 
average values across the thickness of the plate are determined. Any such 
problem can be solved by treating it as a problem of plane strain, and, in the 
results, substituting V for X. 


147. Introduction of nuclei of strain. 

We may investigate solutions of the equations of plane strain which tend 
to become infinite at specified points. Such points must not be in the sub- 
stance of the body, but they may be in cavities within the body. When this 
is the case, it is necessary to attend to the conditions which ensure that the 
displacement, rotation and strain are one-valued. When the points are outside 
the body, or on its boundary, these conditions do not in general need to be 
investigated. The displacement being determined by certain functions of 
^ -f lyy the singular points are singularities of these functions. Without 
making an exhaustive investigation of the |) 08 sible singular points and their 



146-148] NUCLEI OF PLANE STRAIN 209 

bearing upon the theory of Elasticity, we shall consider the states of stress 
that correspond with certain simple types of singular points. 


148. Force operative at a point. 

The simplest singularity is arrived at by taking 

(\ 4* 2ii) A 4 = A (^c 4 .(25) 

so that the origin is a simple pole. Equation (5) becomes in this case 

^+17) = A log {x+ Ly) = A (log r 4 tOX (26) 

where r, 0 are polar coordinates in the plane of (a*,!/). The corresponding 
formulae for u, v are 


A , X 4 /i. 

u = log r 4 t r- 

2/m ^ 2/x(X4 2/i,) 

0 ^ ^4/i 

^~2(X + 2fi) 2(1 {^ + 2^.) 
To make v one- valued we must put 




y.2 


.(27) 


•' — 2(1 + 2,)^' 2 (X+2rt 


The formula' for u, v then become 


4locrr+ -A±iL- 

2/i(X + 2^) ^ ^2/i(\ + 2/i) 7^ 


t; = . 


X 4 - ^ 




2(1 (\ + 2/i) 1“ 

The stress-components X*, F;,, Xy are given by the equations 
V _ a /2^ + 'V 2(X+/i)y“\ 

* \ + 2(i' \ + 2(i ?)’ 


Yy^A 


X -A^ ( ^ 


(x 2(X + /a)y\ 

X + 2m‘^ X-f l/t W 

2{\-^(i)x'^, 


X 4 2/m 


.(28) 


.Cz9) 


The origin must be in a cavity within the body; and the statical resultant 
Ilf the tractions at the surface of the cavity is independent of the shape of 
fhe cavity. The resultant may be found by taking the cavity to be bounded 
(‘n the plane) by a circle with its centre at the origin. The component in 
direction of the axis of x is expressed by the integral 

r-(xJ + Xy^]rd0. 

''^'ich is equal to - 2Av. The component in the direction of the axis of y 
^'"shes, and the moment of the tractions about the centre of the cavity also 
'^''dshes. It follows that the state of stress expressed by (29) is that produced 
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by a single force, of magnitude 2vA., acting at the origin in the negative 
sense of the axis of a. 

The effect of force at a point of a plate may be deduced by writing X' in 
place of X and replacing u, Z*. ... by H, 2 ^, .... 


149. Force operative at a point of a boundary. 

If the origin is at a point on a boundary, the term of (27) which con- 
tains 6 can be one-valued independently 
of any adjustment of v'. It is merely 
necessary to fix the meaning of $. In 
Fig. 17, OX is the initial line, drawn 
into the plate, and the angle XOT—a. 

Then 0 may be taken to lie in the 
interval 

a > d > — (w — a). 

We may seek the stress-system that 
would correspond with (27) if m' and v 
were put equal to zero. We should find 


X-H2^ 



Fig. 17. 


2(^ + /*) 4 ay 
' X-|-2;a f* ’ 


2(X-)- /i) . a:*y 
\ '4“ 2^ 


.(30) 


In polar coordinates the same stress-system is expressed by the equations 

^ = 0, (31) 


rrs 


2(X + |t)^ co8^ 


X -I- 2/* 


This distribution of stress is described by Michell* as a “simple radial 
distribution.” Such a distribution about a point cannot exist if the point is 
within the body. When the origin is a point on a boundary, the state of stress 
expressed by (31) is that due to a single force at the point. We calculate the 
resultsmt traction across a semicircle with its centre at the origin. The 
ic-component of the resultant is 


or it is - 4 


\ + M’ 
X + 2/1 




rr . cos d . rd0. 


ir. The y-component of the resultant is 




rr . sin ^ . rd6^ 


or it is zero. Thus the resultant applied force acts along the imtial line and 
its amount is wA -f 2 /a); the sense is that of the continuation of the 

i niti al line outwards from the body when A is positive. 

* London 8oc. Proe.t toL SS (1900), p. B5. 
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This result gives us the solution of the problem of a plate with a straight 
boundary, to which force is applied at one point in a given directioa Taking 
that direction as initial line, and F as the amount of the force, the stress-system 
is expressed by the equations 

^ 2 „ COS ^ ^ 

= re = 0, ed^O, .(32) 

and these quantities are of course averages taken through the thickness of 
the plate. 


150. Case of a straight boundary. 

In the particular case where the boundary is the axis of x, the axis of y penetrates into 
the plate, and the force at the origin is pressure F directed normally inwards, the average 
stresses and displacements are expressed by the equations 




® TT 




ir 


IT 7 ^ ’ 


and 


F 


2ir (V-}-/Li) 


(*-5) 


F xy 


1 

^TT fi Qi! + fn) ^ 2irfi r^' 


.(33) 


.(34) 


This solution* is the two-dimensional analogue of the solution of the problem of Boussinesq 
(Article 135). Since v do not tend to zero at infinite distances, there is some difficulty 
m the application of the result to an infinite plate ; but it may be regarded as giving 
correctly the local effect of force aiiplied at a point of the boundary. 


151. Additional results. 

(i) The stress-function corresponding with (32) of Article 149 is sin 6. 

(ii) The effijct of pressure distributed uniformly over a finite length of a straight 

boundary can lie obtained by integration. If p is the pressure per unit of length, and the 
axis of X is the boundary, the axis of y being drawn into the body, the stress-function is 
found to be Jtt’ {(^ 2*^2 where fj, and $2 are polar coordinates with the axis • 

of X for initial line and the extremities of the part subject to pressure for origins. It may 
i>e shown that the lines of stress arc confocal conics having these points as focit. 

(iii) Force at an angle. 

The results obtained in Article 149 may lie generalized by supjwsing that the boundary 
is made up of two straight edges meeting at the origin. Working, as before, with the case 
of plane strain, we have to replace the limit — ir+a of integration in the calculation of 
the force by ~ y-f a, where y is the angle between the two straight edges. We find for the 
3^-coinponent of force at the origin the expression 

-A ^^^^{y-(-8inyC08(2a-y)U 

for the ^-component of force at the origin, we find the expression 
- ^ {sin y sin (So - y)}. 

^ Flamaut, Pam. C. P., t. 114, 1892. For the verification by means of polarized light see 

esnager in Rapportt pr6ienti$ au congr^s international de physique, t. 1, Paris 1900, p. 348. 

Caras Wilson, Phil, Mag, (Ser. 5), vol. 82 (1891), where an equivalent result obtained by 
^ouasinesq is recorded. 

t MioheH, London Math, Soc, Proe., vol. 84 (1902), p. 134. 
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The direction of nuuimum radial stress is not, in this case, that of the resultant force. The 
former of these is the initial line, making 
angles a and a - y with the edges ; the latter 
makes with the same edges angles <f) and 
y-<^, where 

y sin a - sin y sin (a - y) 
ycos a+sin ycos (a- y)* 

It follows that the angle a is given by the 
equation 

y sin 0- sin y sin (y - 0) 

"y cos - sin y cos (y - * 

When a given force F is applied in a given 
direction, <f) will be known, and a can be 
found from this equation ; and the constant 
A can be determined in terms of the re- Fig. 18. 

sultant force F, The conditions that the radial stress may be pressure everywhere ai*e 

a<^,y — a<”; and, in the extreme case a = ^ , we should have 


tan<^a 


tan aas- 





The solution is due to Michell*, who remarks that for value.s of y not exceeding the 

A 

last result is nearly equivalent to a “ rule of the middle third,” that is to say, the extreme 
value of (ft is nearly equal to §y. If the line of action of the applied force lies within the 
middle third of the angle, the radial stress is one-signed. 

The stress is given by (32), .so that the laws of transraission of stress from an angle are 
(i) that the stress is purely radial, (ii) that it i.s inversely proportional to the distance from 
the angle, (iii) that it is proportional to the cosine of the angle made by the radius vector 
with a certain line in the plane of the angle. 


(iv) Pressure on faces of wedge, 

• Eqxiation (3) of Article 144 is satisfied if ^ is a cubic function of x and y, say 

X = -f- cxif 4* (34 A) 

and the constants can be adjusted so that the tractions on two given plane boundaries 
y^mix and y^rn^x may be proportional to x, Sup[K)se, for example, that the axis of y i^ 
vertical, and its positive sense downwards, and that a wedge-shai)ed sfdid body (xjcupics 
the region of space >)elow the origin and between the two planes y=:-~.rtana and 
y=s=a?tan/3. Let p be the density of the solid, o- that of fluid in contact with it along the 
plane y=:-xtana, the plane y=0 being the free surface of the "fluid, and the plane 
y^xtanfi being free. The system being supposed to he in a state of plane strain the 
stress-components Fy, Xy are given by the equations 




y 

ly- 


where ^ has the above form (34 A), and the constants are determined by the conditions 


- JT* cos a - Xy sin a •^gtry cos a, - Xy cos a - Fy sin o*® g(ry sin a 

at ihe plane y = ~ tan a, and the conditions 


X* cos ^ - Xy sin /3»0, Xy cos /St - Fy sin /9—0 
at the plane y « x tan 3. 


loe, eit., p. 210. 
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These conditions give 

f tan)3— tano _ 2-3 tan a tan jS -tanka') 

6\^(tano+tanjS)»~*^ (tana+tan/3)» j’ 

6=i {fl-p “)} » ^ 

c-itanatan^(^^-^^.-6a). 

rf= A tan* S I (3 ten a+ten S)| . 

The solution is due to M. Ldvy (Pam, C, P., 1. 127, 1898, p. 10), who proposed to utilize 
it in the discussion of the technically important problem of determining the stress in a 
masonry dam. In regard to this problem the reader may be referred to L. W. Atcherley 
and K. Pearson “ On some disregarded points in the stability of Masonry Dams,” Drapen^ 
Company Research Memoirs^ Technical Series //., London 1904, K. Pearson and A. F. C. Pollard 
‘‘An experimental study of the stresses in Masonry Dams,” Drapers' Company Research 
Memoirs^ Techmml Series P., London 1907, and L. F. Kichardson, London^ PhiL Trans, 
It. Soc. (Ser. A), vol. 210, 1911, p. 307. Levy’s solution leads to the result that there is a 
linear distribution of pressure and tangential traction over the base of the dam, but in the 
investigations here cited this result is shown to be improbable. Richardson gives an 
approximate numerical solution for a two-dimensional system having the contour of an 
actual dam. 


152. Tsrpical nuclei of strain in two dimensions. 


(a) The formulae (28) express the displacements in plane strain, corresponding with 
a single force of magnitude 2 An acting at the origin in the negative direction of the axis 
of .r. We may obtain a new tyjie of singular point by supposing that the following forces 
are applied near the origin : 

parallel to the axis of . 2 ;, -~2An at the origin and 2 An at (A, 0) ; 
parallel to the axis of y, - 2Air at the origin and 2 An at (0, A) ; 


and we may jiass to a limit by supposing that Ah i-emains constantly equal to B while A is 
diminished without limit. The resulting displacement is given by the equations 


or 


"2m(X+2m) 2,*(X+2m) \0* dy 


,b - ^ (log r)’^B 

"2^(X + 2M)0y^‘”* 


X-ffi / 0 jf* 
2/i(X-h2/[i) r* 


a xy\ 

‘ V’ 


j 


l-^logr. 


.(35) 


This displacement is expressible in polar coordinates by the formuhe 




B 1 

involves no dilatation or rotation. The stress is expressed by the formulae 


.(36) 


<"> 

*0 that the origin ia a point of preaaure. If the origin ia in a circular caTit 7 there ia anifom 
PtesBure of amount aj*A'“*/(X+a;i) over the oavity. 
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(b) Again we may obtain a different type of singular point by supposing that the 
following forces are applied near the origin : 

parallel to the axis of SAir at the origin, at the point (0, 4), 

parallel to the axis of y, -2ATr at the origin, 2Arr at the point (4, 0) ; 

and we may pass to a limit as in case (a). We thus obtain the following displacement : 

^2^ (4 + 2/i) 0y 2/i (X+2fi) (cy Ba? r* / * 

X-fS^ 0 \ , 2> X+/i fdx^ 0 j:^\ 

2fi(X + 2^) 2fi(X*f 2;i) \0a7 r* r®/ * 

or (38) 

This displacement is expressible in |K)lar coordinates by the formulae 

U0^Blfir; (39) 

it involves no dilatation or rotation. The stress is expressed by the formulae 

rd-~25r-2, (40) 

so that the state of stress is that produced by a couple of magnitude 4irB applied at the 
origin. 

(c) We may take (X+2/i)A +t2fiQ7«(71og(x+ty). Since is not one-valued in a 
region containing the origin, we shall suppose the origin to be on the boundaj*y. Equation 
(5) becomes 

f -P ii; = C' (4? log r - y ^ -f tC Cv log r + - y ) , 

and the displacement may be taken to be given by the formula) 

(7, , (2X+3;i)(7 . 

0 xc 

The stress is then given by the formulae 

We may take tr ^ d ^ 0, the axis of a? to be the boundary, and the axis of y to be drawn into 
the body. Then the traction on the boundary is tangential traction on the part of the 
boundary for which x is negative ; and the traction is of amount Ctr (X+fi)/(X-f-2^), and it 
acts towards the origin if C is positive, and away from the origin if C is negative. The 
most important parts of v, near the origin, are the terms containing log r and d, and if s 
is negative both these have the opposite sign to (7, so that they are positive when C is 
negative. We learn from this example that tangential traction over apportion of a surface 
tends to depress the material on the side towards which it acts*. 


163. Transformation of plane strain. 

We have seen that states of plane strain are determined in terms of functions 
of a complex variable a? -f cy, and that the poles and logarithmic infinities of 
these functions correspond with points of application of force to the body which 
undergoes the plane strain. If the two-dimensional region occupied by the 
body is conformally represented upon a different two-dimensional region by 

* CL L. N. a Filon, Landm, Phil Tfan$. B. 8oc, (Ser. A), vol. 128 (1902). 
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means of a functional relation between complex variables + ty' and « + ly, 
a new state of plane strain, in a body of a different shape from that originally 
treated, will be found by transforming the function (X + 2/a) A + ^ 2/aw into a 
function of + v\{ by means of the same functional relation. Since poles and 
logarithmic infinities are conserved in such conformal transformations, the 
loints of application of isolated forces in the two states will be corresponding 
oints. We have found in Article 149 the state of plane strain, in a body 
ounded by a straight edge and otherwise unlimited, which would be produced 
y isolated forces acting in given directions at given points of the edge. We 
lay therefore determine a state of plane strain in a cylindrical body of any form 
f section, subjected to isolated forces at given points of its boundary, whenever 
re can effect a conformal representation of the cross-section of the body upon 
half-plane. It will in general be found, however, that the isolated forces 
re not the only forces acting on the body; in fact, a boundary free fi^om 
faction is not in general transformed into a boundary free from traction, 
'his defect of correspondence is the main diflSculty in the way of advance in 
he theory of two-dimensional elastic systems. 

We may approach the matter from a different point of view, by considering 
he stress-function as a solution of Vj* % - 0. If we change the independent 
ariables from a?, y to oi, y\ where x and y' are conjugate functions of x and y, 
he form of the equation is not conserved, and thus the form of the stress- 
imction in the {x\ y) region cannot be inferred from its form in the {x, y) 
egion*. 


164. Inversion f. 


The transformation of inversion, x' + ly* = (a; + fcy)“^ constitutes an exception 
0 the statement at the end of Article 153. It will be more convenient in this 
ase to avoid complex variables, and to change the independent variables by 
neans of the equations 

X a k^xlr^y y' =* A®y/r®, 

n which k is the constant of inversion, and r* stands for ir* + y“. We write 
n like manner r* for Expressed in polar coordinates the equation 

^iX 0 becomes 



and when the variables are changed fiem r, 6 to r', this equation may be 
shown to become 


^ 6 

¥ 



* The direei determination ot stress, in two-dimensional eUstie systems referred to orthogonal 
coordinates, is disonssed by S. D. Carothers, Londott, Bey* 8oc* Ptoe* (Ser. A), vol. 9T 
p, 110. Additional referpnoes will be found in Article 187 infra, 

^ Mioheil, loc, ciU, p. 211. 
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It follows that, when x is expressed in terms of x', y', r\ satisfies the equation 


^ 9 * , » ,g y 
^ dy'* dx'^dy' 




and therefore is a stress-function in the plane of {x\ y'). 

The stress-components derived from r^x given by the equations* 


where 6' is the same as 6; and we find 

rV' = . rr + 2 i 


rV' = . rr + 2 ^ » 


r'O' == — 

where rr, 06 y rO are the stress-components derived from Xy expressed in 
terms of r, 0, Thus the stress in the (r , 0') system differs from that in the 

-—N 

(r, 6) system by the factor by the reversal of the shearing stress r6y and 
by the superposition of a normal traction 2 same in all 

directions round a point. It follows that lines of stress are transformed into 
lines of stress, and a boundary free from stress is transformed into a boundary 
under normal traction only. Further this normal traction is constant. To prove 
this, we observe that the conditions of zero traction across a boundary are 

cos(^, ^)^,-co8(y, «')gjy = 0, -cos(:r, p) ^J-^ + cos{y, p)^ = 0. 

and these are the same as 



where ds denotes an element of the boundary. Hence dxf^^ and dxl^y are 
constant along the boundary, and we have 

4- fv-r ^ ^-3^- 0. 

d8\^ dr) day^ da ^dyj ds ds da ds dy 

It follows that a boundary free from traction in the (r, 6) system is transformed 
into a boundary subject to normal tension in the (r', ff) system. This tension 
has the same value at all points of the transformed boundary, and its effect is 
known and can be allowed for. 


See the tbeorem (ii) of Article 59. 
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166. Equilibrium of a circular disk under forces in its plane*. 

(i) We may now apply the transformation of inversion to the problem of Articles 
149, 150. 

Let 0' be a point of a fixed straight line O'A (Fig. 19). If O' A were the boundary of 
the section of a body in which there was plane strain produced by a force F directed along 


A 



00 ' the stress-function at P would be -7r~*/Vd sin 6^ where r stands for O'P ; and this 
may be written -«■“ where y is the ordinate of P referred to O'X When we invert 
the system with respect to 0, taking k~ 0(y^ P is transformed to P', and the new stress- 
function is - n’‘^ri^F(6i+6>i) where Si and *r - ^2 are the angles XOP'y XOP'^ and^ 

we have written Ti for OP', and y' for the ordinate of P' referred to OX, Further the line 
Of A is transformed into a circle through 0, O', and the angle 2a which OO subtends at the 
centre is equal to twice the angle A OX. Hence the function - 7r“*P'y' (^ 1 +^ 2 ) is stress- 
function corresponding with equal and opjwsite isolated forces, each of magnitude P', acting 
thrust in the line 00', together with a certain constant normal tension round the bounding 
circle. 

To find the magnitude of this tension, we observe that, when P' ison the circle, 
r I cosec S ^ « r 2 cosec ^ cosec (^i -H ^ 2 ) = 2P, 

where R is the radius of the circle. Further, the formulse (1) of Article 144 give for the 
«trefi8-components 

» 2P' W Si co8« ^ 2 \ xr 2P' /cos Si sin* Si cos Si sin* SA 

2P' /cos* Si sin Si cos* Si sin ^ 2 \ 

' w [ fi fg / 

* The results of (i) and (ii) are due to Hertz, Zeiuchr,/, M^h. u, Phytik^ Bd, 28 (1888), or 
^erke^ Bd. 1, p. 288, and Miohell, London Math. Soe. Proe., voL 82 (1900), p. 86, and vol. 84 
<‘Hp.X84. 
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Alflo the angle (0 in the figure) which the central radius vector (i2) to F makes with 
the axis of j?, when F is on the circle, is Jir or Jir Hence the normal 

tension across the circle is 

sin* (^2 - Bi) H- Fy cos* (B^ - sin (B2 - Bi) cos (B^ - di), 

and this is — (F sin a)lirK 

If the circle is subjected to the two forces F' only there is stress compounded of mean 
tension, equal at all points to {F* sin a)lirB^ and the simple radial distributions about the 
points 0 and Cy in which the radial components are 

- (27^' cos di)/irrj and — (2^*' cos B^lirr2* 


(ii) Circular plate subjected to forces acting on its rim. 


If the force F' is applied at 0 in the direction 0(y (see Fig. 19) and suitable tractions 
are applied over the rest of the rim the stress-function may consist of the single term 
— Let r and B be polar coordinates with origin at the centre of the circle and 

initial line parallel to 0(y. The angle (r, ri) between the radii vectores drawn from the 
centre and from 0 to any point on the circumference is \1r-B2. The stress-system i*eferred 
to (rj, Bi) is given by the equations 


- (2F' cos ^i)/(flT,), =0, rtB^^O ; 

and therefore, when referred to (r,d), it is given, at any point of the boundary, by the 
equations 


ffa 


2F' cos Bi sin* B-j 
■ V ri * 

or we have at the boundary 

F' cos Bi sin d® 




2F' cos Bi cos* B2 


, re> 


2F' cos Bi cos 62 sin B^ 


tB'^ 


F' cos Bi cos B2 


and this is the same as 


rr«« 


F' sin a 
2irR 




F COH a 

2ft R 






where a, + ^ acute angle subtended at a point on the circumference by the 

chord 00. Hence the traction across the boundary can be regarded as comjxiunded of 


(i) uniform tension (F'sin o)/irfJ in the direction of the normal, 


(ii) uniform tangential traction ^ {F' cos a)lfrR, ^ 

(iii) uniform traction -^^FlnR in the direction 00" • 

Let any number of forces be applied to varions points of the boundary. If they would 
keep a rigid body in equilibrium they satisfy the condition XF cos a»0, for iF'R cos a is 
the sum of their moments about the centre. Also the uniform tractions corresponding 
with (iii) in the above solution would have a sero resultant at every point of the 
Hence the result of superposing the stress-systems of type (32) belonging to each of the 
ibrces would be to give us the state of stress in the plate under the actual forces and ft 
normal tension of amount — X^F' sin a)l2irR at all points of the rim. The terms F' sin a of 
this summation ars equal to the normal (inward) componenta of the applied forces. 
tsnsioiiy equal at all points to X (F' sin a)l2wB^ could be superposed upon this distribution^ 
of stress, and then the plate would be subject to the action of the forces F' only. 
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155, 156] 

(iii) Heavy disk*. 

The state of stress in a heavy disk resting on a horizontal plane can also be found. Let 
•va be the weight per unit of area, and let r , d be polar coordinates with origin at the point 
of contact A and initial line drawn vertically upwards, as in Fig. 20. 



The stress can be shown to be compounded of the systems 

(i) F,* 

(ii) rr=s -2w^“^co8d, dd*0, rd«0. 

The traction across any horizontal section is pressure directed radially from d, and is 
of amount cos* d-r*) ; the traction across any section drawn through A is hori- 

zontal tension of amount 

Jw(27?oosd-r). • 

156. Examples of transformation. 

(i) The direct method of Article 163 will lead, by the substitution ly') 

in the formula 

(X-f2fi)A-f2/yMW-A (46) 

to a stress-system in the plane of (a/, y), in which simple radial stress at the point 0) 
is superposed upon a constant simple tension (X«) in the direction of the axis If the 
boundary in the ( 4 ?,y) plane is given by the equation y=s{jr-ir)tana, the boundary m 
the (j?', y) plime will 1^ a circle, and the results given in (i) and (ii) of Article 156 can be 
<ieduced. 

(ii) By the transformation s+iy»(/+4y)* the wedge-shaped region between y«0 
and y/y««tanfr/n is conformally represented on the half-plane y>0. If we substitute 
for x+iy in (46) we shall obtain a state of stress in the wedge-shaped region bounded by 
the above two lines in the plane of (y, y), which would be due to a single force applied at 

* The solution is 4ue to Mioheli, loe. ctt., p. 210. Figures showing the distribution of stress 
in this eaie and in several other cases, some of whioh have been diseussed in this Chapter, are 
itwm by MUbeU. 
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(iH/*, 0), aod certain tractions distributed over the boundaries. When n^i the traction 
over y *0 vanishes and that on becomes tension of amount proportional to 

(iii) By the transformation 2 =(fl^-l)/(«^+l), where and the 

strip between y»0 andy =)r is conformally represented upon the half-plane y>0, so that 


at the origin in the (;r, y) plane in the positive direction of the axis of y. Then the solution 
is given by the equation 

(X + 2/i) A + 2/uu= - - -i- . 

' ^ jr X+/1 a;+iy 

Transforming to («', y' ) we find 

f X+2/isiny-|-i8inhy 


(X+2fi)A-l-i2/iur« — 


X+|i cosh cosy ’ 


-I- const 


This solution represents the effect of a single force 2/', acting at the origin in the positive 


length, acting on the edge y =tr of the strip, together with certain tangential tractions on 
the edges of the strip. The latter can be annulled by superposing a displacement {u\ if) 
upon the displacement 

_J 

\2fi 2fi(X+2/()^ 2(X+2/i) 2/t(X-l-2/i)^ 

provided that 

and this additional displacement does not affect the normal tractions on the boundary. 



APPENDIX TO CHAPTERS VIII AND IX 

VOLTERRAS THEORY OF DISLOCATIONS 

156 A. The analyticjal possibility that the stress-function of Article 144 
may be many-valued was explicitly treated by J. H. Michell*, under the 
condition that the displacement must be expressed by one-valued functions. 
The analytical possibility of displacements expressed by many-valued functions 
is implicitly present in Article 148, where the ambiguity was removed for the 
reason that an actual physical displacement would appear to be necessarily 
one-valued. In a body, such as a hollow cylinder, occupying a multiply-connected 
region of space, there is, however, a physical possibility of many- valued displace- 
ments. Suppose, for example, that a thin slice of material, bounded by two 
axial planes, is removed from such a cylinder, and the new surfaces thus formed 
are brought together and joined. The body so formed will be in a state of 
initial stress (Article 75), which may be determined by assuming the displace- 
ment of a point in the hollow cylinder, resolved at right angles to the axial 
plane through the point, or rather the ratio of this displacement to distance 
from the axis, to be many-valued with a cyclic constant, and adjusting the 
constant so that the corresponding points of the two axial planes, after 
displacement, may coincide. The possibility of such interpretations of many- 
valued displacements appears to have been first indicated by G. Weingartenf. 
The subject was discussed with more detail by A. TimpeJ for two-dimensional 
systems, such as a plane circular ring. A more general theory was afterward^ 
developed by V, Vol terra in a series of notes, and a comprehensive account 
of the theory with some improvements by E. Ceskro was published by the same 
author^. He describes the kind of deformations to which the theorj^ is applicable 
by the name “distorsioni.*^ I have ventured to call them dislocations || . 

The multiply-connected region occupied by the body can be reduced to a 
simply-connected region by means of a system of barriersIT. For example, the 

* London^ Proc. Math. Soc.y vol. 30 (1900), p. 103. 

t Roma, Acc. Line. Rend. (Ser. 6), t, 10 (1 Sem.), 1901, p. 57. 

X Problem d. Spannungttverteilun(f in ebenen Systemen einfach gelM mit Hilfe d. Airyschen 

Fmktion, GOttingen Dies., Leipzig 1906. ,, n • « ^ 

^ V. Volterra, “ Bur TAiuUibre des corps ^lastiquea multiplement connexes, Pans, Ann. he. 

nom. (S4r. 3), t. 24, 1907, pp. 401-617. 

II A diBcussion of the theory of dislooationB in the case of two-dimensional systems will he 

Joond in a paper by L. N. G. Filon, Hnt. A woe. JRep., 1921, p. 806. . , t n m « 

If In regard to the theory of multiple connectivity reference may be made to J. C. MaxweU. 
^ tnatXH m Electricity and Magnetism, vol 1, 2Dd Idn., Oxford 1881, pp. 18—24, or H. Lamb, 
hydrodynamics, 4th Edn., Cambridge 1916, pp. 47—66. 
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region between the bounding cylindrical surfaces of a hollow cylinder can be 
rendered simply-connected by a plane barrier passing through the axis of the 
cylinder, and having that axis for an edge. The stress in the body, and therefore 
also the strain, must be one-valued and continuous, but the displacement may 
be discontinuous in crossing the barrier. With a view to determining the 
nature of the possible discontinuities we shall (a) prove a general theorem 
for the expression of a displacement answering to given strain-componentS) 
and then ( 6 ) use this theorem to determine the nature of the discontinuities- 
We shall then, (c) and (d), apply the theory to two particular examples. 


(a) Displacement answering to given strain. 

The displacement {u, v, w) and the rotation («■*, my, «r^) are not necessarily 
one- valued, but the strain-components have definite values at any 

point {r, y, z). Let (uo» ^o> 2^0) denote one of the values of the displacement at 
a point Jfo or (a^oi yoi Then one of the values (2^1, Vi, Wi) of the displacement 
at another point Mi or (a?i, yi, Zi) can be obtained by evaluating the line- 
integral 

, du j du j 

az 


/: 


taken along any path joining the points Mq, Mi. But different values may be 
obtained by choosing different paths of integration. Now we have in general 

du _ du 

dx dy * 


du , 
cz * 


+ 


Hence 


- Wz 

rJfi r X, 

tit—Ugm e^dx + \ezydy + ^etxdz + I Vydz — u^dy. ( 1 ) 

J Mq j 


Let (tr,™, Wy*”*, IT*'®') denote one of the values of the rotation at the point 
M., or the value if there is only one. Then 
rXi rx, 

I vgdz-wtdy’ j Vtd(yi-y)-Wyd(zx-z) 

J Jfe *' ^9 

fM, 

(^1 - ^o) - tor, w (yj (y^ - y) - z) duty , 

J Mq 

where, for example, 

dwj » dx 4- dy + dz. 

* dx dy ^ dz 

Now we have identically 


2^^ 

_ 

a 

2?^- 

2 

de„ 

dx 

dx 

w 

dx 

dz 

dx ’ 

2?^*- 

2?^- 

degy 


8e,y 


ay 

dx 

dy ’ 

dy 

dz ~ 

dx ’ 

2^* 

dm 

8^ 


de„ 
dz ~ 

2^" 

^ dx ’ 
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and ve thus obtain the equation 

fX, 

u, = Uo + w^i<»(gj-z,)-Vii'»(y,-y,)+ I (da; +tf dy + ^dn, ...(2) 

ifo 

where 




...(3) 


Similar equations can be obtained for and Wj. The proof is due to Cesaro. 


(6) Discontinuity at a harrier. 

Now suppose the multiply-connected region to be reduced to a simply- 
connected one by means of a system of barriers. We are going to apply 
equation (1) to a circuit, so that and coincide, taking for the path of 
integration a nm-evanescible circuit, or one which cannot be contracted to a 
point without passing out of the region. We shall take the circuit to cut a 
particular barrier fl once, at a point M, and not to cut any of the other barriers. 
To fix ideas we may, if we like, think of the region as the doubly-connected 
region between two coaxial cylinders, having the axis of z as their common 
axis, and the barrier ft as formed by that part of the plane w = 0, lying between 
the two cylinders, on which y is positive. But the result is general, not restricted 
to this particular example. Then we take and Mi to be close to if on 
opposite sides of ft, and treat the path of integration as not cutting ft. 

It will be observed that i;, given by (3), are such that the equations 
dy dz ' dz dx * dx dy 

are satisfied identically in virtue of equations (25) of Article 17, and therefore 
the value of the integral 

(dx + ffdy'^ ^dz .(4) 

Me 

is the same for all reconcikable circuits, that is to say such as can be deformed, 
the one into the other, without passing out of the region. For it is possible 
to construct a surface S, having any two such circuits for edges, and lying 
entirely in the region, and then the difference between the values of the 
integral (4) taken along the two circuits is equal to the integral 



^ken over 8, where 2, tn, n denote the direction-cosines of the normal to 8 
drawn in a determinate sense; and this sor&ce integral vanishes. Hence, 
whatever point on ft we take for Jf, the integral (4) has the same value for 
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all circuits beginning and ending at Jkf, provided they cut the barrier fl 
nowhere except at M and do not cut any other barrier. 

It follows that Ui — Wo has, at each point JIf on fl, a definite value which may 
depend upon the position of M. The like holds for Vj — and — Wq. 

We now consider the variation of Wj — Uo as M moves on fl. Let M and JbT 
be any two points on ft, Mq and Mj points close to M on opposite sides of ft, 
Mo' and M/ points close to M' on opposite sides of ft, (uo',Vo\wo') the displacement 
at Mo', (ui'y Vx, Wx) that at jJf/. The theorem expressed by equation (2) may 
be applied to the path from Mo to Mo\ coinciding with a curve traced on ft 
and ioining M to M\ It gives 

rJif' 

Uo - Wo == (zo - Zo) - (yo - J^o) 4- / ^dx -f ijdy H- ^dz, 

J M 

The same theorem may be applied to the path from Mx to M^, coinciding with 
the same curve, and gives 

[M' 

^Ux = {Zx - Zx) - (y/ - yO -f / ^dx + rjdy -h ^dz. 

J M 

Since (Xx, yi, Zx) is the same as (xo, yo, Zo) and {xx, y/, Zx) is the same as 
(xo, yo: Zo), these equations give 

w/ - W = («1 - Wo) + (20 - Zo) - (y./ ~ yo), 

where the coefiicients of V - Zo and yo — y© are independent of yo, z^). 
Similar equations hold for v/ — Vq and Wi — Wo', 

It thus appears that the discontinuities of u, v, w at ft are expressed by 
equations of the form 

w, -Wo = /i-fp2^~P3y, j 

Vx - Vo-=^k+P:x^-piZ, 'v (5) 

» Wx -Wo^hi' piy - p^^: I 

where lx, k: h and pi,pi, p^, are constant over ft. This is Weingarten s result. 
It may be interpreted in the statement that the displacement of the matter 
on one side of a barrier relative to the matter on the other side is a displace- 
ment which would be possible in a rigid body. 

Let the multiply-connected region occupied by the body be reduced to a 
simply-connected region by a system of barriers, and suppose each barrier to 
be the seat of an actual physical breach of continuity, such as could be effected 
by cutting the material along the barrier. After such dissection the body 
will not be divided into parts, but will still be a coherent body. The effect 
of the dissection will be that the region of space occupied by the body will 
become a simply-connected region. Let one of the faces of the dissected body 
formed by any barrier be displaced relatively to the other by a small dis- 
placement, which would be possible for a rigid body, that is to say let the 
fece be moved as a whole by translation and n>tation. Let this be done for 
each pair of faces, and thereafter let opposing faces be joined, by removal or 
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insertion of a thin sheet of matter of the same kind as that forming the 
original body. The new body so formed will, in general, be in a state of initial 
stress. The operation of deriving the new body from the original body is a 
dislocation. 

It appears that, if dislocations are permitted, the theorem of Article 118 
requires modification. To secure uniqueness of solution, it is necessary that 
the six constants of each barrier, occurring in equations (5), should be given. 

It is open to us either to regard the displacement in the body, occupying 
the multiply-connected region, as one-valued and discontinuous at the barriers, 
or as many-valued and continuous in the region, supposed without barriers. 
In the latter case the sum of the increments of it taken along any such 
circuit as has been described is the same for all reconcileable circuits passing 
through a given point. Thus the position of the barriers is, to a great extent, 
immaterial. In a body, which has suffered a dislocation, and is consequently 
in a state of initial stress, there is, in general, nothing to show the seat of the 
dislocation. 

A similar result occurs in the theory of electric currents. The magnetic potential due 
t(j a unit current flowing in a closed circuit is many-valued and continuous in the multiply- 
luected region surrounding the linear conductor, which carries the current. One of its 
lues at any point is the solid angle subtended at the point by any surface having the 
e of the conductor for an edge, the solid angle being specified as regards sign by a certain 
iventional rule. The solid angle tlius sj>eci6ed is one-valued and discontinuous at the 
rface. But the magnetic field of the current is in no way dependent upon the choice 
ide among the possible surfacas. 


(c) Hollow cylinder deformed by removal of a slice of uniform thickness, 

Volterra has given a very complete discussion of the problem for a hollow 
linder and for some systems of thin rods. We shall select for detailed 
eatraent one of his examples of dislocation in a hollow cylinder. 


A possible formula for a many-valued two-dimensional displacement is 
iven in equations (27) of Article 148 supra. In a hollow circular cylinder 
hnse axis is the axis of a possible displacement is given by the equations 


, ^ , X 4* M . ?/* 

"2m 


2(\ + 2/t) 


0 - 


__A±iL_ 

2m(X + 2m) 


w^O. 

....( 6 ) 


r, $ are cylindrical polar coordinates in the plane of a cross-section, and 
^ is a constant. The displacement is many-valued and continuous; but, if 
restrict l9 by a convention such as 27r-|-a> ^>a, it becomes one-valued 
discontinuous, the ,y-component decreasing suddenly by A7r/(X-|-2/A) as 
'^/^'^anges from 27r + a to ct. In particular we may take a*0. Then the 
'displacement at the axial section y «« 0, ic > 0 is greater on the negative side 
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(y < 0) than on the positive side (y > 0) by this amount, and there is a dis- 
location, equivalent to the removal of a thin slice of thickness ilfr/(\ -f 2/«), 
bounded by the parts of two planes y = ± + 2fi) on which « > 0, and 

subsequent joining of the plane fimes so formed. As in the general theory, 
so here, the seat of dislocation need not be y = 0, it may be any plane 
y = const, which meets the inner boundary in real points. 


The state of stress answering to the displacement (6) is expressed by the 
equations 


^ + „ _2(\ + /t) . fljy* 

Y — o Y — n Y— 

Y,-0, z,.0, 


7 — __ A — 


Cf. equations (30) of Article 149. The state of the hollow cylinder witl 
the dislocation can be maintained by suitable surface tractions on the inne 
and outer cylindrical boundaries and on the terminal faces. The tractioi 
across any cylindrical surface is normal pressure, or tension, expressed by th 
equation 


rr 


2 (X 4- m) i cos d 
X + 2/a ** r 


.( 8 ) 


The tractions on the terminal faces are expressed by the value of 2*. 


The tractions across the cylindrical boundaries can be nullified by super 
posing on the displacement (6) a one-valued displacement. For this purposi 
we consider in the first place the displacement 


u 


2ii(X + 2fi) ^ 


logr-f- 


_A±i* A t. 

2/i(X-f2Ai,) V’ 


„ A ^ 

2^(X + 2/*) *r*’ 


w = 0. 

,...(9) 


Cf equations (28) of Article 148. This gives rise to tractions across anj 
cylindrical surfisce r const expressed by the equations 


Xr 


2\ + Zfia? M y*\ T - A 

,X-|-2^ r* '^X + 2^r»/’ ‘ X-*-2/* r» ’ 


...( 10 ) 


In the second place we consider a displacement expressed by equations of tb< 
form 


« = Aj{(X — /t)«*-H(3X+ 5/»)y*} + ^ 


.( 11 ) 


t) ■» “ 2Af (X + 3/a) aiy + 2A » , w 0, 


wbkb may easily be shown to satisfy the eqnatioiw of equilibrinm under i 
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body force. This displacement gives rise to tractions across any cylindrical 
surface r* const, expressed by the equations 

Let r = rj and r = r^) be the inner and outer cylindrical boundaries. When 
the displacements expressed by equations (6), (9), (11) are superposed, and 
the resulting tractions on these boundaries equated to zero, the following 
equations are found to hold : 

X + /A 






X + * 


4(X + 2/x)Hri^ + roO* 

^ (Xjf/i)rM^_ 

^ 4(X + 2/iy(n« + ro^)* 


.( 12 ) 


The composition of the displacements expressed by equations (6), (9), (11), 
and substitution of these values for Ai, A^, A^, yields a displacement in the 
dislocated hollow cylinder free from traction over the inner and outer cylin- 
drical boundaries, the length being maintained constant by suitable tractions 
on the terminal faces. These tractions are normal tensions and pressures 
expressed by the equation 

\fJL 




\r* r,= + r,V 


.( 13 ) 


By means of an additional one- valued displacement these tractions also could 
be nullified. We do not know how to determine this displacement in the* 
general case, but it can be found in the case where (r® - r^/r^ is small. For 
this the reader may refer to Volterra's memoir, where will also be found 
photographs of a hollow cylinder under no external forces, but in a state of 
initial stress due to the formation of a dislocation of the type here discussed, 
and described as a parallel fissure.” 

{d) Hollow cylmdor with radial fissure. 

Another of Volterra’s examples is that of a hollow cylinder with a dislocation due to 
the removal of a thin slice bounded by two axial planes. In polar coordinates the many- 
valued displacement is expressed by the equations 


'X+2p 


flogf, Uf^Ard, 


,.(14) 


h Ls a good exercise to obtain these formulae from those of Article 145 by assuming 
(X+2p) log(j:-|-ty), 

^jueting the subsidiary displa^ment v', r', and superposing an additional displaoement 

^ X+2m ' 
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which obviously satisfies the equations of equilibrium under no body force. The displace- 
ment expressed by (14) can be shown to give rise to tensions or pressures on the cylindrical 
boundaries expressed by the equation 

and to terminal tensions or pressures expressed by the equation 

(2/i log f + X + 3n). 

The tractions on the cylindrical boundaries can be nullified by combining the displacement 
expressed by (14) with a suitable displacement of the type considered in Article 100, and 
the tractions on the terminal faces can also be nullified by superjwsing an additional dis- 
placement, which can be determined approximately when the wall of the hollow cylinder 
is thin. The question is discussed fully by Volterra. 

It will be observed that the problems (c) and (d) arise by putting in equations (5) 
either and J0i=jt?2=p3=0, or l^^l2=^l^7=0 and The nature of the 

dislocations expressed by li^hy pi ^ p% in a hollow cylinder is also discussed by Volterra. 



CHAPTER X 


THEORY OF THE INTEGRATION OF THE EQUATIONS OF 
EQUILIBRIUM OF AN ISOTROPIC ELASTIC SOLID BODY 


157. Nature of the problem. 

The chief analytical problem of the theory of Elasticity is that of the 
jlution of the equations of equilibrium of an isotropic body with a given 
oundary when the surface displacements or the surface tractions are given, 
'he case in which body forces act upon the body may be reduced, by means 
f the particular integral obtained in Article 130, to that in which the body 
j held strained by surface tractions only. Accordingly our problem is to 
letermine functions u, v, w which within a given boundary are continuous 
.nd have continuous differential coeflScients, which satisfy the system of 
tartial differential equations 

X + /i)|^ + /aV*M = 0, + :0, (\+/i)^+/iVsM/ = 0, ...(1) 


.vhere 


dv dw 


.( 2 ) 


ind which also satisfy certain conditions at the boundary. When the surface 
lisplaceinents are given, the values of u, v, w at the boundary are prescribed. 
We know that the solution of the problem is unique if and 3\ + 2^ are 
positive. When the surface tractions are given the values taken at the surface 
by the three expressions of the type 


XA cos {x, y) + M 


0u 

dv 


-“C 03 (a;, y) + ^cos(y, v) + ^C 08 (x, y)-...(3) 


are prescribed, dv denoting an element of the normal to the boundary. We 
know that the problem has no solution unless the prescribed surface tractions 
satisfy the conditions of rigid-body-equilibrium (Article 117). We know also 
that, if these conditions are satisfied, and if fi> and 3X -I- 2^ are positive, the 
S'-lution of the problem is effectively unique, in the sense that the strain and 
ar6 uniquely determinate, but the displacement may have superpos^ 
it an arbitrary small displacement which would be possible in a rigid 
Wy. 
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156. R6Biun6 of the theory of Potential. 

The methods which have been devised for solving these problems have 
a close analogy to the methods which have been devised for solving corre- 
sponding problems in the theory of Potential. In that theory we have the 
problem of determining a ftinction U which, besides satisfying the usual 
conditions of continuity, shall satisfy the equation 

(4) 

at all points within a given boundary*, and either (a) shall take an assigned 
value at every point of this boundary, or (b) shall be such that dll/dv takes 
an assigned value at every point of this boundary. In case (6) the surface 

integral j dS taken over the boundary must vanish, and in this case the 

function U is determinate to an arbitrary constant prfe. 

There are two main lines of attack upon these problems, which may be 
described respectively as the method of series and the method of singularities. 
To illustrate the method of series we consider the case of a spherical boundary. 
There exists an infinite series of functions, each of them rational and integral 
and homogeneous in a, y, z and satisfying equation (4). Let the origin be 
the centre of the sphere, let a be the radius of the sphere, and let r denote 
the distance of any point from the origin. Any one of these functions can 
be expressed in the form where n is an integer, and Sn, which is inde- 
pendent of r, is a function of position on the sphere. Then the functions 8n 
have the property that an arbitrary function of position on the sphere can be 

oe 

expressed by an infinite series of the form 2 AnSn* The possibility of the 

11*0 

expansion is bound up with the possession by the functions 8^ of the conjugate 
property expressed by the equation 


jjSnS^dS^O. (5) 


The function U which satisfies equation (4) within a sphere r=‘a, and takes 
on the sphere the values of an arbitrary function, is expressible in the form 


oo 

»»0 O * 


If the surface integral of the arbitrary function over the sphere vanishes there 
is no term of degree zero (constant term) in the expansion. The function U 
which satisfies equation (4) when r< a, mrd is such that dUJdv has assigned 
values on the sphere r =« a, is expressed by an equation of the form 


U 


00 

n»l 


nw 


:=i8n. 


* A fonofion which has thcie properties is said to be “ harmonic ” in the region within the 
given boniidary. 
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The application of the method of series to the theory of Elasticity will be 
considered in the next Chapter. 

The method of singularities depends essentially upon the reciprocal theorem, 
known as Green’s equation, viz.: 

1 11 ( UV^V- W^U) dxdydz = IJ ^ r 1^) dS, (6) 

in which U and V are any two functions which satisfy the usual conditions 
of continuity in a region of space; the volume-integration is taken through 
this region (or part of it), and the surface-integration is taken over the 
boundary of the region (or the part). The normal v is drawn away from the 
region (or the part). The method depends also on the existence of a solution 
of (4) having a simple infinity (pole) at an assigned point; such a solution is 
1/r, where r denotes distance from the point. By taking for V the function 
1/r, and, for the region of space, that bounded externally by a given surface S 
and internally by a sphere 2 with its centre at the origin of r, and by passing 
to a limit when the radius of 2 is indefinitely diminished, we obtain from (6) 
the equation 



so that U is expressed explicitly in terms of the surface values of U and 
Wldv. The term that contains dUjdv explicitly is the potential of a “simple 
sheet,” and that which contains U explicitly is the potential of a “double 
sheet.” In general the surface values of U and dUjdp cannot both be pre- 
scribed, and the next step is to eliminate either U or dU/dp — the one that is 
not given. This is effected by the introduction of certain functions known 
as “Green’s functions.” Let a function G be defined by the following con-» 
clitions: — (1) the condition of being harmonic at all points within /S except 
the origin of r, (2) the possession of a simple pole at this point with residue 
unity, (3) the condition of vanishing at all points of S. The function 0 may be 
called “Green’s function for the surface and the point.” The function G — 1/r 
is harmonic within S and equal to - 1/r at all points on 8, and we have the 
CMjuation 

isince G vanishes at all points on 8 we find that (7) may be written 

47r U-^d8. (8) 

Hence U can be expressed in terms of its sur&ce values if Q can be found. 

When- the values of dU/dp are given at the boundmy we introduce a 
function F defined by the following conditions: — (1) the condition of being 
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harmonic at all points within 8 except the origin of r and a chosen point A, 

(2) the possession of simple poles at these points with residues + 1 and — 1, 

(3) the condition that dT/dp vanishes at all points of 8. We find for U the 
equation 

4^(f7-£r^)=[j‘r^ds (9) 

Hence U can be expressed effectively in terms of the surface values of d Ujdv 
when r is known. The function T is sometimes called the second Green s 
function.** 

Green’s function G for a surface and a point may be interpreted as the electric potential 
due to a point charge in presence of an uninsulated conducting surface. The second 
Green’s function r for the surface, a point P and a chosen point A may be interpreted as 
the velocity potential of incompressible fluid due to a source and sink at P and A within a 
rigid boundary. The functions G and r are known for a few surfaces of which the plane 
and the sphere* are the most important. 

The existence of Green’s functions for any surface, and the existence of functions which 
are harmonic within a surface and take prescril:)ed values, or have prescribed normal rates 
of variation at all points on the surface are not obvious without ])roof. The efforts that 
have been made to prove these existence-theorems have given rise to a mathematical theory 
of great interest. Methods have been devised for constructing the functions by convergent 
processes t ; and these methods, alt hougli very complicated, have been successful for certain 
classes of surfaces (e.g. such as are everywhere convex) when some restrictions are imposed 
upon the degree of arbitrariness of the prescribed surface values. 

Similar existence-theorems are involved in the theory of Elasticity. The subject will 
not be pursued here, but the reader who wishes for further information in regard to the 
problem of given surface displacements is referred to the following memoirs : — G. Lauricella, 
Pomay Acc, Line. Rend. (Ser. 5), t. 15, Sem. 1, 1906, p. 426, and Sem. 2, 1906, p. 75, and 
t. 16, Sem. 2, 1907, p. 373, also A. Kom, MilncheUy Ber.y Bd. 36, 1906, p. 37, Parity Ann. 
Ec. Norm.y t, 24, 1907, p. 9, Palermo y Giro. Mat. Rend.y t. 30, 1910, pp. 138, 336. For the 
^problem of given surface tractions reference may be made to A. Korn, Toulomey Ann. 
(S4r. 2), t. 10, 1908, p. 165. References to writings on another method of attacking these 
problems will be given in the next Chapter. There is a corresponding theory for vibrations, 
in regard to which reference may be made to A. Koni, MimeheUy Ber.y Bd. 26, 1906, p. 351, 
and Palermoy Giro. Mat. Rend.y t. 30, 1910, p. 153. For a general survey of such questions, 
and the methods proposed for dealing with them up to 1906, reference may be made to the 
Article by 0. Tedone “Allgemeine Theoreme d. math. Elasti/.itatslehre,” Ency. d. math. 
Wiss.y Bd. IV., Art. 24, Leipzig, 1907. 

159. DeBcription of Betti’s method of integration. 

The adaptation of the method of singularities to the theory of Elasticity 
was made by Betti who showed how to express the dilatation d and the 


* See e.g. Maxwell, Electricity and MagnetUniy 2nd edition, Oxford 1881, and W. M. 

PhiL Tram. Ray. Soc.y vol. 171 (1880). 

t See e.g. Poincar^, TMorie du potentiel NewtonieUy Paris 1899. 

t See Introdnction, footnote 65. A general account of the extension of the theory to ssolotropk 
Bolid bodies is given by I. Fredholm, Aeta Math., t. 23, 1900, p. 1. 
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rotation (wa-, my, m^) by means of formulas analogous to (7) and containing 
explicitly the surface tractions and surface displacements. These formulae 
involve special systems of displacements which have beengiven in Chapter VIII. 
Since A is harmonic the equations (1) can be written in such forms as 

V® [w + i (1 + V/^) = 0 (10) 

and thus the determination of u, v, w when A is known and the surface values 
of u, V, w are prescribed is reduced to a problem in the theory of Potential. 
If the surface tractions (X,,, F„, Z„) are prescribed, we observe that the 
boundary conditions can be written in such forms as 

1 

dv “ Tft, V 

so that, when A and Vy, are found, the surface values of duldv, dv/dv, 
dw/dv are known, and the problem is again reduced to a problem in the 
theory of Potential. Accordingly Betti’s method of integration involves the 
determination of A, and of m^, my, m 2 , in terms of the prescribed surface dis- 
placements or surface tractions, by the aid of subsidiary special solutions which 
are analogous to Green’s functions. 


160. Formula for the dilatation. 

The formula analogous to (7) is to be obtained by means of the reciprocal 
theorem proved in Article 121. When no body forces are in action the theorem 
takes the form 


J [(zy + iw + ^.w') ds = + y;v + z;w) ds, (12) 


in which (u, v, w) is a displacement satisfying equations (1) and X,,, F^, 
are the corresponding surface tractions, and also {ti, v\ w') is a second dis- 
placement and XJ, Yy, ZJ are the corresponding surface tractions. Further, 
the integration is taken over the boundary of any region within which u, v, w 
and v\ w' satisfy the usual conditions of continuity and the equations (1). 
We take for u\ v\ the expressions given in (20) of Article 132. It will be 
^^^onvenient to denote these, omitting a factor, by and the corresponding 

Mirface tractions by We write 

-3-, (13) 


then the region in question must be bounded internally by a closed 
surface surrounding the origin of r. The surface will be taken to be a sphere 
\ and we shall pass to a limit by diminishing the radius of this sphere 
indefiniteljf. The exi^ernal boundary of the region will be taken to be the 
I surface 8 of the body. 
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Since the values of cos (x, v), ... at 2 are —xjr, —ylr, —zjr, the contribu- 
tion of 2 to the left-hand member of (12) is 



which is 


All the integrals of type jji/sdX vanish, and each of those of type jja;^dX if 


equal to and therefore the limit of the above expression when th^ 

radius of 2 is diminished indefinitely is 47r(\-h§/i) (A)o, where (A)o denotef 
the value of A at the origin of r. 


Again, since the values of are expressed by formulae of the type 

= 2/* [cos (s, p)^ + cos (y, v)| -h cos (z, ,;)|j ^ , 
the contribution of 2 to the right-hand member of (12) is 

Now such integrals as jjxdX vanish, and we therefore expand the functionf 
u, V, w in the neighbourhood of the origin of r in such forms as 

and retain first powers of x, y, z. Then in the limit, when the radius of 2 h 
diminished indefinitely, the above contribution becomes 

or — ■^ir/*(A)o. Equation (12) therefore yields the result 

47r (X -I- 2(1) (A)e JJ [(X,® tt -I- V + w) — (X„tto + F,v* -1- F,Wo)] d8. 

(14) 


The formula (14) is the analogue of (7) in regard to the dilatation. 
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This formula has been obtained here by a strictly analytical process, but it may also be 
irrived at synthetically* by an interpretation of the displacement {uq, Vqj Wq). This 
lisplacement could be produced in a body (held by suitable forces at the boundary) by 
certain forces applied near the origin of r. Betti’s reciprocal theorem shows that the work 
lone by the tractions ... on the surface S, acting through the displacement («o, ro, Wq\ 

9 equal to the work done by certain forces applied at, and near to, the origin, acting 
hrough the displacement (m, v, w)^ together with the work done by the tractions XJi % ... 
)n the surface Sy acting through the same displacement. Let forces, each of magnitude P, 
ye applied at the origin in the positive directions of the axes of coordinates, and let equal 
ind opposite forces be applied in the negative directions of the axes of or, z i*espectively 
it the points (A, 0, 0), (0, A, 0), (0, 0, A). Let us pass to a limit by increasing P indefinitely 
ind diminishing A indefinitely in such a way that lim PA=4rr (X+2/:i). We know from 
Article 132 that the displacement (tto> ^o) will be produced, and it is clear that the work 
ione by the above system of forces, applied at, and near to, the origin, acting through the 
displacement («, v, w) is -47r(X+2/i)(A)o. 

161. Calculation of the dilatation from surface data. 

(a) When the surface displacements are given w, v, w are given at all points 
of S but Xy,y Yy,y are not given. In this case we seek a displacement which 
shall satisfy the usual conditions of continuity and the equations (1) at all 
points within S, and shall become equal to (mq, Vo, ^’o) at all points on 8. Let 
this displacement be denoted by {u^y v^y Wo ). and let the corresponding surface 
tractions be denoted by Zy!^^K Then we may apply the reciprocal 

theorem to the displacements {Uy Vy w) and (u^'y Vq', Wq) which have no singu- 
larities within Sy and obtain the result 

I u + V + 4'"" w) ds = + r.v + ds 

=jj(X,Uo + dS. 

We may therefore write equation (14) in the form 

47r(x+ 2/i)(A),« ll[(x,>” - x;‘«) M+ (y.»' - 7;'«)p + -z;«»)w]ds. 

( 15 ) 

he quantities ... are the surface tractions calculated from 

iaplacements Mq — and they are therefore the tractions required to 
old the surface fixed when there is a ‘'centre of compression” at the origin 
f r. To find the dilatation at any point we must therefore calculate the 
urface tractions required to hold the surface fixed when there is a centre of 
ompression at the point; and for this we must find a displacement which 
1) satisfies the usual conditions of continuity and the equations of equili- 
brium everywhere except at the point, (2) in the neighbourhood of the point 
^ends to be^me infinite, as if there were a centre of compression at the point, 
1'^) vanishes at the surface. The latter displacement is analogous to Green's 
^'^nctiom - - 

* Dougall, Mdinbwrgh Math, Soc, Proc,, vol. 16 (1898). 
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(b) When the surface tractions are given, we begin by observing that 
are a system of surface tractions which satisfy the conditions 
of rigid-body-equilibrium. Let v^', Wo") be the displacement produced in 
the body by the application of these surface tractions. We may apply the 
reciprocal theorem to the displacements (m, v , w ) and (wo”> W', Wo")« which 
have no singularities within 8 , and obtain the result 

JJ(X,('»u+ V,‘'»v + Z,<'>>w)dS^JJ(X,Uo''+YX' + Z,Wo'')dS; 

and then we may write equation (14) in the form 

irr (\ + 2 , 1 ) (AX = JJ {X, (u." - Uo) + F, (v." - r„) -1- 4 - Wo)) d8 . . . .(16) 

To find the dilatation at any point we must therefore find the displacement 
produced in the body when the surface is free from traction and there is 
a centre of dilatation at the point. This displacement is (uq" — Wq, v/'^Vo, 
— it is an analogue of Green’s function. 

The dilatation can be determined if the displacement (uq', Vq", w^') can be 
found. The corresponding surface tractions being given, this displacement 
is indeterminate in the sense that any small displacement possible in a rigid 
body may be superposed upon it. It is easily seen from equation (16) that 
this indeterminateness does not affect the value of the dilatation. 

162. Formulae for the components of rotation. 

In applying the formula (12) to a region bounded externally by the surface of the 
body, and internally by the surface 2 of a small sphere surrounding the origin of r, we take 
for v\ vf) the displacement given in (22) of Article 132. It will be convenient to denote 
this displacement, omitting a factor, by (?/4, V4, W4)*, and the corresponding surface tractions 
by We write 



The contributions of 2 to the left-hand and right-hand members of (12) may be calculated 
by the analytical process of Article 160. We should find that the contribution to the left- 
hand member vanishes, and that the contribution to the right-hand member is 8wft (araf> , 
where denotes the value of at the origin of r. We should therefore have the 
formula _ 

8.rM(®,)o= J l{(XyUt+ryVi+£,ta,)-(X,Wu+}\(*)v+Z,mw)}dS, (18) 

which is analogous to (7). The .same result may be arrived at by observing that («4, V4, w’4) 
is the displacement due to forces 4fr/i/4 applied at the origin in the positive and negative 
directions of the axes of y and z respectively, and to equal and opposite forces applied re- 
spectively at the points (0, 0, h) and (0, A, 0), in the limiting condition when h is diminished 
indefinitely. It is clear that the work done by these forces acting over the displacement 

r, w) is in the limit equal to 
m<ff and Wg can be written down. 

* This notation is adopted in accordance with the notation {u ^ , Vi , W]), ... of Article 132 iot 
the displacement due to unit forces* 


. Formal® of the same type as (18) for 
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163. Calculation of the rotation from surface data. 

(а) When the surface displacements are given, we introduce a displacement (?V, , Wi) 

which satisfies the usual couditions of continuity and the equations of equilibrium ( 1 ), and 
takes at the surface the value (M 4 , ; and we denote by the corre- 

sponding surface tractions. Then equation (18) can be written 

j (19) 

in which the quantities ... are the surface tractions requii*ed to hold the surface 

fixed when a couple of moment 8 ?rfi about the axis of x is applied at the origin in such a 
way that this point becomes “a centre of rotation” about the axis of x. The corresponding 
displacement (^ 4 ' - ^ 4 , - V 4 , - w^) is an analogue of Green’s function. 

( б ) When the surface tractions are given we observe that the tractions 

being statically equivalent to a couple, do not satisfy the conditions of rigid-body-equi- 
librium, and that, therefoi*e, no displacement exists which, besides satisfying the usual 
conditions of continuity and the equations of equilibrium, gives rise to surface tractions 
equal to We must introduce a second centre of rotation at a chosen point A, 

so that the couple at A is equal and opposite to that at the origin of r. Let W 4 U) 

bo the displacement due to a centre of rotation about an axis at A parallel to the axis of 3 ?, 
so that 

(«,U), ( 20 ) 

where denotes distance from A, Let XJ'i% denote the surface tractions 

calculated from the displacement The conditions of rigid- 

body-equilibriurn are satisfied by these tractions. Let (M 4 ”, r/', w^') be the displacement 
which, besides satisfying the usual conditions of continuity and the equations of equilibrium, 
gives rise to the surface tractions .... Then, denoting by the value of or* at 
the })oint A^ we find by the process already used to obtain (18) the equation 

8 »rfi {(tJr*)o -(»«).<}= [ J[{^,(M4-«4'^>) + -}- 
id from this again we obtain the equation 

SjTfi {(ar*)o - (ar*)^} = J J (“< “ - " 4 ") + (’’4 “ '^’4*'^’ - O 

•f (?/;4 - ^4(^1 - W4")} d ^, (21 ) 

he quantities — — ... are the components of displacement, produced in the 

ndy by equal and opposite centres of rotation about the axis of x at the origin of r and 
parallel axis at the jHiint A, when the surface is free from traction. This displacement 
i an analogue of the second Green’s function. 

The rotation can be determined if such a displacement as (^ 4 ", w/') can be found, 

he indetorminateness of this displacement, which is to be found from surface conditions 
f traction, does not aifect the rotation, but the indeterminateness of ux* which arises from 
he additive constant (xv«)^ is of the kind already noted in Article 157. 

164, Body bounded by plane — PormulsB for the dilatation. 

The difficulty of proceeding with the integration of the equations in any 
particular case is the difficulty of discovering the functions which have been 
denoted above by •••• These functions can be obtained when the 

♦ J. Dougall, Zoc. cit., p. 235. 
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boundaiy of the body is a plane*. As already remarked (Article 135) the 
local effects of forces applied to a small part of the surface of a body are 
deducibie from the solution of the problem of the plane boundary. 

Let the bounding plane be = 0, and let the body be on that side of it on 
which z>0. Let (a?', y', z') be any point of the body, (a?', y\ — z) the optical 
image of this point in the plane z^O, and let r, R denote the distances of 
any point (a?, y, z) from these two points respectively. For the determination 
of the dilatation when the surface displacements are given we require a 
displacement (uq, vJ, Wq) which, besides satisfying the usual conditions of 
continuity and the equations of equilibrium (1) in the region z>0, shall at 
the plane z — 0 have the value (v^, Vo, Wo\ i.e. (dr^^jdx, dr-^^ldy, dr’^^ldz), or, 
what is the same thing, (dR~'^jdx, dR'^^jdy, —dRr^dz). It can be shown 
without diflSculty t that the functions Vq\ Wq are given by the equations 



dBr^ « 




aj2-‘ „ 

Vo ^ 



o 

dz 


\ + fi 

^ ixdz 


X 3^ 
X 

X + 3yLt ' 
X 


dydz 

dz^ 


.( 22 ) 


X + 3fi 

The surface tractions F,'®*, F»'®> on the plane calculated from 
the displacement (tt*. Wt) are, since cos {z, v) =» — 1, given by the equations 


F,*®* = - 2/* 


^-1 

dzdx 

0*r"‘ 

dzdy' 

dz^ 


dzbx 

y.B-> 

dzdy ' 
dz» ’ 


2/ii 

2m 


.(23) 


* The application of Betti's method to the problem of the plane was made by Cerruti 
Introduction, footnote 68.) 

t If in fact we assume for Vg, Wg' such forms as the following : 

, an-* , , ait-i 


dz 


' + rw , 


<=-5F+*“'’ <= 

we find for u\ v\ tr' the equations 

* I) (S + ^ ^ + '‘^’*^1 + (X + M) ^ + 2m ^ - 8 (X+m) ^ , 

which are all satisfied by 


for these functions are harmonic and are such that ^ asO. 

^ oy ot 
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and the surface tractions on the plane z=‘0 calculated from the 

displacement (««', are given by the equations 




+ V” ') — — 2fi 




\-¥ fi 

X-f 3/Lt dxdz 
^X + 3/4 dydz 


.(24) 


+ ^ + “S ) + = 2 /* ’ 


X+3/a dz^ 

We observe that F,'"", are equal respectively to the products 

and the numerical factor - (\ + /i)/(X + 3^), and hence that 
(Ua", Vo", w«") = - ((\ + 3/i.)/(\ + /*)} Vo', Wo'). 

, follows that, when the surface displacements are given, the value ot A at 
le point (x', y, z) is given by the equation 

rf/3’r"* 3V“‘ 0V~* \ 

^ “ ^(X + Sfi)jj[^z'^'^dydz'’'^ 

10 integration extending over the plane of {x, y). When the surface tractions 
"e given the value of A at the point {x\ y\ z) is 


27r(\-f /a)//( 




''^~)dxdy. 


.(26) 


? B ^ h /I" ‘ ■ 


165. Body bounded by plane — Given surface displacements. 

The formula (25) for the dilatation at {x', y', z') can be written 

A A 

IT (X + 3/a) 9/ 

f we introduce four functions X, M, N, <f> by the definitions 

X = JJ^dxdy, Mrs jj^dxdy, N = Jj^dxdy, 

. 9X dM 
''dx'"^ dy' dz'’ 

these functions of y', s! are harmonic on either side of the plane z' = 0, 
w<l at this plane the values of «, v, w are lirax-_+o — » 


.(28) 


— , The value of A at {x, y\ /) is 


dif> 


2-irdz' 

of equilibrium can be written 

X + fi 


vr(X + 8/*)9«' 


7 , and the' 




v't u -'-'-t-'" - . =0. 

L 27r(X + 8/i) fiat'J ’| 

27r(X + 3fi) dy'J ’ 


( 29 ) 


V'* w- 


> 9^ 

2vr(X + 8^)* 8/ 


X + M 


0 , 
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where == 4- d^/dy'^ + d^ldz\ 

The three functions such as 

w — {(X 4* fi)j2T (X 4- 3/i)} / {d^/dx') 

are harmonic in the region z* > 0, and, at the plane z' = 0, they take the values 
-iTT'^^idL/dz'), which are themselves harmonic in the same region. It 
follows that the values of m, v, w at (x\ y\ z') are given by the equations* 

1 02/ 1 X + /Lt , d(f> 

^ ”” 27r dz ^ 27r X 4- 3 /a ^ dx ' 

.(30) 

27r0«'^27rX + 3/t ay 
2irdz' 27r\ + 3/it dz' ‘ ' 

The simplest example of these formulae is afforded by the case in which u and v vanish 
at all points of the surface, and w vanishes at all such points except those in a very small 
area near the origin. In this case the only points {x^y^z) that are included in the integra- 
tion are close to the origin, and is the potential of a mass at the origin. We may suppress 
the accents on x\ y\ z! and obtain the solution 


u=A-^, 


VX+U r^r^)’ 


which was considered in Article 131. In the problem of the plane this solution gives the 

displacement due to pressure of amount - 4»r/i A exerted at the origin when the plane 

^=0 is held fixed at all points that are not quite close to the origin. In an unlimited solid 
it is the displacement due to a single force acting at the origin and directed along the 
axis of 2 . 

A second example is afforded by the case in which v and w vanish at all points of the 
surface, and u vanishes at all such joints except those in a very small area near the origin 
^ The values of % v, w at any point (jr, y, z) are given by equations of the form 

__ ^ ^ . X+/i. B X4/i 


B c (\ 
2tr oz \r 

^ ^4;i 




2Tr X 4 3p dz 
B X4/i c 


B X4/i 5 /xz\ B X4/i rr”' 

^ 27r X 4 3^ cz \r^ / 27r X 4 3p hx ’ 

where j j udxdy taken over the area in question. In an unlimited .solid this would be 

the displacement due to (i) a double force with moment,” the forces of the double force 
being parallel to the axis of x, and the axis of the equivalent couple being parallel to the 
axis of y [Article 132(h)], and (ii) a “centre of rotation about the axis of y” [Article 
132(60]. 

The solution of the example in which u and w vanish at all points of the surface, and 
0 vanishes at all such points except those in a very small area near the origin, may be 
written down and interpreted in the same way ; and the solution expressed by (30) may 
be built up by synthesis of the solutions of these three examples. 

* The resalts are due to Boussinesq. See Introduction, footnote 67. 
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166. Body bounded by plane— Given sur&ce tractions*. 

It is unnecessary to go through the work of calculating the rotations by 
he general method. 

The formula (26) for A can be expressed in the form 

2ir(\ + ^)0z" 

Co effect this we introduce a function x such that 
dxldz' = llr at ^=0. 

The required function is expressed by the formula 

X = log(z + / + £); (31) 

t is harmonic in the space considered and has the property expressed by the 
equations 

i-H <“) 

Now at the surface ^ = 0 we have 

dx ^ dx ”” dx dz'dx* dy ~ dydz' 'dz ~ dz'^' 

If therefore we write 

F = JJ X,xdxdy, 6=11 Y,xdxdy, H = jjZyxdxdy, 

, dF dG dH ' 

dz” 

the value of A at {x\ y\ z') is given by the equation 

<“) 

We observe also that the functions (?, H, are harmonic and that the 
values of at F = 0 are equal to 

1 0«F ,, 1 0*(? . 1 

hin^.+o - 2^ , liniz'.+o - - 2^ • 

N'ow the third of the equations of equilibrium is 


.. 1 y 1 W 

lim^.+.-2~^,, hm,..+o-2^g^,,, lim^.+o- 


iir dz'^ * 


V'»L + v^^'Sl=0, 

Wfi oz ^ 


i'od the third of the boundary conditions is 


dw 

• dz' iiTfidz^ i 7 r/t(\+/i)dz' 

* The results we due to Cerruti. See lutroduotion, footnote 68. 
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Hence at / = » 0 


4.J_ _ 1 ,l 

( 4w/t ^ dz) dz' |4Tr/t dz' 4Tr (X + /a) ' | ’ 

It follows that to is given by the equation 

= J ^ . 1 ,0^ 

^ iirfi dz' 4!7r(\ + fA,y 4i7r/j,^ dz' ' 
Again the first of the equations of equilibrium is 




and the first of the boundiny conditions is 

/du . dw\ 


fdu dw\ Y 


Hence at «' = 0 

0 r 


' _L 

' 4ir/* ^ daf^ 2'irfjL dz'* 


dz' [_ 4ir/* daf J dz'* 4ejrfi dx'dz 4ir/i (X + /:*) 3a:' ’ 

and it follows that « is given by the equation 

3: ^ 

^TTfidz' 4firftdx' 'iTrfi(\ + fx) dx' 4nrn dx" ^ 

where is an harmonic function which has the property d-^ijdz' = Such 
a function can be obtained by introducing a function ft by the equation 

ft = (a + a') log (a + a' + 5) - J2 (37) 

Then ft is harmonic in the space considered and has the property 

3ft 3ft 

a? ™ 

' If we write 

JF'i^ ^jjS^,fldxdy, Oi~ jjlTfSidxdy, JJz,iidxdy,'^ (39) 

d_F, .^ 0^, 

' da/ dy' dz ' 

then all the functions Fi, Gi, Hi, ^i are harmonic in the space considered and 

8T-®' W-^- W-* 

In the same way as we found u we may find v in the form 

1 dO j dH 'tt (41) 

27r/Ur3/ 47r/tt3y' ^ 0y^ 47r/i^ 3^* 

The simplest example of these formulas is afforded by the case in which -T,,, Vv vanisj 
at all points of the surfEuset and vanishes at all such points except those in a very e 

near the origin, but J jZpdxdy taken over this area»«P. The values of ^ 
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y, z) are then given by equations (35) of Article 135. In an unlimited solid this solution 
represents, as we know, the displacement due to (i) a single force acting at the origin 
and directed along the axis of z, (ii) a line of centres of dilatation along the axis of z from 
the origin to - oo [Article 132 (c)]. 

A second example is afforded by the case in which vanish at all points of the 
surface, and vanishes at all such points except those in a very small area near the 

origin, but j j X^dxdy taken over this area ^S. The values of m, ??, w at .y, z) are given 

by the equations 

S /X4-3/il x^\ SIS 1 

\X+fi r r®/ 27r(X + /i)r 4ir(X4'fi) r(2+V)2J’ 

^ S xy ^ xy 

47r (X+/i) r (z+r)2’ 

— x ^ 

^ Airlift 4fl {X*f / a) r ( 2 +r)* 

In the solid with a plane boundary these equations express the displacement due to 
tangential force S applied nt the origin, the rest of the boundary being free from traction. 
In an unlimited solid they expi'ess the displacement due to (i) a single force acting at the 
origin, and directed along the axis of a?, (ii) a line of centres of rotation along the axis of z 
from the origin to - oo , the axes of the equivalent couples being parallel to the axis of y 
[Article 132 (e)], (iii) a double line of centres of dilatation along the axis of z from the origin 
to X , the axes of the dtiublets being parallel to the axis of x [Article 132 (d)]. 

The solution of the example in which X^, Z, vanish at all points of the surface, and Yy 
mishes at all such points except those in a very small area near the origin, may be 
ritten down and interpreted in the same way ; and the solution expressed by equations 
15 }, (36), (41) may l)e built up by synthesis of the solutions in these three examples. 


167. Historical Note. 

The problem of the plane—sometimes also called the “problem of Boussin^ and* 
Jerruti”— has been the object of numerous researches. In addition to those mentioned in 
he Introduction, pp. 15, 16, we may cite the following:— J. Boussine^, Pam, C. P., 1 106 
1888), gave the solutions for a more general type of boundary conditions, viz.: the normal 
raction and tangential displacements or nonnal displacement and tangential tractions ^ 
(iven. These solutions were obtained by other methods by V. Cerruti, Roma, Acc, 

(Ser. 4), t. 4 (1888), and by J. H, Michell, Lordon Math, S(k, Pm,, vol. 31 1^), 
i'. m. The theory was extended by J. H. Michell, io»do» Math. Soc. vol 32 (190 ), 
p. 247, to molotropio solid bodies which are transversely isotropic in p anes par ® 
l«)m.darv. The solutions given in Articles 166 and 166 were obtained by a new meth^ by 
f. Somiglisn. in Jl Nu^ Cimnio (Ser. 3), tt. 17-20 (1885-1886), and thu. was Mowd 
'-y 0. Lauricella in II Nwm Cinrnto (Ser. 3), 1 36 (1894). Other metho^ of ammg at 
‘b«solutionsbave been given by H. Weber, Pari. Diff.Mun^. ^«A. 2, 

Brunswick 1901, by H. Lamb, London Math. Soc. Proc., vol. 34 (190 )> J ■ ' ' 

* m. (Ser. 3), t. 8 (1903), and by R. Marcolongo, Tcoria matematiea d^ T* 

da»M, Milan 1904. The extension of the theory to the case of a ““ ^ 

‘*0 ,«rallel planes baa been discussed brieBy by H. 

^ Dougall, Mnburffh %. 5oc. vol 41 (1904). and^ A 

Mat. Pend., 1 18 (1904), and by L Oriando, Palermo, Gws. Mat. Bend., ( )• 
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168. Body bounded by plane — Additional results. 

(a) In the calculation of the rotations when the surface tractions are given we may 
take the point A of Article 163 (6) to be at an infinite distance, and omit ... altogether. 
We should find for 1^4", U4", the forms 


Vi" 


d^X 2/<t d^x 
^'bx'by'hz X + ft ’ 

. 03y 2^ 02v . 

' 0 ^ 203 03/2 ■^0s2» 


-22 


4. 

0^022’’" X -f /i 0y02 0^/02 ’ 


and we may deduce the formula 


1 rX4-2;i0i|r ^ 0 (IG 
47r/ALx + fi 0/ 0x' \0:i/ "" 0// J ' 

In like manner we may prove that 

1 r X+2/i 0t|r 0 /0<y 8F\n 

47r/Lt|_ X+ft os! cy* \0Jp' J 


For the calculation of we should require a subsidiary displacement which would givT. rise to 
the same surface tractions as the displacement (0r*“ ~ cr’^^fdx^ 0), and this displacement 

is clearly ( -0i2-i/^y> 0jR“V^^> deduce the formula 

JL 1 0F\ 

" 4 jr/* 02' \0vC' 0y / ‘ 

(6) As an example of mixed boundary conditions we may take the case where u, v, 
are given at 2=0. To calculate A we require a displacement {u\ v\ vf) which at 2=0 shall 
satisfy the conditions 

r' ■■ Vq , ZJ = 

where (JT/, Yy\ Zy) is the surface traction calculated from {u\ v\ w'). Then we may j 
that the value of A at the origin of r is given by the equation 

4ir (X+2fi) A = — Xy) w-f ( ~ Yy) v^^Zy {Wq — It/)} dxdy. 

We may show further that 

0/?-i , dR-^ , 

•IT- ’'“IT* “'““ar’ 

and then that 

1 0 (dff 

^'^^ln(\^2fi)dz'\d^ V/i’ 


and we may deduce the value of (m, v , w ) at ( a /, y \ 2') in the form 

1 0 Z; X-f;^ 9 

2»r 02^ Attu (X +2/i) 0y t 02' ^ j 


0 f0^ 


^ 1 0ir X-f-fi < 

^ 2^0/ 4irfi(X-l-2/4) 0y ^02' 


1 dE 

4 wfi 0/ 


4ir (X+2^) 




ay 

aj/' 


x+M ^a fa. 

■ 4 »rfi(X+ 2 #*) ^ 




ax^aifM 
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(c) As ft second exftmple we msy take the case where T,, w ftre given at *=0. 
Po calculate A we require a displacement («", t»") which at s=0 shall satisfy the 

londitions 


vhere 7/', Z/' denote the surface tractions calculated from (w", i/', w"). We can prove 
hat the value of A at the origin of r is given by the equation 

47r (X + 2/i) A = J (w" - Mo) + 7y (v" - Vq) + - Xy") «;} cfarrfy, 

md that 


0^ * 





dz'^ 


,nd then we can find for A the formula 


_1 

rr (X + 2fi) cz' \0,jp' d/ ^ 0? / ’ 

md for (?«, V, w) the formulae 

2Trfx dz 2ir ex' 47r/i(X + 2/x) 0/ \0j;' 0y ^ y 

.A+A-. Jl. MA 

W/i (X 4- 2^) * 0,3?' \c:r' 0/ ^ 02' A 

27r/i 02' 2ir 0y' 47r/i (X + 2fi)0y' \04r' d/ ^ 

X+fi 0 /dF do ^ 0W\ 
47r/i (X + 2/a) ' c/ \c/a?' 02' y * 

2rr02' 47r/A(X+2/A) (V\0jr' 0y' ^dz/* 


169. Formulae for the displacement and strain. 


By means of the sjiecial solutions which represent the effect of force at a point we may 
‘Main formulae analogous to (7) for the components of displacement. Thus let (mj, Vj, Wi) 
represent the displacement due to unit force acting at {x\ y', 2 ') in the direction of the axis 
ijf X, so that 


(Ml, Vi, w,)« 


X+/A /cV X4-2/t 1 
Stt/a (X -h 2/jt) \0x2 X + /i r ’ 


c^r dh \ 
dxd^^ dxcz/^ 


.(42) 


‘ind let X/), 7y0), Z„(h lie the surface tractions calculated from (mi, Vi, m?i). We apply the 
reciprocal theorem to the displacements (u, r, w) and (mi, vi, Wi)y with a boundary consisting 
the surface S of the body and of the surface 2 of a small sphere surrounding (a/, y', 2 '), 
and we proceed to a limit as before. The contribution of 2 can be evaluated as before by 
Ending the work done by the unit force, acting over the displacement («, v, w\ and the same 
result would be arrived at analytically. If the body is subjected to body forces (Z, 7, Z) 
fiswell as surface tractions A'^, 7v, we find the formulae* 


(w)o 


I jp +-^wi) dxdydz 

. +1 j[(X,Ui+F,vi+Z,Wt)-(X,(H+r,Wv+Z,mw)]c^^ (43) 


* The lormulcB of this type are due to 0. Somigliana, II Nuovo Cimento (Ser. 3), tt. 17— -20 
““ss, 1886), and inn. H mat. (Ser. 2), 1. 17 (1889). 
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where the volume integration is to be taken (in the sense of a convergent integral) 
throughout the volume within S. We should find in the same way 


Wo*** yy yp Yv^'\^Zvo^ dxdydz 

j j [(-^^^2 ZpV2 + ZyW^ — ( u + V + wy\ dS^ 
and (w)o "^jjjp dxdydz 

+ J j[{X,U3+YyV3+Z^w^-(X^^)u+r,^)v+Z,m,t>)]dS. 


A method of integration similar to that of Betti has been founded upon these formulas*. 
It should be noted that no displacement exists which, besides satisfying the usual con. 
ditions of continuity and the equations of equilibrium (1), gives rise to surface tractions 
equal to YJ^\ or to the similar systems of tractions AV*1, ••• and for 

none of these satisfies the conditions of rigid- body-equili bri um t. When the surface 
tractions are given we must introduce, in addition to the unit forces at y\ equal and 
opposite unit forces at a chosen point A, together with such couples at A as will, with the 
miit forces, yield a system in equilibrium. Let (m/, t)/, w{) be the displacement due to 
unit force parallel to x at ( 4 /, y', «') and the balancing system of force and couple at A, 
and let F/0), be the surface tractions calculated from (w/, v{y w{\ Also let 

(ui\ Vi\ Wi') be the displacement which, besides satisfying the usual conditions of 
continuity and the equations of equilibrium (1), gives rise to surface tractions equal to 
X/i*), Fy 0), Z^'i^K We make the displacement precise by supposing that it and the corre- 
8ix)nding rotation vanish at A. Then we have 


(u\^ j J jp(Xui-^ Yvx'VZw{) dxdydz 

+ 1 (44) 

The problem of determining u is reduced to that of determining (w/', Vi'\ zPi"), The diy- 
placement {u{ - Vi - vi\ Wi - w{') is an analogue of the second Greenes function. 

If, instead of taking the displacement and rotation to vanish at A, we assign to A .1 
serier of positions very near to {x\ /, /), and proceed to a limit by moving A up to coin- 
cidenoe with this point, we can obtain expressions for the components of strain in terriiy of 
the given surface tractions J. In the first place let us apply two forces, each of magnitude 
hr\ at the point (d/, y', z') and at the jioint y\ £\ in the positive and negative 

directions respectively of the axis oix. In the limit when h is diminished indefinitely thej 

displacement due to these forces is . Let (un, Vn, Wn) be the displace- 

ment produced in the body by surface tractions equal to those calculated from thc; 
displacement ^ • Then the value of {cu/dx) at the point y', z') w given, 

by the formula 

(S)o - -II I” 

~ 1 1 (S " (S ■ ”») @ 

In like manner formuhe may be obtatned for dvjdy and dwjdz. 


* O. Laurieella, Piza Ann., t. 7 (1895), attributes the method to Voltena. It was apphe 

0. Somigliana to the problem of the plane in II Nuovo Cimento (1885, 1885)* 

t i. Dougall, hc» Hu p. 288. X O. Laturioalli^ Ue* Hi. 
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Again, let us apply forces of magnitude in the positive directions of the axes of 
y and s at the origin of r, and e(}ual forces in the negative directions of these axes at the 
points (*', y, r'+A) and (sf, y+A, s') respectively, and proceed to a limit as befora This 
system of forces satisfies the conditions of rigid-body-equilibrium, and the displacement 
due to it is 

/0M3 3M2 0^8 0ir2\ 

8s ’ ^ 8s ’ 8y 

Let (ttja, ^ 23 ) ^ displacement produced in the body by surface tractions equal 

to those calculated from the displacement (^+^1 ... j . Proceeding as before we 

obtain the equation 

In like manner formulae may be obtained for 0 w/o 2 + 0 w/ 0 .r and hfbx^'hfby. 


1 70. Outlines of various methods of integration. 

One method which has been adopted sets out from the observation that, when there 
.are no body forces, tv,, w„ as well as are harmonic functions within the surface of 
the body, and that the vector (or,, Wyj w,) satisfies the circuital condition 

017* 0®j, 0tF| 

ora this condition it appears that ar*, a*, ax, should be expressil.e in terms of two in- 
[lendent harmonic functions, and we may in fact write* 

0 <fi 0Y 0y 

^ 0y ax cz ’ 

• 0y ^dx' 

0 and x ^ harmonic functions. 

The equations of equilibrium, when there are no body forces, can be written in such 
(X+2m)^^-2p(^-“J)-0. 


^ follows that 




OU Lamb, Chapter xi. 
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This expression represents, as it should, an harmonic function; and the quantities 
A, oTy, zzr, are thus expressible in terms of two arbitrary harmonic functions (j) and x* * * § 
If now these functions can be adjusted so that the boundary conditions are satisfied 
A and (Wjp, Wy, will be determined. This method has been applied successfully to the 
problem of the sphere by C. W. Borchardt* and V. Cerruti +. 

Another method t depends upon the observation that, in the notation of Article 132, 
W 2 ==V 2 f and therefore the surface traction can be expressed in the 

form 




, 0M.. 


9y 


/,0Mi . o«i 9a, 




03? 03; dx 




where i, m, n are written for cos (a?, v\ cos(y, v), cos ( 2 , v). The surface tractions 
can be written down by putting v and w respectively everywhere instead of 
in the expression for AVh. It follows that Xv^^\ displacement produced 

by certain double forces. In like manner {YJ^\ Fp(3)) and Z^P)) are 

systems of displacements which satisfy the equations (1) everywhere except at the origin 
of r§. On this result has been founded a method (analogous to that of C. Neumann|| in 
the theory of Potential) for solving the problem of given surface displacements by means 
of series. 


The equations of equilibrium, when there are no body forces, can also be written in 
the forms 

Vi(u+^xAyO, = 0 , 

showing that the three expressions of the tyi)e (X + ^).rA are harmonic functions. j 

These three harmonic functions must be adjusted so that the relation 

dll cv cw ^ 

A 1 + = A, 

ox QIJ OZ 

where A also is an harmonic function, may be satisfied, and they must also be adjusted i 
as to satisfy the boundary conditions. This method has been developed by 0. Tedonel 
and applied by him to the problems of a solid bounded by a plane, by two parallel plane 
by a sphere, by two concentric spheres, by an ellipsoid of revolution, and by a righ^ 
circular cone. 


* Berlin Monatsber . , 1873, reprinted in C. W. Borchardt’s Ges, JVerke, Berlin, 1888, p. 245. 

t Comptes rendus de V Association Fran^aise pour Vavancement de Science^ 1885, and Roma^ Ac^ 
Line. Rend. (Ser. 4), t. 2 (1886). 

X G. Lauricella, Pisa Ann,, t. 7 (1895), and Ann. di mat, (Ser. 2), t, 23 (1895), and II Nuovj 
Cimento (Ser. 4), tt. 9, 10 (1899). 

§ The result is due to C. Somigliana, Ann, di mat, (Ser. 2), 1. 17 (1889). 
j| Untersuchmgen fiber das logarithmische und Newton' sche Potential, Leipzig, 1877. C| 
Poincar4, loc, cit, p. 232. 

f Ann, di mat, (Ser. 3), t. 8, 1903, p. 129; (Ser. 3), 1. 10, 1904, p, 13; Roma, Acc, Line, Ben^ 
(Ser. 5), 1. 14, 1905, pp. 76 and 816. 



CHAPTER XI 


THE EQUILIBRIUM OP AN ELASTIC SPHERE 
AND RELATED PROBLEMS 


171. In this Chapter we shall consider solutions of the equations of equi- 
librium of an isotropic elastic solid body in terms of series involving harmonic 
functions, and, especially, spherical harmonics. We shall begin with some 
special types of solutions in terms of spherical harmonics, leading to important 
results in regard to the equilibrium of a solid sphere, and forming an intro- 
duction to the applications of the theory of Elasticity to Geophysics. We 
shall then proceed to Lord Kelvin’s general solution* of the problem of the 
sphere, expressed in terms of spherical harmonics, regarding these functions 
iis functions of cartesian coordinates, and dispensing with transformations to 
polar coordinates. After that we shall give some account of the use of series 
of harmonic functions, other than spherical harmonics, for the integration of 
the equations of equilibrium. 


172. Special solutions in terns of spherical harmonics. 

The equations to be solved are 



•(1) 

^ du dv dw 

•(2) 

dx dy dz * 


I where 


We know that A is an harmonic function, and that V“u, V*v, also are ' 
harmonic functions. We shall consider cases in which any one of these four 
functions is expressed as a single term, which is a “ spherical solid harmonic," 
'hat is to say a rational homogeneous function of at, y, z, of positive or negative 
integral degree n, satisfying Laplace’s equation. Let Vn denote such a function, 
md let r denote the distance of the point {x, y, z) from the origin. Then 
n of the form r"/S„, where iS„ is a function of the polar coordinates 6, (p and 
independent of r. The factor Sn is described as a “ spherical surface har- 
I'lionic.’’ For our purpose the most important formulse relating to spherical 
armonics are 

= 2^^" V*(r’»F„) = m(m + 2«+l)r™-=F„. 

ow 


.( 3 ) 


shall also make frequent use of the formula 




dz 


nF« 


See lotroduotion) footnote 61. 
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which is true for any homogeneous function, and of the identity 

-liU — ^ — r»»+i — ^ (4.\ 

In the first of (3) and in (4) x may be replaced by y or z. Solutions of the 
three following types* are the most generally useful. 

Type, 0 ). — From (3) we see that, if is a spherical solid harmonic, 

and V*(:ra)„) are spherical solid harmonics. We consider a dis- 
placement expressed by equations of the form 

(«, V, w) = r* ^ + On (®, y, «) ®„, (5) 

where On is constant. These formulae give 

A = {2n + a„(3 + n)}wn, (6) 

and V»(«.».w) = 2(2n + l + «n)(|., ^)®«. . 

and therefore equations (1) are satisfied by the forms (5) if 

m 

{n + ‘S)\ + (n + 5)fi 

Type if >. — We consider a displacement expressed by equations of the form 

( 8 ) 

where is a spherical solid harmonic of degree re. These formulae give 
A = 0, V*t4 = 0, .... and the equations (1) are satisfied. 

Type X ' — We consider a displacement expressed by equations of the form 

. . ./00 00 0 0 \ // j ^ 

where x^ is a spherical solid harmonic of degree n. These formulae givf 
A = 0, = 0, .... amd the equations (1) are satisfied. 

We shadl require expressions for the tractions across any spherical surfact 
r = const, answering to these several types of dispUcement. The coroponeni 
tractions. Xr, F,, Zr are expressed by such formulae as 

V ® A A . o y z (du dw\ 

X, = - (XA + 2,. (gj + jj) , 

and these are equivalent to formulae of the t)q)e 

rXr ^ A . ^ ^10^ 

+ + 

fz p, ox or 

+ 

so that f/r is the radial component of the displacement. 

* The notation is suggested by the analysis which will be need in the next Chapter, 
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In the case of type a we have A given by (6) and 

?= (n + an)r“wfl 


0u ( 0W„ 

r;r--M = n(r’ 


and therefore 
rX, 


dr 






2n(^ + l) + o„](n + 3)^ + (n + 2) 


0X0 


where ctn is given by (7), 

In the case of type <f> we have A = 0 and 


.(12) 


ind therefore 


— = 2(n-l)^’‘ 

fi ' dx 


.(13) 


In the case of type x we have A - 0, f = 0, and 

(») 

In all three types the forms of Fy, Zr are obtained from those of Xr 
by cyclical interchange of the letters x, y, z. 


173. ApplicationB of the special solutions. 


(i) Solid »phm with purely radial iur face displacement. Let a solid sphere of radius a 
held strained by surface traction, so that the displacement of the boundary is purely 
radial, and equal to iSm where Sn denotes a spherical surface harmonic of positive integral 
degree w, and € is a small constant. We put 



and .Kid solutions of the <0 and ^ types with 

, a«a<a« = e 

'vhere is given by (7), The surface tractions required to hold the sphere in this state are 
;;iveii by formulee of the type 


ou; 




(ii) Solid sphere with partly radial surface traction. Let the boundary r = a be subjected 
imrely normal surface traction of amount tS^y where t' is constant, and let Uy^ be defined 
m (i). We add solutions of the ea and ^ types with 


(^ +/*) + {(» + 3) X + (n + 2) Oh] a»n« 

is given by (7), 

from these two examples (i) and (ii) we conclude that a state of strain in a solid 
expressed by any linear combination of the « and ^ types, can be r^arded as being 
^^i^ipouiided of the two states in which the sphere can be held (i) by such surface tractions 
^render the surface displacement purely radial, and (ii) by purely radial surface tractions, 
f be solution for the sphere with any given purely radial surface displacement can be 
babied from (i) by expanding the sui^aoe displao^ent in a series of spherical suxisce 
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harmonics ; and the solution for the sphere with any given purely radial surface traction 
can be obtained from (ii) in a similar way. It should be noted that no term of the first 
degree can occur in the expansion of the purely radial surface traction, for radial traction 
expressed by the formula Ax-^rBy^Cz^ where Ay By (7 are constants, would have a resultant 
in the direction {A\B\(j)y and could not maintain equilibrium. 

(iii) Bmall spherical cavity in large solid mass. In the solutions of Article 172 n may 
be positive or negative, but when it is negative it is sometimes more convenient to replace 
<^n, x»»)» * positive integral n, and this procedure involves 

some changes of detail. Solutions in terms of solid harmonics of negative degrees are 
applicable to problems relating to a body in which there is a small spherical cavity. The 
b^y may be regarded as extending indefinitely in all directions. 

An example of some interest is afforded by a body in which there is a distribution of 
shearing strain At a great distance from the cavity we may take the displacement to be 
given by the equation 

(Uy Vy 0, 0), 

where s is constant. Then 0)^3 and <^^3, both constant multiples of are the functions 
required, and we may transform such expressions as a?®. 3 by means of the equation (4). 
It may thus be shown that a possible displacement is expressed by equations of the form 


>. »• (a. 5' »)■ 

where B and C are constants, and that the surface r^a of the cavity is free from trac- 
tion if 


9X + f4/i 


9X+14/t 


The value of the shearing strain ^ ^ calculated. It will be found that, at the 

point r=a, it is equal to (15X*f 30/t)«/(9X-hl4/*). The result shows that the 

shear in the neighbourhood of the cavity can be nearly equal to twice the shear at a 
distance from the cavity. The existence of a flaw in the form of a spherical cavity may 
caiise a serious diminution of strength in a body subjected to shearing forces t. 

(iv) Twisted sphere. For most of the problems that we have in view the a» and types 
of displacement suffice. To illustrate the x n=^2 and +y* - 2^^', 

where A is constant. Then 

(v, Vy 6xr, 0), 

and 

{Xry Yry Zr)r^^^A(pla).{-eyZy ^Xy 0 ). 

The tractions on the hemisphere z>0 are statically equivalent to a couple about the axiJ 
of z of moment Zwa^pAy and the tractions on the hemisphere ^ < 0 are stAtically equivalent 
to an equal couple about the same axis in the opposite sense. 


174. Sphere subjected to body force. 

When a body is subjected to body force we seek in the first place a par- 
ticular integral of the equations 

+ + F, X)*0. .-(15) 

and, when this is found, we seek, by adding to it a suitable solution oi 

• SeePMl, Mag. {Sot. 6), toI. 88 (1898). p. 77. 
t Cf. Artiele 84, supra. 
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equations (1), to obtain such a solution of equations (16) as will satisfy pre- 
scribed conditions of displacement or traction at the bounding surface of the 
body. The case of greatest interest is presented when the body force (Z, F, Z) 
is the gradient of a potential, which is expressed as a spherical solid harmonic 
Vn of positive integral degree w. In this case equations (15) become 

!■ s) 

A particular integral can be obtained by putting 

-Gv I 's)*’ 

where (X + 2/:t) V» ^ = 0, 

and taking in accordance with the second of equations (3) 

rf, = _ P. 

^ (\ + 2/i)2(2n + 3) "■ 

Then we have the desired particular integral in the form 

(m, v,w) = - (2n + 3) t ’ ^ ^ ^ 

When these values for % v, w are taken we have 


A = - - F„ 

y " + 2 , P . r^V 

^ 2(2B + 3)\ + 2/t 

- r(a’+ 3)xi V 

k 1 the corresponding formulae for the tractions F^, Zr across any 
)herical surface r = const, are of the type 


,1 - r+2,t[2n + 3^ 2n + 3r^”J 

When a body bounded by the surface r = a is deformed by body force as 
bove, and the surface is free from traction, the displacement is determined 
y adding to the value given by (18) forms of the a> and (f> types adjusted so 
bat the component tractions at the boundary may vanish. We shall put 
<0n<=AV„, 

®'l determine the constants A and B. 

We have at once 

Hid 

i2n(^+ 1) + «„|(»43)^+(n + 2)|j A : ^|^ + ^±|)|, 

*bere a, is given by (7). 
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Hence we find 

. _ p {(2n + 8) X. + (2n + 2) /»} {(n + 3) \ + (n + 5) /*} 

“ 2 (2n + 3) (X + 2fi) + 4n + 8) \ + 2 (n» + n +'1)“/^} ’ 

n /on |(ii + 2) X + (n + 1) /*} ft* 

~ 2(n — l)p. |(2n* + 411 + 3)X + 2 (n* + n + 1) ' 

The radial displacement ^/r is given by the equation 

? = j^n5 + |(n + «„) ^ - 2(2„ + 3)X^^} 
and this is found to be 

pn [n [{n -f 2) \ 4- (n -h 1) m} — (n - 1) {(n + 1) \ -I- Ufi] r^] y 
2 {ti — 1) /4 |(2w* 4* 4?^ + 3) X + 2 4“ w- ^ 1) p^ 

showing that all the spherical surfaces concentric with the boundary are 
strained into harmonic spheroids of the same type, but these spheroids are 
rtot similar to each other. If n = 2 the spheroids are of ellipsoidal type, and 
the ellipticities* of the principal sections increase from the outermost to the 
centre, the ratio of the extreme values being 5X + 4 /a : 8X + 6/Af . 

175. Generalization and Special Cases of the foregoing solution. 

(i) It may be observed that, if the body force is the gradient of a potential expressed 
as a series 2 Vn of spherical solid harmonics, the solution is to be found by taking a sum of 
the solutions answering to the various values of n. Among these there cannot be a term 
for which n«l, for the corresponding body force would be a constant force in a fixed 
direction, and could not maintain equilibrium. 

(ii) The case of an incompressible solid sphere may be noticed. It would be treated 
by taking ^ to tend to zero, and X to tend to oo , in such a way that XA has a finite limit. 
The particular integral for the body force (Article 174) would contribute nothing to the 
displacement, but would contribute to the surface tractions on the boundary, r^a, a normal 
traction equal to --p r«. The displacement is therefore the same as in an incompressible 
solid sphere strained by purely radial surface traction J equal to p Fn, and can be found by 
the method of Article 173 (ii) by putting 

^ _ w(w + 2) ^2 _ n+3 pVn 

~ '““2(2n*+4n+3) ^ ’ 

(iii) The analysis of Article 174 may be applied to find the straiiT produced in a 
solid sphere of radius a by rotation. The sphere may be taken to rotate with angular 
velocity » about the axis of z. Then the equations of motion are the same as the equations 
of equilibrium under body force y, 0), and this is the gradient of the potential 
i®*(a?^+y*), or, as it may be written, 

The first term gives a purely radial force and the corresponding displacement 
can be found from Article 98 (vii) by writing f instead of -y/ro, and a instead of fo* 

* The elUptieiiy of an ellipse is the ratio of the exoess of the axis major above the axis minor 
to the aads major. 

t Kdvin and Taii, NuU PhU., Part n. p. 488. 

t Chree, Cambridge Phil, Soe, Trane,, voL U (1889), p. 800. 
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Thus this term contributes displacement expressed by 

X y z 16(X+2/x) \3X+2^ ay 


The second term in the expression for the potential is of the form F2, and the contribu- 
tion of this term to the displacement is made up of a part arising from the particular 
integral ( 17 ) and forms of the o) and 0 types. The part arising from the particular integral 
is given by 

2 

(!«, V,V))=- (*'. y. - 22)+(**+/- 2**) (®, y, «)) • 

The part arising from 0)2 is 


pw^^TX-f-d/i) 

42 (X + 2pyp‘(r9X“+ 14;i) 


{(5X-h7p)r2(a?, y, -22)-(2X + 7p)(x24-/-222)(5:, y, z]\, 


and the part arising from ^2 


po)* (4X4-3p) 
3p(19X+14p) 


a^{x\y, ~2«). 


The complete expression of the displacement* is given by the equations 
ar'y"'3 L5(X+2^)\3X+2 /i“ ~ ) 




W ^ po)'*^ 

3 


L6(X + 2^)V3X+2,.“ J 

+ ;'(l9XTr4;.) * ■ “H(6X+4;.) f»+(X + m) 2^»)}]. 


176. Orayitating incompressible sphere. 

The chief interest of problems of the kind considered in Article 176 arises 
om the possibility of applying the solutions to the discussion of problems 
‘lating to the Earth. Among such problems are the question of the depend- * 
ice of the ellipticity of the figure of the Earth upon the diurnal rotation, 
nd the question of the effects produced by the disturbing attractions of the 
un and Moon. All such applications are beset by the difficulty which has 
een noted in Article 76, viz.: that, even when the effects of rotation and 
isturbing forces are left out of account, the Earth is in a condition of stress, 
nd the internal stress is much too great to permit of the direct application 
f the mathematical theory of superposable small strainsf. One way of 
ivading this difficulty is to treat the material of which the Earth is composed 
® homogeneous and incompressible. 

When the homogeneous incompressible sphere is at rest under the mutual 
S^avitation of its parts the state of stress existing in it may be taken to be 

* The complete solutions ip terms of polar coordinates for a rotating sphere and spherical 
^ell are given hy €hree in the memoir cited on p. 354, and further disonssed by him in Cambridge 
S(Hs. Traru., vol 14 (1889), p. 467. 

t The difficulty has been emphasized by Ohree, PhiL Mag, (8er. 6), toU 83 (1891). 
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of the nature of hydrostatic pressure* ; and, if is the amount of this pressure 
at a distance r from the centre, the condition of equilibrium is 

dptldr^^-^gprla, ( 19 ) 

where g is the acceleration due to gravity at the bounding surface r «= a. 
Since p# vanishes at this surfoce, we have 

Po “ k9P - »^)/a (20) 

When the sphere is strained by the action of external forces we may 
measure the strain from the initial state as “unstrained” state, and we may 
suppose that the strain at any point is accompanied by additional stress 
superposed upon the initial stress p,. We may assume further that the com- 
ponents of the additional stress are connected with the strain by equations of 
the ordinary form 

XA -f- 2pe,^ , • • * , • • • , 

in which we pass to a limit by taking X to be very great compared with ^ 
and A to be very small compared with the greatest linear extension, in such 
a way that XA is of the same order of magnitude as ps*,, .... We may put 

lim. XA = — p, 

and thenp,4p is the mean pressure at any point of the body in the strained state. 

Let F be the potential of the disturbing forces. The equations of equi- 
librium are of the type 


The terms containing — p, and — 
the form 




0F 


ay ^ + 

gp cancel each other, and this 


equation takes 


The equations of equilibrium of the homogeneous incompressible sphere, 
deformed from the state of initial stress expressed by (20) by the action of 
external forces, are of the same form as the ordinary equations of equilibrium 
of a sphere subjected to disturbing forces, provided that, in the latter 
^uations, XA is replaced by -p and pA is neglected. The existence of the 
initial stress p, has no influence on these equations, but it has an influence 
on the special conditions which hold at the surface. These conditions are that 
the d^ormed surface is free from traction. Let the equation of the deformed 
sur&M be r = o -f e5, where e is a small constant and S is some function of 
position on the sphere r = a. The “inequality” eS must be such that the 
volume is unaltered. We may calculate the traction (X,, Y,, Z,) across the 
surfrce r = o + eflf. Let V, to', n' be the direction cosines of the outward drawn 
normal v to this surfrce. Then 


^ ^ X ~ p«) + m'Xy + n'Xf 

JhL prMeMlon.' Oa.mbH4g€ PM- S^- 

Pro*-, Tot * (1898), eqpMitUy 118. . -r 



176 , 177 ] 


DEFOBMBD BY BODY FORCES 


267 


In the terms Xy, Xt, which are linear in the strain-components, we may 
replace I', ml, n' by xja, yja, zja, for the true values differ from these values by 
quantities of the order c; but we must calculate the value of the term - {'p, 
at the surface r = a -f eS correctly to the order e. This is easily done because 
p, vanishes at r = a, and therefore at r = a-t-eiS it may be taken to be 

, or -gpeS, Neglecting we may write 

Hence the condition that vanishes at the surface r = tt + €S can be 
' written 

(Xr)r=a + !^p«S = 0 (21) 

The conditions that vanish at this surface can be expressed in similar 
forms and the results may be interpreted in the statement:— Account can be 
taken of the initial stress by assuming that the mean sphere, instead of being 
free from traction, is subject to pressure which is equal to the weight per unit 
of area of the material heaped up to form the inequality*. 


177. Deformation of gravitating incompressible sphere by external 
body force. 


Let the external disturbing force be the gradient of a potential, which is 
expressed within the sphere as a series 2Fn of spherical solid harmonics of 
positive integral degrees. The disturbing force at any point of the body is 
compounded of the external disturbing force and the attraction of the 
inequality €6’. We may suppose eS to be expanded in a series Se,|S» of 
herical surface harmonics. Then the attraction of the inequality is the 
adient of a potential, which is expressed as a series of spherical solid 
monies by the formula 

4mypal (2w + 1)"^ en (r/a)* 8^ 

i the potential of all the disturbing forces is expressed as a series %Vn of 
^herical solid harmonics by the formula 

'here iirypa has been replaced by the equivalent Zg. 

The equations to be solved are 


— A.— ^ 

das^dy^ dz 


0 , 

...( 23 ) 

0 


I'lui rwali ii «rften anainad withoot proof. It appeui to iavolvo implioiUp tonto laoh 
that given in tho text. 
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On differentiating the left-hand members of the first three of these equations 
with respect ta x,y,e respectively, adding, and utilising the fourth equation, 
it appears that 0, and it is convenient then to put 

p = p2F„-f-2p„ (24) 

where p* is a spherical solid harmonic of degree n. Then equations (3) of 
Article 172 suggest as possible forms for u, v, w 

(w, w) « 2A„ r» p„ -1- tBn («, y, z)p„, 

where An and Bn are constants, and it is found that the equations (23) are 
satisfied by these forms if 

{2 (2n -4- 1) An + = 1, ^ (25) 

2nAn + (n^5)Bn=-0.j 

To these forms we may add any solutions of the equations 

V, «;) = 0, 


du dv 

dx dz * 


du 


and it will be sufficient to add forms of the <f> type, say 

where is & spherical solid harmonic of degree n. 

In accordance with (10) of Article 172 we calculate the traction across any 
surface r 5 = const, by formulae of the type 

rXr_ cop ^ dt 
H ~ H 7 
We have p given by equation (24'), and find 

{;= 2 (nA„ •+• Bn) r®p„ + 2n^„, (26) 

and 

r ^ - w = 2nAnr*^-»-2nJB„afpn-l-2(n-2)^^, 

and therefore the traction calculated from the forms of u, v, w, p is expressec 
by equations of the type 

+ 12»4, + (« + 2) S. - Ij + 2 (n - 1) • 

The conditions to be satisfied at the surface r » o are the kinematical con- 
dition that the radial displacement (f/r) is equal to 2 and the conditions 
of the type (21). On substituting fix)m equations (26) and (22) it is found 
that these conditions give 

(fj A„ + Bn) a*pn + - ae„ {rjaYSn = 0. 

(2nA„+J3n)a’j>«+ 2(n-l)^«0, ^27) 

[p {2« A, + {tl + 2)Bn}-l]pn+gp(l- 2 ;^^) «n “ f> 
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These equations can be solved easily, and, since A„, are known from (25), 
we have the complete solution of the problem. 

If the external disturbing potential reduces to a single term F» the only 
spherical harmonics of the p„, jS, series which occur in the solution are of 
degree n and are simple multiples of F*. In particular the inequality is 
proportional to the disturbing potential. 

The most interesting cases arise when n = 2. Then we have 

J_ 

J - 4 ' 42fi’ 

, (^p^_ aet(rlayS, pF, 

-2 8 J10_ 

2lp 21/i. 

Thus, in particular, the inequality • is given by the equation 

5 F, 

li. 


J 8 , £P 4^ 
21a’ ^ a 21p 




€202 


1 + 


19j^ 
2 gpa 


.(28) 


«^here has its value at the surface r = a. It follows that the inequality is 
ess for a solid incompressible sphere of rigidity than it would be for 
m incompressible fluid sphere of the same size and mass in the ratio 

19 M 


1:1 + 


2 gpa 


For a sphere of the same size and mass as the Earth (/?= 5*527, 
11 = 6*37 X 10") this ratio is approximately equal to | when the rigidity is the 
same as that of glass, and approximately equal to J when the rigidity is the 
same as that of steel. * 


178. Gravitating body of nearly spherical form. 

The case of a nearly spherical body of gravitating incompressible material can be 
included in the foregoing analysis. It is merely necessary to omit Wn from all the equations, 
and to suppress the kinematical condition that the value of ( at r»a is altnSm thus 
omitting the first of equations (27), 

G. H. Darwin has applied analysis of this kind, without, however, restricting it to the 
Case of incompressible material, to the problem of determining the stresses induced in the 
interior of the Earth by the weight of continents t. Apart from the difficulty oonoeming 
the initial stress in a gravitating body of the size of the Earth--^ difficulty which it is 
troublesome to avoid without treating the material as incompressible>-there is another 
^ilHculty in the application of such an analysis to problems concerning compressible 
I gravitating bodies. In the analysis we take account of the attraction of the inequality at 

* Cf. Kelvin and Tait, NM. Phil^ Part n. p. 436* 

t Phil Tram, Boy. 5oc., vol 178 (1682), reprinted in revised form in 8. H. Darwin’s Scimific 
vol. 2, p. 469. Darwin’s results have been discussed critically by Chree, Camhri^e Phih 
p’’' Tram., voL 14 (1869), and PM. Jfa,. (Ser. 6), vol. 83 (1881). 
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the surfiice, but we neglect the inequalities of the internal attraction which arise from the 
changes of density in the interior ; yet these inequalities of attraction are of the same order 
of magnitude as the attraction of the surface inequality. To illustrate this matter it will be 
sufficient to consider the case where the density in the initial state is uniform. In the 
strained state the density is expressed by po(l - A) correctly to the first order in the strains. 
The body force, apart from the attraction of the surface inequalities and other disturbing 
forces^ has components per unit of mass equal to gx\a^ Hence the expressions 

for pJT, ... in the equations of equilibrium ought to contain such terms as (1 — A), 

and the terms of type - gp^xAfa are of the same order as the attractions of the surface 
inequalities*. 

179. Botating sphere under its own attraction. 

Exactly as in Article 175 (iii) the deformation of the sphere is the same as 
if it were subject to the body force (a;, y, 0), where w is the angular velocity. 
This body force is the gradient of a potential expressed in polar coordinates 
by the formula cos* J), of which the first term gives rise 

to radial force, and the second is a spherical solid harmonic of degree 2. The 
radial force is of amount | m*r, and can be included in the term — gprja of 
equation (19) by writing 5 r(l — 2(o^ajHg) instead of g. Since, in the case of the 
Earth, to^a/g is a small fraction, equal to approximately, we may for the 
present purpose disregard this alteration of g. It follows from the result 
obtained in Article 177 that the nearly spherical figure assumed by a homo- 
geneous incompressible solid body, of the size and mass of the Earth, under 
the combined influence of rotation and gravitation, is an oblate ellipsoid of 
revolution; and that its ellipticity is less than it would be if it were fluid in 
the ratio 1:1 + 19fi/2gpa. 

The ellipticity of the figure of the Earth is about The ellipticity f of 
a nearly spherical spheroid of the same size and mass as the Earth, consisting 
of homogeneous incompressible fluid, and rotating uniformly at the rate of one 
revolution in 24 hours, is about The ellipticity which would be obtained 
by replacing the homogeneous incompressible fluid by homogeneous incom- 
pressible solid material of the rigidity of glass, to say nothing^of steel, is too 
small; in the case of glass it would be ^ nearly. The result that a solid of 
considerable rigidity takes, under the joint influence of rotation and its own 
gravitation, an oblate spheroidal figure appropriate to the rate of rotation, and 
Wing an ellipticity not incomparably less than if it were fluid, is important. 
It is difficult, however, to base an estimate of the rigidity of the Earth upon 
the above numerical results, because the deformation of a sphere by rotation 
is very greatly affected by heterogeneity of the material. 

* See a paper by J. H. Jeans, Phil, Tram, Roy, Soe, (Ser. A), vol. 201 (1908). 

t An equation of the form 

r«a {l-|e(|oos*^- J)} 

represents, when e Is small, a nearly spherical spheroid of elliptioi^r t. 
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180. Tidal deformation. Tidal effective rigidity of the Earth. 

The tidal disturbing forces also are derived from a potential which is a 
spherical solid harmonic of the second degree. The potential of the Moon 
at any point within the Earth can be expanded in a series of spherical 
solid harmonics of positive degrees. With the terms of the first degree there 
correspond the forces by which the relative orbital motion of the two bodies 
is maintained, and with the terms of higher degrees there correspond forces 
which produce relative displacements within the Earth. By analogy to the 
tidal motion of the Sea relative to the Land these displacements may be 
called “tides.” The most important term in the disturbing potential is the 
term of the second degree, and it may be written (Myr'^ID^) (| cos* 9 - J), 
where M denotes the mass of the Moon, D the distance between the centres 
of the Earth and Moon, 7 the constant of gravitation, and the axis from 
which 6 is measured is the line of centres*. This is the “tide-generating 
potential ” referred to the line of centres. When it is referred to axes fixed in 
the Earth, it becomes a sum of spherical harmonics of the second degree, 
with coefficients which are periodic functions of the time. Like statements 
hold with reference to the attraction of the Sun. With each term in the 
tide-generating potential there corresponds a deformation of the mean surface 
of the Sea into an harmonic spheroid of the second order, and each of these 
deformations is called a “tide.” There are diurnal and semi-diurnal tides 
depending on the rotation of the Earth, fortnightly and monthly tides de- 
pending on the motion of the Moon in her orbit, annual and semi-annual 
tides depending on the motion of the Earth in her orbit, and a nineteen- 
yearly tide depending on periodic changes in the orbit of the Moon which 
are characterized by the revolution of the nodes in the Ecliptic. 

The inequality which would be produced at the surface of a homogeneous* 
incompressible fluid sphere, of the same size and mass as the Earth, or of an 
ocean covering a perfectly rigid spherical nucleus, by the force that corre- 
sponds with any term of the tide-generating potential, is called the “true 
equilibrium height” of the corresponding tide. From the results given in 
Article 184 we learn that the inequalities of the surface of a homogeneous 
incompressible solid sphere, of the same size and mass as the Earth and as 
rigid as steel, that would be produced by the same forces, would be about 
\ of the true equilibrium heights of the tides. They would be about f of 
these heights if the rigidity were the same as that of glass. It follows that 
the height of the ocean tides, as measured by the rise and fall of the Sea 
relative to the Land, would be reduced in consequence of the elastic yielding 
ef the solid nucleus to about | of the true equilibrium height, if the rigidity 
^ere the same as that of steel, and to about | of this height if the rigidity 
'vere the ^me as that of glass. 


See Lamb's Hydrodynamict^ Appendix to Chapter YUL 
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The name "tidal effective rigidity of the Earth” has been given by 
Lord Kelvin* to the rigidity which must be attributed to a homogeneous 
incompressible solid sphere, of the same size and mass as the Earth, in order 
that tides in a replica of the actual ocean resting upon it may be of the same 
height as the observed oceanic tides. If the tides followed the equilibrium 
law, the rigidity in question could be determined by observation of the actual 
tides and calculation of the true equilibrium height. It would be necessary 
to confine attention to tides of long period because those of short period are 
not likely to follow the equilibrium law even approximately. Of the tides 
of long period the nine teen-yearly tide is too minute to be detected with 
certainty. The annual and semi-annual tides are entirely masked by the 
fluctuations of ocean level that are due to the melting of ice in the polar 
regions. From observations of the fortnightly tides which were carried out 
in the Indian Oceanf it appeared that the heights of these tides are little, 
if anything, less than two-thirds of the true equilibrium heights. If the 
fortnightly tide followed the equilibrium law, we could infer that the tidal 
effective rigidity of the EJarth is about equal to the rigidity of steel. 

The fact that there are observable tides at all, and the above cited results 
in reference to the fortnightly tides in the Indian Ocean, have been held by 
Lord Kelvin to disprove the geological hypothesis that the Earth has a 
molten interior, upon which there rests a relatively thin solid crust, and, on 
this and other independent grounds, he has contended that the Earth is to 
be regarded as consisting mainly of solid matter of a high degree of rigidity. 

The dynamical theory of the tides of long period can be worked out for 
an ocean of uniform depth covering the whole globe, the nucleus being treated 
as rigid J. It is found that the heights of such tides, on oceans of such depths 
jas actually exist, would be less than half of the equilibrium heights. This 
result was at first supposed to diminish the cogency of the tidal evidence as to 
the rigidity of the Earth. The dynamical reason for this result was found by 
H. Lamb {Hydrodynamics ^ 1895 -edition). He showed that, if the oceans were 
symmetrical about the earth’s axis, there could exist free steady motions, con- 
sisting of currents running along parallels of latitude, and that such currents 
would reduce the tides of long periods to amplitudes decidedly short of their 
equilibrium values. The actual oceans being interrupted by land barriers 
running north and south, it is almost certain that the tides in them are not 
subject to diminution from this cause|. The tidal evidence for the rigidity of 
the earth was thus re-habilitated. 

* Sir W. Thomsoo, PhiL Tram, Roy, Soc., vol. 15B [1868), and Math, and Phyn, Papers, 
vol. 3. p. 817. 

t K^vin and Tait, Nat, Phil,^ Part ii, pp. 442 — 460 (contributed by G. H. Darwin). 

t G. H. Darwin, London Proc, Roy, Soc,, vol. 41, 1886, p. 887, reprinted in bis Scientijic 
Papm, vol. 1, Cambridge, 1907, p. 366. 8ee also Lamb, Hydrodynama, Chapter VIII. 

S Lord Bayleigh, PAil. Mag, (Ser. 6), vol. 5, 1908, p. 186, r^rinted in bis Scientific Papers, 
vol 5, Cambridge, 1912, p. 84. 
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I ord Kelvin’s work on the solution of the equations of elastic equilibrium for an in- 
compressible solid sphere, subject to its own gravitation and to external disturbing forces, 
with the application to determine the tidal effective rigidity of the Earth, has proved to be 
the beginning of an extensive theory. Reference has already been made to the improvement 
effected by J. H. Jeans*, who led the way in the direction of including the effects of com- 
pressibility, and to the application, initiated by G. H. Darwin, to the problem of determining 
the stresses induced in the interior of the Earth by the weight of continents and mountains. 
The reader, who may wish to pursue the subject, is referred to the following:— G. H. Darwin, 
SdeifUific Papers^ especially vol. 1, pp. 389, 430, and vol. 2, p. 33, and ‘The Rigidity of the 
Earth,’ Atti del IV Gongrem,,.Matermti€iy vol. 3, Roma, 1909; S. S. Hough, Phil Tram, 
Roy. Soc. (Ser. A), vol. 187, 1896, p. 319; G. Herglotz, Zeitschr. f. Math. u. Phys., Bd, 52, 
1905, p. 275; W. Schweydar, Beitrdge zur Qeopkysik., Bd. 9, 1907, p. 41; Lord Rayleigh, 
London, Roy. Soc. Proc. (Ser. A), vol. 77, 1906, p. 486, or Scientific Papers, vol. 5, p. 300; 
A. E. H. Love, London, Roy. Soc. Proc. (Ser. A), vol. 82, 1909, p. 73, and Some Problems of 
Geodynamics, Cambridge, 1911 ; J. Larmor, London, Roy. Soc. Proc. (Ser. A), vol. 82, p. 89 ; 
W. Schweydar, Veroff. d. kgl Preus. geodatischen Institutes (Neue Folge), No. 54, 1912; 
K. Terazawa, Phil. Trans. Roy. Soc. (Ser. A), vol. 217, 1916, p. 35, and Tolc\, , J. Coll. Sci., 
vol. 37, 1916, Art. 7; H. Lamb, London, Roy. Soc. Proc. (Ser. A), vol. 93, 1917, p. 293; 
J. H. Jeans, London, Roy. Soc. Proc. (Ser. A), vol. 93, 1917, p. 413; L. M. Hoskins, Atmt. 
Math. Soc. Trans., vol. 21, 1920, p. 1. Other references will be found in these works. 


181. A general solution of the equations of equilibrium. 

The methods that have been explained in the earlier parts of this Chapter 
are adequate to obtain the most interesting solutions that can be expressed 
in terms of spherical harmonics. These solutions were originally obtained by 
means of a more general methodf, and some account of this will now be 
^nvcn. We shall begin with a general solution of the equations of equilibrium 
of a body strained by surface tractions only, and shall then proceed to apply 
this solution to the equilibrium of a spherical body. 


Wo propose to solve the equations (1) and (2) of Article 172 under the^ 
condition that u, v, w have no singularities in the neighbourhood of the origin. 

Since A is an harmonic function, we may express it as a sum of spherical 
olid harmonics of positive integral degrees, which may be infinite in number, 
.et A„ be a spherical solid harmonic of positive integral degree n. We write 

A = 2A«. (29) 


W summation referring to different values of n. The second of equations (3) 
'i Article 172 gives 


"ith similar forraulse in which x is replaced by y or z. It follows that parti- 
integrals of equations (1), with A defined by (29), could be expressed 
'*)' the formula 


(«, V, w) 


(I I i'l 

2/t 2n + lW’0y’9x/ 


A 


n* 


* Loc, eiU ante, p, 260. 

t Due, to Lord Kelvin, »ee Introduction, footnote 61, 
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and more general integrals can be obtained by adding to these expressions 
for «, V, w any harmonic functions finite at the origin. Such harmonic 
functions must be adjusted so that the complete expressions for u, v, w shall 
satisfy equation (2). 

The equations (1) and (2) are accordingly integrated in the form 


(30) 

where Un, V„, Tr„ denote spherical solid harmonics of positive integral degree 
n, provided that these functions satisfy the equation 
- \ + fi n 

r '2.+ 

If we write 






dz 


yjrn is a spherical solid harmonic of degree ti, and and An are connected by 
the equation 

^ (2n + l)M , ^* 3 ,, 

nX + (3n + l)/i’^”‘ 

The formulae (30) for m, v, w may now be expressed as sums of homogeneous 
functions of a, y, z in the form 

(u,V,w) = -tM„r^Q^, + ^n)’ •••(32) 

where U„, F„, W„ are spherical solid harmonics of degree n, Mn is the 
constant expressed by the equation 




X + /i 


.(33) 


2{(n-l)X4-(3n-2)/ij’ 
and is the spherical solid harmonic of degree ?i - 1 expressed by the 
equation 

dUn . dVn . dWn 


dx ^ dy ^ dz * 


.(34) 


182. Applications and extensions of the foregoing solution. 

(i) The expressions (32) are general integrals of the equations of equilibrium arranged 
as sums of homogeueous functions of y, z of various degrees. By selecting a few of the 
lower terms, and providing them with undetermined coefficients, we may obtain solutionsj 
of a number of special problems. The displacement produced in an ellii)8oid by rotationj 
about an axis has been obtained by this method* 

(ii) It may be observed that, when n is n^ative, equations (32) express a solution of 

the equations of equilibrium, valid in a region of from which the origin is excluded- 
By putting »» -1, ^r„ar,jssO, and we obtain the solution discussed 

Article 131. 

♦ C. Chree, Quart, J, of MatKt vol. 23 (1888). A number of other applications of the 
were made by Chree in thia paper and an earlier paper in the same Journal^ vol. 22 (1886). 
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(iii) When the region of space occupied by the body is bounded internally by a 
closed surface containing the origin, the equations can be solved in the same way as in 
Article 181 by the introduction of spherical solid harmonics of positive and negative integral 
degrees To illustrate the use of harmonics of negative degrees we may take the case of a 
cavity in an indefinitely extended body. Denoting by Un^ Fn, spherical solid harmonics 
of positive integral degree we can write down a solution in the form 


where 

and 





( \ 

, 9 / 

{a.r v»+V'''ay • 

(^|.2n + 1 J 

'+ar{ 


Wn \ 

^2>» + \j 


a 1/^ t £ 


X + fi 


2{(n+“2)X-|-(3ri+5) /i}* 


183. The sphere with given surface displacements. 

In any region of space containing the origin of coordinates, equations (32) 
constitute a system of integrals of the equations of equilibrium of an isotropic 
solid body which is free from the action of body forces. We may adapt these 
integrals to satisfy given conditions at the surface of a sphere of radius a. 
When the surface displacements are prescribed, we may suppose that the 
[riven values of u, v, w at ?• = a are expressed as sums of surface harmonics of 
degree n in the forms 

(w, V, W)r,a = -Bn, ^n) (35) 

Th(*n r’”On are given spherical solid harmonics of degree n. 

Now select from (32) the terms that contain spherical surface harmonics 
of degree n. We see that when r = a the following equations hold: 

* J — — If + ^ 1 ij 

I — uU, 14-2^1 + e/n, 

= -(36) 

a- " 0^ +W„. 

The right-hand and left-hand members of these equations are expressed 
f* spherical solid harmonics of degree n, which are equal respectively at the 
urface r = a. It follows that they are equal for all values of x, y, z. We 
nay accordingly use ecjuations (36) to determine Un, V„, Wn in terms of 

K, C'„. 

For this purpose we differentiate the left-hand and right-hand members 
''I equations (36) with respect U) x, y, z respectively and add the results, 
pilizing equation (34) we find the equation 



tord KehiD's solution )b worked out for the ctse of a shell bounded by eonoentrio spheres. 
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Thus all the functions ‘^n oxe determined in terms of the corresponding 
An, Bn, Cn, and then Un, are given by such equations as 


The integrals (7) may now be written in the forms 


, -(SS) 


in which. 




2 (tl + 1 ) X + (3?l -f- 4) fJL 


g /y.n+2 \ g /y*»+2 \ g /^n+2 \ 

and n +1 = ^ ^ Cn+jj . 

By equations (38) the displacement at any point is expressed in terms oi 
the prescribed displacements at the surface of the sphere. 


184. Generalization of the foregoing solution. 

If we omit the terms such as Anirfa)^ from the right-hand members of equations (38) 
we arrive at a displacement expressed by the equation 

(39) 

This displacement would require body force for its maintenance, and we may show 
easily that the requisite body force is derivable from a jx)tential equal to 

-[(w + 1)X+(3»+4)/*]V'm + i, 

P 

and that the corresponding dilatation is ~ 2 -h 1 ) + 1 . We observe that, if X and fi could 

be connected by an equation of the form 

(7i + l)X4.(3«-|.4)fi«0, (40) 

the sphere could be held in the displaced conhguration indicated by equation (39) without 
any body forces, and there would be no displacement of the surface. This result in in 
apparent contradiction with the theorem of Article 118; but it is impossible for X and ft to lie 
connected by such an equation as (40) for any positive integral value of n, since the strain, 
energy-function would not then be positive for all values of the strains. 

The results just obtained have suggested the following generalization*: — Denote 
by r. Then the equations of equilibrium are of the form 

rg+VS«.,0. 


We may suppose that, answering to any given bounding surface, there exists a sequeii 
of numbers, say ri, r 2 , which are such that the system of equations of the type 


:\dx'*^dy 


. 1 , 2 , ...) 


* E. and P. Coaseiat, Paru, C. R., tt. 126 (1898), 188 (1901). The genetali**tion 
indicated ia connected with teaearcbea on the problem of the sphere by E. Ahnanai. Roma, Ai 
Line. Rend, (Ser. 5), t. 6 (1897), and on the general eqoationa by O. Lanrioella, Ann. di ^ 
(8er. 2). t. 28 (1896), and II meavo Cimento (Ser. 4), tt. 9, 10 (1899). The theory of the solaW 
of the eqoationa ol eqoilibriam by this method is disensaed farther by I. Fretoolm, Ai’Ai'' / 
oeh aetr., Bd. 2 (1906), Mr. 28, and A. Kom, Aeta Hath., t. 82 (1909), p. SI- 



) 3 - 185 ] FBOBLEM OF THE SPHERE 


267 


mesa solutions which vanish at the surface. Denote dUjdx^{-dVJd^>^dWg/dz by 
en Ak is an harmonic function, and we may prove that, if k is different from x, 


///' 


dz ss 0, 


,(41) 


ere the integration is extended through the volume within the bounding surface. We 
y suppose accordingly that the harmonic functions are such that an arbitrary 
rmonic function may be expressed, within the given surface, in the form of a series of 
! functions with constant coefficients, as is the case with the functions when the 
face is a sphere. 


Assuming the existence of the functions ... and the corresponding numbers r*, we 
>uld have the following method of solving the equations of equilibrium with prescribed 
placements at the surface of the body: — Let functions Uo, Vo» w© be determined so as to 
harmonic within the given surface and to take, at that surface, the values of the given 
oponents of displacement. The function for example, would be the analogue of 
« 

- An in the case of a sphere. Calculate from harmonic function Aq deter- 


aed by the equation 


Ao* 


0r ^ Dy dz ‘ 


sume for w, v, w within the body the expressions 


(u, V, w) = 


(wo, 





(42) 


ere the A*a are constants. It may be shown easily that these expressions satisfy the 
lations of equilibrium provided that 

2 Ak A|c= Ao* 

e conjugate property (41 ) of the functions A* enables us to express the constants A by 
j formula 

1 1 (,^^)*dxdy<h- ^A^drdydz, (43) 

e integrations being extended through the volume of the body. The problem is therefore 
Ived when the functions ... having the assumed properties are found*. 


185. The sphere with given surface tractions. 

The solution expressed by equations (32) or (38) may be adapted to satisfy 
le condition that the component tractions Xr, Fr, Zr across the surface r« a 
lay have given values. These values may be expanded in series of spherical 
^rface harmonics. We have then to satisfy three conditions of the form 

= (44) 

liere Xn, Yn, denote spherical surface harmonics of degree n. 

The component tractions Xr, F., answering to the displacement ex- 
pressed by (38) are to be calculated by means of the formulae of the type (10) 

' Article 272, and equations (44) then yield equations determining the 

‘ G. ud F. CoMerat. Parit, C. R., 1. 196 (1898), have ahown how to determine the fanettona 
^IKition when the enrfaoe ie an eliipaoid. Some lolationc of probleme relating to dlipimdal 
'odariee have been foond by C. Chree, loe. eit. p, 264, and by D. Edwardee, (puat. <f, of JfolA., 
^26Md27(18»8,li^). . 
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sur&ce harmonics of the type An in terms of the surface harmonics of the 
type ^n- solution of these equations constitutes the solution of the 
problem. 

It is convenient to re-write equations (38) in such forms as 

in which all the terms under the sign of summation are homogeneous functions 
of Xf y, z of degree n, and is given by (37). The corresponding value of 
A is given by the equation 

A - 2 (2n - 1) Mnfn-^ (45) 


The expression xA is transformed by means of an identity of the type (4' 
in Article 272, so that we have 




■f 


\ -f /A 

Again f is given by the formula 


dyjrn^i d 

dx \r®^' 




{xAn + yBn -t- zCn) + Mn+tO^ (w -|- 1) V^n+i “ M„r* (u - 1) 

CL 


Now by means of the identity (4) we find 


ifA\ / ^n+1 

— (xAn + yB„ + zCn) = 2n + i “ ^5n+i j > 


.(46) 


where is the spherical solid harmonic of degree — (n ■+• 2) determined I 
the equation 

.(«) 


It follows that f is given by the formula 




-I- M„+i (n + 1) - , 








2n + 1 

and thence we find, on transforming xyfrn-i by means of an identity sinii 
to (4), 

dx 


+ + 1 )»-^ - ♦-«)} («: 


Finally we have 
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On collecting the terms of (45), (48) and (49), we have the equation 


— '=2r(n- 

L 




0 /r^+* 


2/1 + 10® \a*‘‘*'* 


<!> 


~n— 8^ 


•" f (2»-lU2« + l) ’“■ £ (^0] • 

The coeflScient of y*0//r„_,/0® in the right-hand member is - 2 (n - 2) and, 
if that of r“+’0 (r^+*^n_i)/0® is denoted by — we find 

1 X (/t + 2 ) — ft (/I — 3) 


^ 

” '2n + 1 X (/I - 1) + ft (3n - 2) ’ 

jhat the equation becomes 


.(50) 


_ E r»+> L- i A 

^ dx Vr**” V 2w + 1 dx ^ " 

9re En is given by (50). The terms of the sum that contain and 
■actors cancel at the surface r = a. 

The equations (44) then yield three equations holding at the surface r « a 
mch forms as 

0 ® Vr »'‘->/ 2n + 10 ® U"'+'^"”"7 

ere are two similar equations derived from this one by replacing x, Xn 
:cessively by Bn, y, Yn and (7„, z, Zn- 

To solve these equations for An, Bn, Cn we introduce two spherical solid 
rmonics and 4>-n-2 by the equations 

0 /o»+> y \ . a /a»+' TT \ . 9 /«"■*■* » \ 

* 0® \r«+> ^7 0y \r»+‘ dz Vr"+" 7 ’ , 
tt differentiating the left-hand and right-hand members of the equations of 
pe (51) with respect to x,y,z and adding, we obtain the equation 

{/I - 1 + n (2/1 + 1) J?„) (53) 

multiplying the left-hand and right-hand members of the same equations 
y y, z, adding, and using (46) and (53), we obtain the equation 


.(52) 


2n^_, 


<t»_. 


.(54) 


V^n-i and ^ being known, the equations of type (51) determine 
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The prescribed surface tractions must, of course, be subject to the conditions that are 
necessary to secure the equilibrium of a rigid body. These conditions show immediately 
that there can be no constant terms in the expansions such as S Jn* They show also that 
the terms such Ji, Yi^ cannot be taken to be arbitrary surface harmonics of the 
first degree. We must have, in fact, three such equations as 

where the integration is extended over the surface of the sphere. Writing this equation 
in the form 

and transforming it by means of identities of the type (4), we find the equation 




For any positive integral value of the subject of integration in the second of these 
integrals is the product of a power of r (which is equal to a) and a spherical surface 
harmonic, and the integral therefore vanishes, and the like statement holds concerning 
the first integral except in the case ^**1. In this case we must have three such equa> 
tions as 

IjW-lirY,), 

and these equations show that rXi, rFi, rZx are the partial differential coefficients with 
respect to x, y, 2 of a homogeneous quadratic function of these variables. Let 
be the stress-components that correspond with the surface tractions Xi^ .... Then we have | 
such equations as 


It thus appears that ... are constants, and the corresponding solution of thei 
equations of equilibrium represents the displacement in the sphere when the material is inj 
a state of uniform stress. 


186. Plane strain in a circular cylinder^. 

Methods entirely similar to those of Articles 183 and 185 may be applie^il 
to problems of plane strain in a circular cylinder. Taking r and 0 to 
polar coordinates in the plane {x, y) of the strain, we have, as plane harmonii 
of integral degrees, expressions of the type r** (cn cos nd + sin nd\ in w 
0,1 and fin Are constants, and as analogues of surface harmonics we have th 
coeflScients of r” in such expressions. We may show that the analogue of th 
solution (38) of Article 183 is - 



2(\ + 3/4)^ n-f 1 V dx ’ 



in which An and Bn are functions of the type On cos n9 + fin sin nO, and tb 
functions ift are plane harmonic functions expressed by equations of the fom 


fn-i 



( 56 ) 


* Of. Kelvin and Talt, Xat, PkiL, Part ii. pp. 208— BOO. The problem of plane stress iii 
eireular oylutder was solved by Clebsch, ElastieiUit, § 42. { 
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The equations (55) would give the displacement in a circular cylindei 
due to given displacements at the curved surface, when the tractions thai 
maintain these displacements are adjusted so that there is no longitudinal dis' 


When the tractions applied to the surface are given, we may take 2Xn 
2 F,) to be the components, parallel to the axes of x and y, of the tractions 
exerted across the surface r = a, the functions Zn, F» being again of the foru 
“ ^ ^ -9. We write, by analogy to (47), 

1 j («> 

unctions and by the 

All these functions are plane harmonics of the degrees indicated by tl 
suffixes. The surface tractions can be calculated from equations (55). ^ 
nd two equations of the type 

{n 2(n-l)U ^-1-3^; dxW-^J 

1 d \ 

“ 2w ^ 

X + 3/x d 


Bt 




2n (X 4- 

■ M 


nd thus An, Bn can be expressed in terms of Zn, i n* 


As examples of this method we may take the following* : 

(i) Z„—aoos2^, F„«0. In this case we find 

2(X4-M)a 

(ii) Zn—a cos 2^, Fn=a sin 2A In this cose we find 

(iii) Zn*a cos 4^, F»»0. In this case we find 

* The solutions in these special mes will be useful in a subsequent investigatioa (Oha; 
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187. Applications of curvilinear coordinates. 

We give here some indications concerning various researches that have been made by 
starting from the equations of equilibrium expressed in terms of curvilinear coordinates. 

(a) Polar coordinates. Lamp’s original solution of the problem of the sphere and 
spherical shell by means of series was obtained by using the equations expressed in terms 
of polar coordinates* * * § The same equations were afterwards employed by C. W. Borchardtf, 
who obtained a solution of the problem of the sphere in terms of definite integrals, and 
by C. ChreeJ, who also extended the method to problems relating to approximately 
spherical boundaries §, obtaining solutions in the form of series. The solutions in series 
can be built up by means of solid spherical harmonics ( F„) expressed in terms of polar 
coordinates, and related functions (U) which satisfy equations of the form 

(b) Cylindricod coordinates. Solutions in series have been obtained || by obierving 

that, if is the symbol of Bessel’s function of order w, (Jcr) is a solution of 

Laplace’s equation. It is not difficult to deduce suitable forms for the displacements 

Ug, The case in which vanishes and and are independent of $ will occupy 
us presently (Article 188). In the case of plane strain, when Ug vanishes and Ur and 
are independent of 2 , use may be made of the stress-function (cf. Article 144 supra) ; and 
the same method can be applied to the cases of plane stress and generalized plane stress 
(cf. Article 94 supra). The general form of this function expressed as a series proceeding by 
sines and cosines of multiples of 6 has been given by J. H. MichellT 

The most important problem, which has been treated by this method, is that of the 
stress produced in a circular ring, considered as a two-dimensional system which is subjected 
to forces in its plane. The ring is a thin plate, whose edges are short lengths of right 
circular cylinders having a common axis. The problem has been discussed by A. Timpe, 
loc. cit. ante, p. 221, afterwards by K. Wieghardt, Wien Berichte, Bd. 124, 1915, p. 1119, and 
a very complete solution has been given by L. N. Q. Filon, ‘The stresses in a circular ring,’ 
Selected Engineering papers published by the Institution of Civil Engineers, No. 12, London, 
1924. 

(c) Plane strain in non-circular cylinders. When the boundaries are curves of the 
' family a » const., and a is the real part of a function of the complex variable we know 

from Article 144 that the dilatation A and the rotation w are such functions of x and y that 
(X+2/*) A+t2/xar is a function of and therefore also of a+t^, where /3 is the function 
conjugate to a. For example, let the elastic solid medium be bounded internally by an 
elliptic cylinder. We take 

4 ? + ty = c cosh (a + 

BO that the curves as const, are confocaJ ellipses, and 2c is the distance between the foci. 
Then the appropriate forms of A and w are given by the equation 

(X + 2/ji) A + *2^ w = Se- "» ( J n cos 7^/3 + sin nff), 

* J, de Math, {Liouville), t, 19 (1864). See also Lemons snr les coordonnies curvilignes, Paris, 
1859. Beferences to numerous investigations of the problem of the sphere are given bj B. Marco- 
longo, Teoria matematica dello equilibrio dei corpi elastici (Milan, 1904), pp. 280, 281. 

t Loc, cit, ante, p. 109. 

X Cambridge Phil. Soc. Trans., vol. 14 (1889). 

§ Amer, J. of Math,, vol. 16 (1894). 

|) L. Pochbammer, J,f, Math, {Crelle), Bd. 81 (1876), p. 33, and C. Chree, Cambridge Phil 
Soc, Trans,, vol. 14 (1889). 

IT London Math, Soc, Proc,, vol. 31 (1900), p. 100. 
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If we denote by h the absolute value of the complex quantity then 

the displacements m* and w/s are connected with A and m by the equations 

In the case of elliptic cylinders ujh and w^/A can be expressed as series in cobti^ and 
sin without much difficulty. The value of A*"® is ^ c* (cosh 2a — cos 2/3). 

As an example* we may take the case where an elliptic cylinder of semi-axes a and h 
is turned about the line of centres of its normal sections through a small angle In this 
case it can be shown that the displacement produced outside the cylinders is expressed by 
the equations 




X*f 2/i a-h\ 
fi ci-fb 


j sin 2^, 


) (X + 3jxct"4-6 X-i-3^ 



The special solution A=AlogA, where A is constant, and the above elliptic coordinates 
are employed, may be utilized to discuss the diminution in strength of a thin plate, due to 
a crack. The crack is identified with the line of fo<;i, and its edges are free from traction, 
except, possibly, at its extremities. For this reference may be made to C. E. Inglis, London^ 
Inst Naml ArcMtects Trans. 1913, or A. A. Griffith, Phil. Tram. Roy. Soc. (Ser. A), vol. 221, 
1920, p. 163. Other applications of elliptic coordinates are given by S. D. Carothers, loc. 
cit. ante^ p. 215; S. YokoU, Tokyo Math. Soc.^J. (Ser. 2), vol. 8, 1915, pp. 66, 102; Th. Pdschl, 
Math. Zeitschr.^ Bd. 11, 1921, p. 89. 


Problems relating to two circles which are not concentric, e.g. a plate with a straight 
edge and a circular hole, can be treated by means of the conjugate functions that are given 
by the equation 

^•Ft(.y-f q) 


a + t/3»log 




This system (bipolar coordinates) is discussed very fully by G. B. Jefiery, Iol\ cit. antey 
p. 91, and Brit. Assoc. Rep. 1921, p. 356. 


(d) Solids of revolution. If r, d, z are cylindrical coordinates, and we can find a and /3 • 
as conjugate functions of z and r in such a way that an equation of the form as* const 
represents the meridian curve of the surface of a body, we transform Laplace’s equation 
727—0 to the form 


0 1 

1 ' an 



aa' 





^ r ’ 


where J denotes the absolute value of d {z^ir)ld H we can find solutions of this 

equation in the cases where V is independent of By or is proportional to sin nB or cos nBy we 
:an obtain expressions for the dilatation and the components of rotation as series. Wangerint 
>as shown how from these solutions expressions for the displacements can be deduced, 
'be appropriate solutions of the above equation for V are known in the case of a number 
f solids of revolution, including ellipsoids, cones and tores. 


* The problem was proposed by R. R. Webb. For a different method of obtaining the solution 
e D. Edwardes, Quart. J. of Math., vol. 26 (1893), p. 270. The corresponding problem for a 
?id ellipsoid, embedded in an elastic solid medium, and turned through a small angle about a 
incipal axis, is disoussed by B. Daniele, 11 Niiovo Cimento (Ser. 6), 1. 1, 1911. 
t Archiv /. Math. {Grunert). vol. 66 (1878). The theory has been developed farther by 
Jaerisoh, J. /. Math. (Crelle), Bd. 104 (1889). The solution for an ellipsoid of revolution with 
en surface displacements has been expressed in terms of series of spheroidal harmonics by 
Tedone, JRonta, ^ce. Line. Rend. (Ser. 5), 1. 14 (1906). 
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188 . SynunetrloalstralninasoUdofrevolation. 

When a solid of revolution is strained symmetrically by forces applied at 
its sur&oe, so that the displacement is the same in all planes through the 
axis of revolution, we may express all the quantities that occur in terms of a 
single function, and reduce the equations of equilibrium of the body to a single 
partial differential equation. Taking r, d, z to be cylindrical coordinates, we 
have the stress-equations of equilibrium in the forms 


^ s /-s 

8rr rr — drz dzz rz 

dr dz r * dr dz r 


»0. 


( 61 ) 


Writing U, w for the displacements in the directions of r and z, hiid sup- 
posing that there is no displacement at right angles to the axial pline, we 
have the expressions for the strain-components ' 

U dw dU dw ^ 

+ ...( 62 ) 

We begin by putting, by analogy with the corresponding theory of plane strain, 

Then the second of equations (61) gives us 

' £!S^. 1?S^ 

no arbitrary function of r need be added, for any such function can be included in 0. 
We observe that and write down the equivalent equation in terms of stress- 

components, viz.: 

rr- <r - cr ~ cr rr- O' ») r}, 

and hence we obtain the equation 

(1 + O') (rr - *8 r ~ - <r rr - o Z 2 ). 


We introduce a new function R by the equation 


and then the first of equations (61) can be written 

(1 +«r) ^ 1 (M- «r W-(r«)»0, 

and we may put - R, 

where V* denotes 0 */ 0 f*+r~i 0 / 0 r-|- 8 */ 02 *, the subjects of operation being independent of S. 
No arbitrary function of z need be adde^ because any such function can be included in 
All the stress-components have now been expressed in terms of two functions 0 and 
The sum 6 of the principal stresses is expressed in terms of 0 by the equation 

e«*fT + ^ 4-«r » (1 + cr) V*0, 

and, since 6 is an harmonic function, we must have V*0«O. 
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The functions if> and R are not independent of each other. To obtain the relations 
between them we may proceed as follows:— The equation Ujr^e^ can be written 

U a-rr-^tr zz)IE, 

or Cr>M^(l + a)rRIE; 

and then the equation rz=sfie„ can be written 

dw 2(l + <r) , l+cr dR 


2(l+<r) 

E dT“^z E ^ dz* 


Also the equation e„^{zz-irrr-~tr 66)1 E can be written 


Zw 
dz ' 


l^cr 
E 




The equations giving dw/dr and dw/dz are compatible if 




and, if we introduce a new function O by means of the equation 


we have 


d<l>ZQ 

5? = (l-,r)VV, 


where, as before, no arbitrary function of z need be added. 

The stress-components are now expressed in terras of the functions <f) and Q which are 

I connected by the equation last written. The equations giving divjdr and dwjdz become, 
when O is introduced, 

dw I -her 0 


cr 


E 


/da 

d<t>\ 

dw 

1 4*<r 0 1 

(da^ 

0<#)\ 

\0x 

-Jz)' 

dz 

E dz^ 

1 02 

0*) 


I We may therefore express XJ and w in terms of Q and by the formulae 
l-f<r/0Q d<f>\ l*fo'/0Q cd>\ 

-E 

From these formulae we can show that 12 must be an harmonic function, for we have at 
tbe same time 


I 


air, ir^ato 

'dr T a»* 


.l+?[v*^+V*0-2g] = 


^[(l-2,r)V*0-V*Q], 


land 




E E 

follows that, besides satisfying the equation 02l2/0«2=(l -or) the function Q also 
tisfies the equation V*12«»0. 

Instead of using the two functions ^ and O we may express the stress-components in 
inns of a single function. To this end we introduce a new function ^ by the equation 
12. Then we have 

1 00 .1 012 * , 0*0 0*12 0*0 

we have also 


0*0 








' hrst of equations (61) would enable us at once to express rz in terms of a function x 
^ that 0*»0x/0a We therefore drop all the subsidiary functions and retain x 
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In accordance with the above detailed work we assume 



Then the first of equations (61) gives us 



and the second is satisfied by this value of rz if 


(63) 

(64) 


= 0 (65) 

The stress-components are now expressed in terms of a single function ‘x 
which satisfies equation (65)*. 

The corresponding displacements are easily found from the stress-strair 
relations in the forms 


U: 


H-o- 




E drdz ’ 


w 




189. Symmetrical strain in a cylinder. 

When the body is a circular cylinder with plane ends at right angles to its axis, the 
function x ^^ve to satisfy conditions at a cylindriciil surface r=a, and at two plane 
surfaces «=»const It must also satisfy equation (65). Solutions of this equation in terms 
of r and z can be found by various methods. 

The equation is satisfied by any solid zonal harmonic, i.c. by any function of the form 
0 ** 

(r2+z2)n+| and also by the product of such a function and (r'^+z^). All these 

functions are rational integral functions of r and z, which contain even jiowers of r only. 
Any sum of these functions each multiplied by a constant is a possible form for x- 

The equation (65) is satisfied also by any harmonic function of the form J^^ (/r), 
where k is any constant, real or imaginary, and Jq {x) stands for BessePs function of zem 

order. It is also satisfied by any function of the form Jp(/t-r), for we have 

(It). 

When k is imaginary we may write these solutions in the form 

jQ{iKr){A cos kz^B sin Kz)+r^^Jo {iKr) (Ceos icz+/>sin kz), (67; 

in which k is real and A, C, D are real constants. Any sum of such expressions, wi 
different values for k, and different constants C, Z), is a possible form for x-^ 

The formulas for the displacements C, w that would be found by each of these methoi 
have been obtained otherwise by C. Chreet. They have been applied to the problem 

* A method of expressing all the quantities in terms of a single fonotion, which satisfies 
partial dillerential equation of the fourth order different from (66), has been given by J- ^ 
Miehell, London Math, 5oc. Proc., vol. 81 (1900), pp. 144^146. 

t Cambridge PhiU 8oc» Trans., voL 14 (1889), p, 260. 
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cylinder pressed between two planes, which are in contact with its plane ends, by 
4. N. G. Filon*. Of the solutions which are rational and integral in r and he keeps those 
rhich could be obtained by the above method by taking \ to contain no terms of degree 
ligher than the seventh, and to contain uneven powers of z only. Of the solutions that 
ould be obtained by taking to be a series of terms of type (67), he keeps those which 
esult from putting ic*«wjr/c, where n is an integer and 2c is the length of the cylinder, and 
mits the cosines. He finds that these solutions are sufficiently general to admit of the 
atisfaction of the following conditions: 

(i) the cylindrical boundary r«a is free from traction; 

(ii) the ends remain plane, or w=const. when z—±c; 

(iii) the ends do not expand at the perimeter, or U-0 when r=a and ±c\ 

(iv) the ends are subjected to a given resultant pressure. 

Ele shows how a coiTection may be made when, instead of condition (iii), it is assumed 
ihat the ends expand by a given amount. The results am applied to the explanation of 
certain discrepancies in estimates of the strength of short cylinders to resist crushing loads, 
ihe discrepancies arising from the employment of different kinds of tests; and they are 
applied also to explain the observation that, when cylinders (or spheres) are compressed 
l)etween parallel planes, pieces of an approximately conical shape are sometimes cut out 
at the parts subjected to pressure. 

Instead of taking the second solution of equation (65) in terms of BessePs functions to 
be expressed by W {^)}» we may take it to have the form {kr\ The ex- 

pressions, which would thus be obtained for the displacements JJy w, have been utilized by 
F. Purser, loc, ciL ante^ p. 147. 

* Phil Tram, Roy, Soc, (Ser. A), vol. 198 (1902). Filon gives in the same paper the solntions 
of other problems relating to symmetrical strain in a cylinder. 
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190. In this Chapter we shall illustrate the method explained in Artich 
126 for the solution of the problem of free vibrations of a solid body. The fret 
vibrations of an isotropic elastic sphere have been worked out in detail b} 
various writers*. In discussing this problem we shall use the method of Laml 
and record some of his results. / 

When the motion of every particle of a body is simple harmonic land of 
period 27r/p, the displacement is expressed by formulse of the type \ 
u = Avf cos (pf + e), V = Av' cos {pt + e), w- Aw' cos {pt + e), . 1 .( 1 ) 
in which u', v', w' are functions of x, y, z, and A is an arbitrary small con- 
stant expressing the amplitude of the vibratory motion. When the body is 
vibrating fi^ly, the equations of motion and boundary conditions can be 
satisfied only if p is one of the roots of the “frequency equation,” and ?/, w' 
are “normal functions.” In general we shall suppress the accents on u', v', w' 
and treat these quantities as components of displacement. At any stage we 
may restore the amplitude-factor A and the time-factor cos {pt -I- e) so as tc 
obtain complete expressions for the displacements. 

The equations of small motion of the body are 


. /0A 3A 3A\ , . /'0*« ^w\ 


■( 2 ) 


® 

When tt, V, w are proportional to cos(pt -f- e) we obtain the equations 

^^'^ + fiV»{u,v,w) + pf{u,v,w)^0 ( 4 ) 

Differentiating the left-hand members of these equations with respect t 
X, y, z respectively, and adding the results, we obtain an equation which ma 


be written _ 

(V*-HA*)A-0 (5) 

where A* = p*p/(X + 2p) (6) 

Again, if we write ** * p*p//t 

equations (4) take the form 


* BeferenM may b« made to P. Jaerieeh, /. /. afatfc. {Crelle), Bd. 88 fl880): H- 

Mxfh. Soe. Proe., vol. 18 (1888); C. Ohm, Cambridge Phil. 8oc, Tram., voL 14 (1889). 
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may suppose that A is determined so as to satisfy equation (5), then one 
lution (ui, Vi, w,) of the equations last written is 

V 1 0A dA\ 


/ ^ 1 /"SA 


’ dzj 


id a more complete solution is obtained by adding to these values for tti, , Wj, 
mplementary solutions (ttj, w,) of the system of equations 

(V* + «>) Ma » 0, (V* + *») = 0, (V» + *») w, = 0, (8) 

S + t + = 0 (9) 

^hen these functions are determined the displacement can be written in 
le form 

(«, v,w) = A{Ui + U 2 , d, + Vt, Wi + 'Wt)coa(pt + e) (1 0) 

191. Solution by means of spherical harmonics. 

A solution of the equation (V* + A*) A = 0 can be obtained by supposing 
lat A is of the form /(r)iS„, where = + y + and S„ is a spherical 
irface harmonic of degree n. We write jR„ instead of /(r). Then rJtnis a 
lution of Riccati’s equation 




which the complete primitive is expressible in the form 
D « 4 .i /I 9 -^n 8'u Ar + l{„cos hr 

f • 

„ and Bfi being arbitrary constants. The function r^Sn is a spherical solid 
irmonic of degree w. When the region of space within which A is to be 
?tennined contains the origin, so that the function A has no singularities in* 
le neighbourhood of the origin, we take for A the formula 

A-2a>n^fi(A^X (11) 

here a>n is a spherical solid harmonic of positive degree n, the summation 
jf’ers to different values of n, and (^) is the function determined by the 
)uation 



The function (x) is expressible as a power series, viz.: 

(-)*^ I X* jp4 '1 

ITA 6 ... (a»+ 1 ) V " 2 ( 2 »+ 3) 2 . 4 . (aa+aXSw+T)” "7 ’ 

^Hich is oonveigent for all finite values of a\ It is an ** integral function.” It may be 
^pressed in terms of a Bessel’s function by the formula 

{X). (14) 

the differentia] equation 




.( 16 ) 
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The functions (^) fo** consecutive values of n are connected by the equations 

* 'I'n (*)= -^n-t W - (2W - 1) (*) (18) 

The function (^) determined by the equation 

, . . /I rfy/cosarX 

which has a pole of order 2n^+l at the origin, and is expressible by means of a BessePs 
function of order -(w+i), satisfies equations (36) and (16). 


In like manner solutions of equations (8) and (9) which are free from sin- 
gularities in the neighbourhood of the origin can be expressed in the p>rms 

1^2= t02 = (^^)> 

where Un, are spherical solid harmonics of degree n, provided that 

these harmonics are so related that 


da:'*^dy'^ ds ““ 


.(9 bis) 


One way of satisfying this equation is to take Un, F», TTn to have the forms 

dz ^by' ^ bx bz ' by ^ bx 

where Xn is spherical solid harmonic of degree n ; for with these forms W( 
have 

+ = and + yF„ + ^Tr„ = 0. 

A second way of satisfying equation (9 few) results from the observation thai 
curl (uj, Vi, w-i) satisfies the same system of equations (8) and (9) as {Ui, v^, Wj) 
•If we take ti,', v,', Wj' to be given by the equations 

we find such formulae as 

where ■^»(*r) means d'^„(*r)/<i (kt). By means of the identity 



and the relations between functions with consecutive suffixes, the above 
formula is reduced to the following: 

^ “ a7 “ 2^ ^bx ~ 2ft +1 ^ ’ 

of which each term is of the form Un'^n (*v)* Id like manner the other coni- 
ponmitB of curl w/) can be formed. 
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Hence, taking and (f>n+i to be any two solid harmonics of degrees 
indicated by their suffixes, we have solutions of the equations (8) and (9) in 
such forms as 

■ +•«("■) '•'***•5 (^)] (20) 

The corresponding forms of v* and w, are obtained from this by cyclical inter- 
change of the letters x, y, z. 


192. Formation of the boundary conditions for a vibrating sphere. 


We have now to apply this analysis to the problem of the free vibrations 
of a solid sphere. For this purpose we must calculate the traction across a 
spherical surface with its centre at the origin. The components F,, Zr of 
this traction are expressed, as in Article 172, by formulae of the type 


rXf ^ A 9 / . 9m 


( 21 ) 


In this formula A has the form given in (11), viz.: and % v, w 

have such forms as 


1 aA 

A® dx 


<“> 


We find 


r BA 


MX My -f- wz = - ^ + 2 (n + 1) («r) + (wr)} 


or 


iix+My+wz™— 2 


- ^{wV^n(Ar)+An^„'(Ar)} w„-(n+l)(2n+3)>fr„+,(/er)^+,l . 

(23) 

I This formula gives us an expression for the radial displacement 

{ux -f- »y + wz)lr. 

In forming the typical terms of jjA, ^ (ua; + vy + wz), ^ ^ ~ make 

'Dtinual use of identities of the type (19) and of the equations satisfied by 
le yjf functions We shall obtain in succession the contributions of the several 
irmonic functions o>n, <t>n, above expressions. 

The function a>„ contributes toajA the terms 

2nTl I’’* ~ 

the functions contribute nothing to «A. 


( 24 ) 
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The function tOn contributes to 8 {ux + vy + wz)ldx the terms 

- + 1 ) A^.'(Ar) A.^.: (Ar)l ^ (^) 

which reduce to 

- S {(“ " ii^) aVi M V 

- + 2^+i s(r^-.) ’•("=> 

The function <^n contributes to 3 (tuc + vy -f wz)ldx the terms ^ 

- n {( 2 n + 1) (kt) + /er^« (*r)} ^ + n«^„' (/cr) r“+* ^ • • -( 26 ) 

The function Xu contributes nothing to this expression. 

The function a>n contributes to « the terms 

- h [ 1 '^- <*’•> (*’■> • 

.( 27 ) 


3 w 

and it contributes to r 5 — u the terms 
or 


1 (2(n + l), 




v) 9<»n 




which reduce to 


- p [|(— 2 ) - 2^) +. (M + Ar+.- <Ar)] ^ 

- |+«(*>-) + ^ +'.'(Ar)J 

The function contributes to rdu/dr — u the terms 

{(n - 2) irn~% (>cr) + xrf'n-i (*r)} ^ 


- ** {nt«+. (*»•) + (*»•)} r*»+* ^ . 

The fhnction contributes to the same expression the terms 

{(n-l)^,(*r)+Kr^,'(«tr)} .. 


.( 29 , 


.( 30 ) 
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Complete expressions for the tractions Z,. F„ Zr can now be written 
down in accordance with (21), and we may express the conditions that, these 
tractions vanish at the surfece of a sphere r «■ o in forms of which the type is 

+ + (31) 

where pn, On, hn> Cn, are constants. The values of these constants can be 
found from the above analysia When we write 2 for \/ya, and use the 

e<)uations satisfied by the y/r functions, we find the following expressions for 
the constants 


i>n = (n - 1 ) (*a) + ( mu ), 

+ 2 (« - 1 ) 

f^Ti + «»“>}■ 

Cn /**a*^„ (xa) + 2 (n - 1) (xa), 


dn 




2 (n + 2) 


xa 


i'ni/ca) 


.(32) 


There are two additional equations of the type (31) which are to be obtained 
from the one written down by cyclical interc^nge of the letters y, z. These 
equations hold at the surface r = a. 


193. Incompressible material. 


In the case of incompressible material we have to take and to replace XA by - n, 
where n denotes a finite pressure. The equations of motion become three of the type 

0»tt 




in which du/dx^dv/dy^dwIdz^O, We find at once that n must be an harmonic function, 
and we may put 

in which fio,, is a spherical solid harmonic of degree a. When % w are simple harmonic 
functions of t with period 2ir/p, the equations of motion become three equations of the type 

(V* + K*) ^ ~ ^ 0n/0jr « 0, 

and the integrals can be found in such forms as 

1 ^ 0«i| . 

IF 

where u% is given by (20). The formula for rX^hz now becomes 

-?5 + 1. («»+,g,+«»)+r ^ 

and the terms contributed to the right-hand member by €»,i are 




2(n-l) 


) a» 


»*•+» 9 ( Mu \ 
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while the terms contributed by <Pn and xn are the same as before. The result of assuming 
incompressibility of the material is therefore to change into ^ J;) and 

1 


into — 


2n-f 1 


, without altering the remaining coefficients in the left-hand member of (31). 


194. Frequency equations for vibrating sphere. 

The left-hand members of the equations ^f type (31) are sums of spherical 
solid harmonics of positive degrees, and they vanish at the surface r = a. It 
follows that they vanish everywhere. If we differentiate the left-hand members 
of these equations with respect to a?, y, z respectively and add the results we 
obtain the equation i 

bnO>n 4* = 0 (P^) 

If we multiply the left-hand members of the equations of type (31) by y, z 
respectively and add the results, we find, after simplification by means of \(33)> 
the equation 

an(On 4" Cn<f>n = 0 (34) 


The equations of type (31) then show that we must have 

It follows that the vibrations fall into two classes. In the first class co„ and 
vanish and the frequency is given by the equation 

i>n = 0, (35) 

where pn is given by the first of (32). In the second class 'x^n vanishes and the 
frequency is given by the equation 

^ndn = 0, (36) 


where Un, &n» Cn, dn are given by (32). In the vibrations of this class Wn 
afid <^n are connected with each other by the compatible equations (33) 
and (34). 


196. Vibrations of the first class*. 


When the vibration is of the first class the displacement is of the form 


where <c^==p®p//^*» ^^d the i)0S8ible values of p are determined hy the equation 

(n - 1) {Ka)^Ka (ica)=0 (38) 

The dilatation vanishes. The radial displacement also vanishes, so that the displacement 
at any point is directed at right angles to the radius drawn from the centre of the sphere. 
It is also directed at right angles to the normal to that surface of the family xn‘*< 50 ust. 
which imsses through the point. The spherics.1 surfaces determined ,by the equation 
^n(«^)“0 are “nodal,” that is to say the displacement vanishes at these surfaces. The 
spherical s\irfaces detennined by the equation 


(w - 1 ) V'n («^) + (Kr) * 0, 


* The results stated in this Article and the following are due to H. Lamb, ioc. ciU p. 278. 
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in which k is a root of (38), are “aiiti-nodalj” that is to say there is no traction across 
these surfaces. If ki, #c 2 , ... are the values of k in ascending order which satisfy (38), the 
anti-nodal surfaces corresponding with the vibration of frequency { 27 r)’'^^{ixlp) have 
radii equal to K^a/Kg, ... K,.ia/ic*. 

Ifn^l v/eharve rotatory vibratwis^ . Taking the axis of « to be the axis of the harmonic xj 
the displacement is ’ 

(u, v,w)>^A coa(pt + €)yl^i(Kr)(y, 0 ), 

so that every spherical surface concentric with the boundary turns round the axis of z 
through a small angle proportional to \l/i (icr), or to (icr)-2 cos icr- (»cr)~3 sin kk The possible 
values of k are the roots of the equation or 

tan ica»3#co/(3 — K^a^). 

The lowest roots of this equation are 

^=1-8346, 2-8950, 3-9225, 49385, 5-9489, 69563 

The number ^r/ica is the ratio of the period of oscillation to the time taken by a wave of 
distortion + to travel over a distance equal to the diameter of the sphere. The nodal surfaces 
are given by the equation tan Kr= icr, of which the roots are 

— = 1-4303, 2-4590, 3-4709, 4-4774, 5 4818, 6-4844, .... 

IT 


196. Vibrations of the second class. 


When the vibration is of the second class the components of displacement are expressed 
by equations of the type 


«= A cos (p<+ f) P (*»•) +2^^ 1 


ax 


1 

(2>H-l;A 





+ 'l'n-l («'•) 


n 

007 n + l 


^n+l (*C^) K‘-r2»»+3, 


rVr^'‘*Vj 


...(39) 


The displacement has, in general, both transverse and radial components, but the rotation 
has no radial component. The frequency equation (36) cannot be solved numerically until 
the ratio xjh is known. We shall consider chiefly incompressible material, for which A/<c=s0, 
and material fulfilling Poisson’s condition (X=/i), for which 


Radial vibrations. 

When w=0 we have radial vibrations. The normal functions are of the form 


^o'(Ar), v=s^^^,'(Ar), W 

and the frequency equation is 6o=0, or 

fo (A«)+- s“ 2^« to' (A«)-0, W 

K 

which is 

tan ha _ 1 

Aa "'r-i(icW)"^^a®* 

There are, of course, no radial vibrations when the material is incompressible. When 3, 
the six lowest roots of the frequency equation are given by 

—=•8160, l-92a5, 2-9359, 39658, 4-9728, 5-9774. 

fT 

* Modes of vibration analogous to the rotatory vibrations of the sphere have been found for 
any solid of revolution by F. Jaerisoh, J./. Math, {CrelU)^ Bd. 104 (1889). 
t The velocity of waves of distortion is (m/p)^* See Chapter XIII. 
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The number njha is the ratio of the period of oscillation to the time taken by a wave of 
dilatation* to travel over a distance equal to the diameter of the sphere. 

Spheroidal vibraHont. 

When and «2 <h zonal harmonics we have what may be called epkeroidal 
vihratione^ in which the sphere is distorted into an ellipsoid of revolution becoming alternately 
prolate and oblate according to the phase of the motion. Vibrations of this type would tend to 
be forced by forces of appropriate period and of the same type as tidal disturbing forces. 
It is found that the lowest root of the frequency equation for free vibrations of this type is 
given by fca/frcB‘848 when the material is incompressible, and by ica/tr«*840 when the 
material fulfils Poisson^s condition. For a sphere of the same size and mass as the Earth, 
supposed to be incompressible and as rigid as steel, the period of the gravest free vibration 
of the type here described is about 66 minutes. ^ 

197. Further investigatloxis on the vibrations of spheres. 1 

The vibrations of a sphere that would be forced by surface tractions proportional t<i simple 
harmonic functions of the time have been investigated by Chreet. Free vibrations of a 
shell bounded by concentric spherical surfaces have been discussed by Lamb with special 
reference to the case in which the shell is thin. The influence of gravity on the free 
vibrations of an incompressible sphere has been considered by Bromwich §. He found, in 
particular, that the period of the spheroidal” vibrations of a sphere of the same size and 
mass as the Earth and as rigid as steel would be diminished from 66 to 55 minutes by the 
mutual gravitation of the parts of the sphere. A more general discussion of the effects of 
gravitation in a sphere of which the material is not incompressible has been given by Jeans||. 
It has been proved that, when both gravity and compressibility are taken into account, the 
period of spheroidal vibrations of a sphere of the same size and mass as the Earth, as rigid 
as steel, and having a Poisson’s ratio equal to would be almost exactly one hour IT. 

It is a matter of some interest to determine the number of modes of vibration of a body 
which have frequencies not exceeding some assigned (high) frequency. The question arises 
in the Thermodynamic theory of speciflc heats, and for that theory it is important that the 
vibrations of the body should be executed in such ways that no work is done by the surface 
tractions. This condition is satisfied if the surface is free, and it is also satisfied if the 
surface is fixed, so that the values of the components of displacement vanish at the surface. 
The vibrations of a homogeneous isotropic body with a fixed spherical boundary have been 
worked out by P. Debye**, and the number of modes counted. 


198. Radial vibrattons of a hollow sphereff. 


The radial vibrations of a sphere or a spherical shell may be investigated very simply 
in terms of polar coordinates. In the notation of Article 98 we should find that the radial 
displacement U satisfies the equation 


^ hr 




* The velocity of waves of dilatation it See Chapter XIII. 

t Xoe. at p. 278. t London Math, Soc, Proc.^ vol. 14 (1888). ^ 

I London Math, Soc, Proc., vol. 80 (1899). 

II PHL Trane. Boy. Soe, (Ser. A), vol. 201 (1908). 

IT A. E. H. Love, Some ProbUme of Geodynamiee. 

Am. d. Pkye. (Ser. 4), Bd. 89, 1912, p. 789. 

tt The proldem of the radial vibrations of a solid sphere was one of those disoossed by Poisson 
in Ida memoir of 1828. See Introdnetion, footnote 86. 
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and that the radial traction ^across a sphere of radius r is 

(X 4-2/a) +2X — . 

The primitive of the differential equation for U may be written 

jj d /A sin hr + Bco 9 hr \ 

^'‘d{hr)\ h? 

nd the condition that the traction rr vanishes at a spherical surface of radius r is 
[(X 4 2/a) {(2 — A*r*) sin hr — 2Ar cos hr) 4* 2X (hr cos hr — sin hr)) A 

4 [(X 4 2/a) {(2 - h^T^) cos hr 4 2Ar sin hr] - 2X {hr sin hr 4 cos hr)) j5 = 0. 

i^hen the sphere is complete up to the centre we must put 5=0, and the condition for the 
anishing of the traction at r=a is the frequency equation which we found before. In the 
3ise of a spherical shell the frequency equation is found by eliminating the ratio A : B from 
lie conditions which express the vanishing of rr at r=a and at r*6. We write 

4A^/ic^== V, 

3 that 2X/(X 4 2/a) = 2 — V, and then the equation is 

vha 4 {h^cfi — v) tan ha __ vhh 4 ( ~ v) tan hh 
2 - J - vha tan ha ~ {h^¥ ~ v) - vhh tan hh * 

n the particular case of a very thin spherical shell this equation may be replaced by 

0 vAa 4 (A^a* — v) tan ha 
da (A %2 ~ V ) - yha tan Aa ~ * 

vhich is 

h^a^ sec^ ha { A^a^ — r (3 - »/) } «0, 

md we have therefore 

ha = yf{v (3 — r)}. 

In terms of Poisson^s ratio <r the period is 



199. Vibrations of a circular cylinder. 

We shall investigate certain modes of vibration of an isotropic circular 
Under, the curved surface of which is free from traction, on the assumption 
at, if the axis of z coincides with the axis of the cylinder, the displacement 
a simple harmonic function of as well as of i*. Vibrations of these types 
ould result, in an unlimited cylinder, from the superposition of two trains of 
aves travelling along the cylinder in opposite directions. When the cylinder 
of finite length the frequency of free vibration would be determined by the 
editions that the plane ends are free from traction. We shall find that, in 
neral, these conditions are not satisfied exactly by modes of vibration of the 
described, but that, when the radius of the cylinder is small compared 
|ith its length, they are satisfied approximately. 

1 * The theory is effectively due to L. Pochhammer, /./. Math, {Crelle)^ Bd. 81 (1876), p. 884. 
Wa been disensi^ also by 0. Chree, loc, cit, p, 278. 
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We use the equations of vibration referred to cylindrical coordinates r, B, z. 
The equations are 






in which 

and 


3« ’ 


A _ 1 4 . 4 . 

r 3r ■^r30'^3^’ 


.(42) 


1 hit du, 


Zu, dut 


^ A VM>j; VW0 Q v'M.f «/<«2 Q 1 fB (rui) dtir' 



so that «Tr, Wx satisfy the identical relation 


l^l'T’’l4. 1 ^ 4 . - 0 

r dr ^ r BB Bz 


.(45) 


The stress-components rr, r0, r .2 vanish at the surface of the cylinder r = a. j 
These stress-components are expressed by the formulae 

rr = XA + 2 ^-j^, rd-^ jj gy + r . „ = ^(y-+ g-). ...( 46 ) 

In accordance with what has been said above we shall take Ur, t<«, Uj to be 
the forms 

M,= ire*(T*+j><), (47) 

in which U, V, W are functions of r, B. 


200. Torsional vibrations. 


We can obtain a solution in which U and W vanish and V is independei 
of B. The first and third of equations (42) are satisfied identically, and tt 
second of these equations becomes 


^ 1^ 

Sr* r 0r 


1 

r> 


r-t-/c'»r=o, 


.(48) 


where — y. Hence V is of the form BJ^{K'r), where S is a constan 

and Ji denotes Bessel’s function of order unity. The conditions at the surfa^ 
r 8 a are satisfied if k is a root of the equation 

1 

9a ( o ) 

One solution of the equation is « = 0, and the corresponding form of V givj 
by equation (48) is F» Br, where B is a constant. 

We have therefore found a simple harmonic wave-motion of the type 

Mr-0, M,»JBr«‘(y*+J'0, M,-0, (49^ 
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which 7 * = Such waves are waves of torsion, and they are propa- 

ted along the cylinder with velocity V(/*//>)*. 

The traction across a normal section ^ = const, vanishes iidutjdz vanishes ; 

d we can have, therefore, free torsional vibrations of a circular cylinder of 

igth I, in which the displacement is expressed by the formula 

Uf nirz n /nirt lu. \ 

~=cos-j-i?„cos^-^ + .(50) 

being any integer, and the origin being at one end. 


201. Longitudinal vibrations. 

We can obtain a solution in which V vanishes and JJ and W are independent 
Q. The second of equations (42) is then ^satisfied identically, and from the 
*st and third of these equations we find 



dr^ r or 

d^istg 1 disre 

dr'^ r dr ’ 

.(51) 

re 

A'* = p“/)/(x + 2/i.) — y, K'^—p‘pjfL-'f. 

(52) 


must therefore take A and tsr^, as functions of 7\ to be proportional to 
V) and t/, (/e'r). Then to satisfy the equations 

A = 4- + ^7 2 iar^ - ^^7 U - 

lave to take U and W to be of the formvS 


U— A - ./« (//r) 4 - (JyJi (« r), 
or 

AcyJAh'r)+^-^l{rJA>c'r)}, 


.(53) 


ru .d and 0 are constants. 


The traction across the cylindrical .surface r=a vanishes if A and Care 
nected by the equations 


2fi 


d^Jo(h'a)_jPpK 

A. + 2p 

dMh'a) 


J j tji 


fa) + ifiC'f 


f dJi{K'a) 


oa 


= 0, 


2.17 (*'«) = 0. 


...(54) 


I •eliminating the ratio .4 : C’ we obtain the frequency equation. 

When the radius of the cylinder is small we may approximate to the frequency 
! expanding the Bessel’s functions. On putting 

J,(A'o) - 1 - i A'»o* + ^ h:*a\ Ji (K'a) = i (le'a - 1* ’a»), 

. * Cf. Lord Bsyleigb, Theory of Sound, Chapter VU. 
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the &eqaen<^ eqaation becomes 

(^- v) .■« (i - [j-(i <1 - i”-*-)] 

+ 27**' (1 - ah,'* (1 - ^a*h'*) - 0. 

It is easily seen that no wave-motion of the t3rpe in question can be found by 
putting K — 0. Omitting the &ctor x'a and the terms of order a^ we find a 
first approximation to the value of p in terms of 7 in the form 

p^y^/(E|p), (55) 

where E, = p (3\ 4- 2/*)/(X + p), is Young’s modulus. The waves thus found a: 
"longitudinal” and the velocity with which they are propagated fdong tb 
cylinder is approximately*. | 

When we retain terms in a*, we find a second approximation f to th^ velocit; 
in the form 

p = 7 •^{EIp) (1 - i«r>7’o*), (56) 

where <r, *= JX/(\ + p), is Poisson’s ratio. 

When the cylinder is terminated by two plane sections x -■ 0 and z — l, arn 
these sections are free from traction, zz and zr must vanish at ^ 0 and z = 

We find for the values of zz and zr at any section the expressions 

2 — [a [p-p Jr. (*V)+ 2«c ^ 

r = /« C (Zy* (*V)je‘<v*+J'0. 


Now we can have a solution of the form 


Ur ■■ A, +^C„Ji (* V) j sin cos (pnt + e). 


...(57; 


in which the ratio An : Cn is known firom the conditions which hold at r = 
7 has been replaced by nirH, and pn is approximately equal to (nw/0 

when a is small compared with 1 . This solution satisfies the condition zz\^ 
at ^rssO and at s = but it does not satisfy the condition «0 at th 
sur&ces. Since, however, ^ = 0 at the surfoce r *« a for all values of z, j 
traction zr is very small at all points on the terminal sections z^O and 
when a is small compared with L 


* Ct Lord Bayleigh, Theory of Sounds Ohaptor YIl* 

t The reenlt ie dae to L. Poohhammer, toe, Ht, p. 287. It wa« found independent! 
C. Chree, Quart. J. of Math,^ vol. 21 (1888), and extended by him, Quart. J. of Math., 
(1890), to oeees in 'whioh the normal eeeUon of the ^Under is not eiroular and the inat< 
not ieotropie ; in theae eaees the term of the above ex^eeeion (66) is replaced by \ 

where m is the redine of gyration of the oylinder about the line of centres of the normal i 



01, 202] VIBBATIONS OF A CIECULAE CYLINDBB 


If we take m, to contain coa (nirzjl), and to contain - sin {mrz/l), the 
ther factors being the same as before, we have a solution of the problem of 
mgitudinal vibrations in a cylinder of which the centres of both ends are 
xed. 

202. Transverse vibrations. 

Another interestbg solution of equations (42) can be obtained by taking 
f. and Ui to be proportional to cos d, and Wj to be proportional to sin $, 
lodifying the notation of (47) in Article 199, we may write 
u, - U cos 6 & (r»+J“0 Uf=V sin 0 e‘(>*+pO^ m, = F cos ^ e‘ . . (58) 
here U, V, W are functions of r. Then we have 

A= cosde‘(v*+pO^|^ + ^ + 

2w,. = - sin d e‘ (w+p<) ty ^ 


2«rn=a 6 




2w, = sin e e-lrp+PO (|^ + 1 + 

\dr r r ) 

rom equations (42) we may form the equation 

^ + + = -(60) 

fhere h'^ is given by the first of equations (52); and it follows that A can be 
.ritten in the form 


\ + 2ft 


AJj (A'r ) cos Ob' (61) 


vhere A is a constant. 


Again, we may form the equation 

pV 18/ 8w,\ Wj 3(1^/ \ . 

fi rdr\ dr) 8?|r9r 

f’hich, in virtue of (45), is the same as 

d^w, Idwt la, , . 


8r* r 8r 


' + «V = 0, 


f hi re is given by the second of equations (52). It follows that 2«r, can be 

pitten in the form 


2iv, « k'*CJ, (kV) sin 

^kre C is a constant. 

We may form also the equation 

^ «r, 1 8 / 



m 
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which, in virtue of (45), is the same as 


iil 

r’Sr I 


9 / 


r) 


? t7W, = 0. 


(64) 


In this equation 2wz has the value given in (63), and it follows that 2^^ can 
be written in the form 

2isr^ = -j cyC ' sin (65) 

where fi is a constant. The equations connecting the quantities Z7, F, W with 
A, uTy, Wz can then be satisfied by putting 




A 'r) -I- iJyy i C 

9r ’dr r ’ 


V^-A 

r ' r 


0 


dJi(K'r) 
dr ’ 


^66) 


W = ^^7 J, (h'r) - (/cV). 

When these forms for U, F, W are substituted in (58) we have a solution 
of equations (42). Since Ur sin ^ cos 0 vanishes when r = 0, the motion 
of points on the axis of the cylinder takes place in the plane containing the 
unstrained position of that axis and the line from which ff is measured; and, 
since w* vanishes when r = 0, the motion of these points is at right angles to the 
axis of the cylinder. Hence the vibrations are of a “transverse” or “flexural” type. 

We could form the conditions that the cylindrical surface is free from 
traction. These conditions are very complicated, but it may be shown by 
expanding the Bessel's functions in series that, when the radius a of the 
cylinder is very small, the quantities p and y are connected by the approximate 
equation* 

^ia^y* (EIp) (67) 

where E is Young's modulus. This is the well-known equation for the frequenc\| 
pfiir of flexural waves of length ^Trjy travelling along a cylindrical bar. Th< 
ratios of the constants A, B,G which correspond with any value of y are de 
termined by the conditions at the cylindrical surface. 

When the cylinder is terminated by two normal sections and z - 1 
we write mjl for the real positive fourth root of 4p'^pla^E, We can obtain foul 
forms of solution by substituting for ty in (52), (58), (66) the four quantitiej 
+ mjl and ± imH successively. With the same value^ of p we should have : 
seis of constants J, J?, (7, but the ratios B : C in each set would be knowii 
The conditions that the stress-components zz^ zd vanish at the ends of thj 
cylinder would yield sufficient equations to enable us to eliminate the ponstantj 
of the types A, By C and obtain an equation for p. The condition that tb 
stress-component vanishes at the ends cannot be satisfied exactly; 
as in the problem of longitudinal vibrations, it is satisfied approximately whe 
the cylinder is thin* 

* Of. Lord Rayleigh, Theory of Sound, Chapter VIII. 
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THE PROPAGATION OF WAVES IN ELASTIC SOLID MEDIA 


203. The solution of the equations of free vibration of a body of given 
brm can be adapted to satisfy any given initial conditions, when the frequency 
equation has been solved and the normal functions determined; but the 
icoount that would in this way be given of the motion that ensues upon some 
ocal disturbance originated within a body, all points (or some points) of the 
lundarj' being at considerable distances from the initially disturbed portion, 
)uld be difficult to interpret. In the beginning of the motion the parts of 
e body that are near to the boundary are not disturbed, and the motion is 
e same as it would be if the body were of unlimited extent. We accordingly 
nsider such states of small motion in an elastic solid medium, extending in- 
sfinitely in all (or m some) directions, as are at some time restricted to a 
nited portion of the medium, the remainder of the medium being at rest in 
e unstressed state. We begin with the case of an isotropic mediuni. 


204. Waves of dilatation and waves of distortion. 

The equations of motion of the medium may be written 

./dA dA dA\ , 9“^ 0’w\ .. 

ay’ + p[^i’ sf)' 

If we differentiate the left-hand and right-hand members of these three, 
[nations with respect to a', y, z respectively and add the results, we obtain 
le equation 


(\ + 2fi) = p 




•( 2 ) 


If we eliminate A from the equations (1) by performing the operation curl 
pon the left-hand and right-hand members we obtain the equations 

0''’ 

(w*, w,,, w,) = p ^, («*, sr,„ w^) (3) 

f A vanishes the equations of motion become 

0* 

(iV’>(u,v,vi) = P^,{u,v,w) (4) 

or,. Wy,Vi vanish, so that («, v, w) is the gradient of a potential <f>, we may 
jilt for A, and then we have 

/0A 0A 0A\ 


^0®’ 0y' dzj 


) «V*fM,v,w). 
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In this case the equations of motion become 

(\+2fi)V»(u,v,w)^p^(u,v,w) (5) 


Equations (2), (3), (4), (5) are of the form 


3*4 

0e* 


= c*V»4; 


( 6 ) 


for c* has the value (\ + 2fi)lp; for sr*, it has the value ftjp. The 
equation (6) will be called the “characteristic equation.” 


If 4 is a function of t and of one coordinate only, eay of x, the equation (6) becomes 

0<» a** ’ 

which may lie integrated in the form 

4 c/) + 4* ci), 

/ and F denoting arbitrary functions, and the solution represents plane waves pro]j^ate 
with velocity c. If 4 is a function of t and r only, r denoting the radius vector from ^ ii-w 
point, the equation takes the form 

0*4 _ 3* . . . 

ar* “ r 

which can be integrated in the form 

f{r-a) F{r-¥ct) 

4- + — r ' ’ 


and a^ain the solution represents waves propagated with velocity c. A function of the fori 
r“^/(r -cO represents spherical waves diverging from a source at the origin of r. 

We learn that waves of dilatation involving no rotation travel through th 

medium with velocity and that waves of distortion involvinj 

rotation without dilatation travel with velocity Waves of these tw 

types are sometimes described as ‘'irrotational” and ^'equivoluminal 
.respectively*. 

If plane waves of any type are propagated through the medium with an; 
velocity c we may take u, v, w to be functions of 

lx + my -f TLZ — cty 

in which /, m, n are the direction-cosines of the normal to the plane of thi 
waves. The equations of motion then give rise to three equations of the t; 

a= (X q. /i) i (/?/' + mv'' -f nv/') + ^ -f + »*) w", 
where the accents denote differentiation of the functions with respect to theii 
argument. On elimination of u\ v'\ vf* we obtain an equation for c, viz.: 

(X 2/i - pc®) ( /[A - pc®)® - 0, (7) 

showing that all plane waves travel with one or other of the velocities foi 
above. 


* Lord Kelvin, PM. Mag, (Ser. 5), vol. 47 (1899). Tbs result that in an isotro^o solid tli 
are two types of waves propagated with different vel<Mities is due to Poisson. The recognition < 
the irrotational and eqnivolnminal characters of ^e two types of waves is doe to Stokes. 
Introduction. 
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206. Motion of a sorfiBkce of disoontinuity. Klnematical conditions. 

If an arbitrary small disturbance is originated within a restricted portion 
f an elastic solid medium, neighbouring portions will soon be set in motion 
nd thrown into states of strain. The portion of the medium which is disturbed 
t a subsequent instant will not be the same as that which was disturbed 
aitially. We may suppose that the disturbed portion at any instant is 
lounded by a surface 8, If the medium is isotropic, and the propagated dis- 
urbance involves dilatation without rotation, we may expect that the surface 8 

jrill move normally to itself with velocity if it involves rotation 

vithout dilatation, we may expect the velocity of the surface to be We 

assume that the surface moves normally to itself with velocity c, and seek the 
ionditions that must be satisfied at the moving surface. 

On one side of the surface 8 at time t the medium is disturbed so that 
here is displacement (w, v, w); on the other side there is no displacement, 
^e take the velocity c to be directed from the first side towards the second, 
50 that the disturbance spreads into parts of the medium which previously 
vere undisturbed. The displacement (m, v, w) is necessarily continuous in 
crossing S, and it therefore vanishes at this moving surface. Let the normal 
30 8 in the direction in which cis estimated be denoted by r; and let « denote 
iny direction in the tangent plane at a point of 8, so that $ and v are at right 
angles to each other. Since u vanishes at every point of 8, the equation 

cos {w, s) + ^ cos (y, ^) + cos (z, s) = 0 

holds for all directions 6* which satisfy the equation 

cos (^, s) cos (^, v) + cos (y, s) cos (y, v) + cos (z, s) cos (z, v) = 0. 

It follows that, at all points of 8, 

duldsr. ^ dujdy _ dujdz _ dji 
cos (d?, v) cos (y, v) cos (^, v) dv 

Again a = 0 is an equation which holds at the moving surface S, and this 

1 equation must be satisfied to the first order in ht when for a?, y, z, t we 
substitute 

a; + 0 cos (a;, v) y + c cos (y, v) -I- c cos (if, i/) 
t follows that at every point of 8 we must have 

dt ^ ^ ^ ^ 3z J ^ 

On combining the equations (8) and (9) we find that the following equations 
'imst hold at all points of 8: 

dujhx 3u/3y as — ^ — 

cos (ar, v) ~ cos (y, v) cos (^, v) dv cdt 


.( 10 ) 
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Exactly similar equations hold with v and w in place of u. In these equations 
the differential coeflScients of u, ... are, of course, to be calculated from the 
expressions for ii, ... on that side of 8 on which there is disturbance at time t 


206. Motion of a surface of discontinuity. D 3 rnaniical conditions. 


The dynamical conditions which hold at the surface 8 are found by 
considering the changes of momentum of a thin slice of the medium in the 
immediate neighbourhood of S. We mark out a small area S8 of S, and 
consider the prismatic element of the medium which is bounded by 8, by the 
normals to 8 at the edge of SS and by a surface parallel to at a distance cSt 
from it. Tn the short time this element passes from a state of rest without 
strain to a state of motion and strain corresponding with the displacement 
(u, Vy w). The change is effected by the resultant traction across the 
boundaries of the elements, that is by the traction across SS, and the change 
of momentum is equal to the time-integral of this traction. The traction in 
question acts across the surface normal to v upon the matter on that side of 
the surface towards which v is drawn, so that its components per unit of area 
are — F„, The resultants are obtained by multiplying these by 

iSy and their impulses by multiplying by 8t. The equation of momentum is 


therefore 


p8S.cBt(^ 


du 

k 


ov 

dt 


dw\ 


r., z.) sssi, 


fn.mi which we have the equations 


/dif dv 

'“U' sc 


dw\ 

dt) 




z^l 


.( 11 ) 


In these equations dujdty ... and A",., ... are to be calculated from the value 
of a, ... on that side of S on which there is disturbance; and the equatior 
hold at all points of S. 


In the case where there is motion and strain on both sides of the surface but th 
displacements (»n the two sides of S am expressed by different formula*, we may denol 
them by (mj, v,, trj) and {ti2, At all points of S the displacement must l)e the san 

whether it is calculated from the expreasions for ... tir from those for .... We ma 
prove that the values at *Vof the differential coefficients f>f wj, ... are connected by equatioi 
of the type 

rui cu-i ?Ui hux 

dx dff % _ dz os rui 1 /vui 

cos(Xytf) cos (y, v) cos (- 2 , p) dv dv c \ t ^ dt J ' 

with similar equations in which v is replaced by r or by w. If we denote the traction 
calculated from (wi, Vj, Wi) by ... and those calculated from (i*2, rg, ^^2) by • • 
may show that the values at S of these quantities and of ... are connected by 1 

equations 


pc 



dt 


dt H ' 


vwx 

di dt 
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t07. Velocity of waves in isotropic TWAriinm 

f we write I, m, n for the direction-cosines of v, the equations (11) become 
je equations of the type 

+ ( 12 ) 

fhich the right-hand member may also be written in the form 


/■V . O \7 ^ . f 9“ . — n. 

(’^ ■*■ ^^) ^ 0^ j ^ 3y “ 2Z 


M |'« 


0M 0m; 

02 dz 


^ _ 2/ M 

0a; 0y) 

dvA 


.(13) 


3se equations hold at the surface S, at which also we have nine equations 
he type 


;hat, for example, 


3m _ 1 . dM 

"0^“"““c 3r 


.(14) 


. dv _ dv ^ Imdv 
dy dx’^ c dt' 


substituting for dufdx, ... from (14) in (12), wc obtain the equation 

\t ^ ^7 I? ’ 

I, on eliminating duldt, dvjdt, ?w/dt from this and the two similar equations, 
obtain the equation (7) of Article 204. The form (13) and the equations 
ype (14) show that equatuiu (12) may also be written 

- pc - (^ + 2;,>;(j- + ^ J - J^) + pn(5- - . (16) . 

lice it follows that, when the r(*tation vanishes, we have three equations of 
type 

.9“ . O v/l.. S'* .1 9** . 7 

pc- ^ = (X -f- 2 m) (i- Im + in j , 

in which we should find that = \ -I- 2/a; and, when the dilatation 
nshes, we have three equations of the type 
,du 


p(f 


dt 


(/ ^ du , 3r 


s! 


la which we should find that p<f‘ = /i. 

These results show that the surface of discontinuity advances with a 
lacity which is either [(X -I- ifz)/p] or (plp)^, and that, if there is no 
^tion, the velocity is necessarily {(X + 2p)lp}^, and, if there is no dilatation, 
velocity is- necessarily (p/p)^- 
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208. Velocity of waves in aolotropio solid medinm. 

Equations of the types ( 10 ) and ( 11 ) hold whether the solid is isotropic or 
not. The former give the six equations 




V 

c 


w 

ezz--n- 


^yz 


f W ^ V\ / U ,W\ /, V U\ 

o+^-c)' c> *»— 


(17) 


in which the dots denote differentiation with respect to t, and I, m, n are 
written for cos (x, p) The equations (11) can be written in such forms as 

i-( 18 ) 


. ,dw dw dW 

- pcu^l ^ — H-mr — +n 
^ degox oe^ 


where W denotes the strain-energy-function expressed in terms lof the 
components of strain. \ 

Now let 17 , f stand for ti/c, v/c, wjc. Equations (17) are a \ineai 
substitution expressing ••• in terms of i;, When this substitution 
is carried out W becomes a homogeneous quadratic function of f, rj, 
Denote this function by II. We observe that, since Byz are independent 

of f, we have the equation 


an ,aTF dW 

.1 

(7^ vBxx ^^xy 


and we have similar equations for dllfdr) and dH/d^. Hence the equations of 
type (18) can be written 


an . an _ an 
i^(-Tr 


Now suppose that n is given by the equation 

n = + 2\„ 

then the equations (19) show that satisfies the equation 

1 A.ji~pC“, Xiu, Xsi 

^»i ^ 1 = 0 . 

^31 > \a~P^ 


.(19) 


.( 20 ) 


.( 21 ) 


Since f, i?, ^ are connected with c*,, ... by a real linear substitution, the 
homogeneous quadratic function H is necessarily positive, and therefore 
equation (21) yields three real positive values for <^. The coefficients of this 
equation depend upon the direction (I, m, n). There are accordingly three real 
wave- velocities answering to any direction of propagation of waves*. 


* For a general diacneeion ot the three types of waves we may refer to Lord Kelvin, Baltimore 
Leetura, London 1904. 
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The above investigation is effectively due to E. B. Christoffel*, who has given the 
following method for the formation of the function n: — Let the six components of strain 
•••» denoted by a? 2 , ... and let denote the form 

Ciiri-fC 2 A* 2 +...+C 6 ^ 0 » 

in which Cj, C 2 , ... have no quantitative meaning, but is to be replaced by Cn, eiC 2 by Ci^' 
and so on, Cn, O 12 , ... being the coefficients in the strain -energy-function. Then we majr 
write 

2fV^(c^)2, 

Again, let Xi, X 2 , X 3 be defined by the symbolical equations 

Xi«s(Ji^-bCoWi + C5«, X2=Cfli+C2mH-C47^, Xs-BCs^-f C4m-f Cs^, 

then we have -Ca^Xif+Xaiy+Xaf, 2 lf=(Xi{+X 2 i/+X 3 f )«, 

and therefore the coefficients Xu* “• in the function n are to be obtained by squaring the 

form Xi f + X 2 1 ? + Xsf, or we have 

X] j asC]] Z® + C06 wi® +C 55 4- 2 C |5 wZ + 2 ci 6 Zwi, 

X 12 = 4- C 2 ft w* 4 4 (<340 4 C 25 ) mn 4 (c^ 4 c-^ nl 4 (^*12 4 Cge) 


209. Wave-surfaces. 

The envelope of the plane 

Ix^my-^-yiz—c (22) 

in which c is the velocity of propagation of waves in the direction (Z, m, n) is the “wave- 
surface” belonging to the medium. It is the surface bounding the disturbed portion of the 
medium after the lapse of one unit of time, beginning at an instant when the disturbance 
is confined to the immediate neighbourhood of the origin. In the case of isotropy, c is 
independent of Z, m, n, and is given by the equation (7); in the case of seolotropy c is a 
function of Z, w, n given by the equation (21). In the general case the wave-surface is 
clearly a surface of thi*ee sheets, corresponding with the three values of c* which are roots 
of (21). In the case of isotropy two of the sheets are coincident, and all the sheets are con- 
centric spheres. 

Green t observed that, in the general case of aeolotropy, the three possible directions of 
displacement answering to the three velocities of propagation of plane waves with a given 
wave-normal, are parallel to the principal axes of a certain ellipsoid, and are, therefore, at 
right angles to each other. The ellipsoid would be expressed in our notation by the equation 
(^11 > X 22 , ... Xi2)(a7, y, 2 )** const. He showed that, when W has the form 

i -d 4 4 e*,)* i ^sex) ^ (^onr* 
the wave-8uri‘ace is made up of a sphere, corresponding with the propagation of waves of 
irrotational dilatation, and Fresners wave-surface, viz. : the envelope of the plane (22) subject 
to the condition 

J^Lfp '^^Ip 

The two sheets of this surface correspond with the propagation of waves of equivoluminal 
distortion. Qreen arrived at the above expression for W as the most general which would 
allow of the propagation of purely transverse plane waves, i.e. of waves with displacement 
parallel to the wave-fronts, 

* Ann, dt ifat. (8er. 2), t. 8 (1877). reprinted in E. B. Ohristoffel. Ges, math, Abhandlunge% 
fid. 2, Leipxig 1910, p. 81. 

t *On the propagation of light in crystallized media.^ Cambridge Phil, Soc. Tram,, vol. 7 
(1^39), or Mathematical Papere, London 1871, p. 293, 
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Greenes formula (28) for W is included in the formula (15) of Article 110, viz.: 

2?F=s(A, By Cy Fy Gy i?)(€^, eyyy 

which characterizes elastic solid media having three orthogonal planes of symmetry. To 
obtain Green’s formula we have to put 

A^B^Cy F^A-^Ly G=A-2if, 

It is noteworthy that these relations are not satisfied in cubic crystals. 

Green’s formula for the strain -energy-function contains the strain-components only; the 
notion of a medium for which 

^ 2 {LWg^ -4- Af'uJy^ -h A 

was introduced by MacCullagh*. The wave-surface is Fresnel’s wave-surface. 


Lord Rayleigh f, following out a suggestion of Rankine’s, has discussed the propagation 
of waves in a medium in which the kinetic energy has the form / 

///^[-.(S)'+« (I)'*'- 

while the strain-energy-function has the form appropriate to an isotropic elastic solm. Such 
a medium is said to exhibit “seolotropy of inertia.” When the medium is incompressible 
the wave-surface is the envelope of the plane (22) subject to the condition \ 


C^pi - p. C^p2 — ft C*p3 - 


= 0 ;. 


.(27) 


it is the first negative pedal of Fresnel’s wave-surface with respect to its centre. 


The case where the energy-function of the medium is a function of the components of 
rotation as well as of the strain-components, so that it is a homogeneous quadratic function 

of the nine quantities ..., has been discussed by H. M. Macdonald t. The 

mast general form which is admissible if transverse waves are to be propagated independently 
of waves of dilatation is shown to lead to Fresnel’s wave-surface for the transverse waves. 


The still more general case in which there is seolotropy of inertia as well as of elastic 
quality has been investigated by T. J. I’A. Bromwich §. It appears that, in this case, the 
requirement that two of the waves shall be purely transverse does not lead to the same 
result as the requirement that they shall be purely rotational, although the tw^o requirement.s 
, do lead to the same result when the molotropy does not affect the inertia. The wave- 
surface for the rotational waves is derived from Fre-snel’s wave-surface by a homogeneous 
strain. 


210. Motion determined by the characteristic equation. 

It appears that, even in the case of an isotropic solid, much complexity is 
introduced into the question of the propagation of disturbances through the 
solid by the possible co-existence of two types of waves propagated with 
different velocities. It will be well in the first instance to confine our atten- 
tion to waves of a single type — irrotational or equivoluminal. The motion is 
then determined by the characteristic equation (6) of Article 204, viz. 

* * An essay towards a dynamical theory of crystalline reflexion and refraction,’ DvOlifiy Tram- 
Bop. Irish Acad,, vol. 21 (1889). or Collected Works of James MaeCullagh, Dublin 1880, p. 145. 

+ ‘On Double Refraction,’ Phil. Mag, (Ser. 4), vol. 41 (1871), or Scientific Papers, vol. h 
Cambridge 1899. 

t London Math, Soc, Proc,, vol. 82 (1900), p. 811. 

$ London Math, Soc, Proc., vol. 34 (1902), p. 807. 
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This equation was solved by Poisson* * * § in a form in which the value of ^ at 
any place and time is expressed in terms of the initial values of ^ and d^/dt. 
Poisson’s result can be stated as follows: Let and denote the initial 
values of <f> and d^/dt. With any point {x, y, z) as centre describe a sphere of 
radius ct, and let and ^ denote the mean values of and on this sphere. 
Then the value of <f> at the point (x, y, z) at the instant t is expressed by the 
equation 

d 

( 28 ) 

If the initial disturbance is confined to the region of space within a closed 
surface 2©, then and (po have values different from zero at points within So. 
and vanish outside So. Taking any point within or on So as centre, we may 
describe a sphere of radius ct ; then the disturbance at time t is confined to 
the aggregate of points which are on the surfaces of these spheres. This 
aggregate is, in general, bounded by a surface of two sheets — an inner and 
an outer. When the outer sheet reaches any point, the portion of the medium 
which is close to the point takes suddenly the small strain and velocity implied 
by the values of (f> and d<f>/dt; and after the inner sheet passes the point, the 
same portion of the medium returns to rest without strainf. 

The characteristic equation was solved in a more general manner by 
KirchhoflFJ. Instead of a sphere he took any surface fif, and instead of the 
initial values of </> and d<l!>/dt on S he took the values of <f> and its first deri- 
vative at points on S, and at certain instants previous to the instant t. If 
Q is any point on S, and r is the distance of Q from the point (a;, y, z), the 
values of ^ and its first derivatives are estimated for the point Q at the instant 
t-r^c. Let [<^], ... denote the values of <^, ... estimated as stated. Then the* 
value of <f> at the point (x, y, z) at the instant t is expressed by the equation 



where v denotes the direction of the normal to S drawn towards that side on 
which (x, y, z) is situated. 

Kirchhoff’s formula (29) may be obtained very simply §, by substituting for t in 
(^» y> where r now denotes the distance of {x, y, z) from the origin. Denoting the 

* Paris, Mim, de Vlrutitut, t. 8 (1820). A simple proof was given by Liouville, de MatK 
{Liouville), t. 1 (1856). A symbolical proof is given by Lord Bayleigh, Theory of Sound, 
Chapter XIV. 

t Cf. Stokes, * Dynamical theory of Diffraction,’ Cambridge Phil, Soc* Trans,, vol. 9 (1849), 
or Math, and Phys, Papers, vol. 2, p. 243. 

t Ann. Phys, Chem. (TFiedemann), Bd. 18 (1883). See also Kirohhoff, VorUsungen Ubermath. 

Optik, Leipzig, 1891. 

§ Cf. Beltrami, Roma, Acc, Line, Rend, {Hex, 5), t. 4 (1895). 
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function ^ (jp, y, ^ - rje) by ^ (^, yi /), we may show that when (a?, y, a, satishes the 
characteristic equation (6), ^ satisfies the equation 


1 

r 



.(30) 


If this equation holds throughout the region within a closed surface S which does not 
contain the origin, we integrate the left-hand member of this equation through the 
volume within S and transform the volume integral into a surface integral, thus obtaining 
the equation 


//o 


dv 


r dv cr dv dt) 


dS^O. 


If now [^], ... denote the values of ... at the instant t-rjc^ this equation is the same as 

since, as is easily proved, 

Sv L^J c j 

When the origin is within the surface S we integrate the left-hand member of (30)\ through 
the volume contained between 8 and a small sphere 2 with its centre at the origin, and 
pass to a limit by contracting the radius of 2 indefinitely. We thus find for the value 
of ^ at the origin the formula (29), and the same formula gives the value of </> at any point 
and instant. The formula holds for a region of space bounded internally or externally by 
a closed surface <$', provided that, at all instants which come into consideration, ^ and its 
first derivatives are continuous, and its second derivatives are finite and are connected by 
equation (6), at all points of the region*. In case the region is outside /S', must tend to 
zero at infinite distances in the order r”* at least. These conditions may be expressed by 
saying that all the sources of disturbance are on the side of 8 remote from (jp, y, 3 ). 

KirchhofF’s formula (29) can be shown to include Poisson^st. The formula may also he 
written in the form 

/ J "’■■‘[I;! 

where ^ ^ ^ formed by first substituting t - r/c for ^ in ^ and then differentiating 

as if r were the only variable quantity in [0]/r. The formula (31) is an analogue of Green’s 
formula (7) of Article 158. It can l>e interpreted in the statement that the value of (p at 
any point outside a closed surface (which encloses all the sources of disturbance) is the 
same as that due to a certain distribution of fictitious sources and double sources on the 
surface. It is easy to prove, in the manner of Article 124, that the motion inside or outside /S', 
that is due to given initial conditions, is uniquely determined by the values of either (j) or 
0^/0v at 8 . The theorem expressed by equation (31) can be deduced from the propertiot» 
of superficial distributions of sources and double sources and the theorem of uniqueness of 
solution 1. ^ 


211. Arbitrary iziltial condltioxis. 

When the initial conditions are not such that the disturbance is entirely 
irrotational or equivoluminal, the results are more complicated. Expressions 
for the components of the displacement which arises, at any place and time, 

* For the ease where there is a moving surface of discontinuity outside see a paper by the 
Author, London MatK 8 oe. Proc* (Ser. 3), vol. I (1904), p. 87. 
t See my paper just cited. 

t Of. J. Larmor, London Math, 80 c, Proe. (Ser. 2), vol. 1 (1994). 
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firom a given initial distribution of displacement and velocity, have been 
obtained*, and the result may be stated in the following form: 

Let (t<», »o. M'o) b® the initial displacement, supposed to be given throughout 
a region of space T and to vanish on the boundary of T and outside T, and 
let (?<«, ^ 0 . Wo) be the initial velocity supposed also to be given throughout T 
and to vanish outside T. Let a and h denote the velocities of irrotational and 
equivoluminal waves. Let S-i denote a sphere of radius at having its centre 
at the point {x, y, z), and /S, a sphere of radius ht having its centre at the 
same point. Let V denote that part of the volume contained between these 
spheres which is within T. Let r denote the distance of any point {af, y', z') 
within V, or on the parts of /S, and 8^ that are within T, from the point 
(X, y, z), and let denote the initial displacement at (x,' y', z'), and the 
initial velocity at the same point, each projected upon the radius vector r, 
supposed drawn from (x, y, z). Then the displacement u at (x, y, z) at the 
instant t can be written 




doBy ■ ■ -^'•'dxdz^' 

1 m / av-i 8r->/ . . , dq^W 




0’r~* 


a*r-' 

■ + Voi,--5- +Wo 


8V“*\ 8r~‘ / 


: + 


‘ dxdy daBz/ dx 


tqo + q, 


-I') 


r- \ 


+ r 


drj 


dS,, 


.(32) 


and similar expressions for v and w can be written down. The surface- 
integrations extend over the parts of and S 2 that are within T. 


The dilatation and the rotation can be calculated from these formute, and^ 
it can be shown that the dilatation is entirely confined to a wave of dilatation 
propagated with velocity a, and the rotation to a wave of rotation propagated 
with velocity b. If ri and rg are the greatest and least distances of any point 
0 of the medium from the boundary of T, the motion at 0 begins at the 
instant i = rg/a, the wave of dilatation ends at the instant t — rja, the wave 
of rotation begins at the instant t = rjb, and the motion ceases at the instant 
^ = r,/6. If the wave of dilatation ends before the wave of rotation begins, the 
niotion between the two waves is of the character of irrotational motion in an 
incompressible fluid f; at a distance firom T which is great compared with any 
linear dimension of T this motion is relatively feeble. 


The problem of the integration of the equations of small motion of an isotropic elastic 
*5olj(i has been the subject of very numerous researches. Reference may be made to the 
ollowing memoirs in addition to those already cited: — V. Cerruti, ‘Sulle vibrazioni dei 


* For references see Introduction, p. 18. Reference may also be made to a paper by the 
Author in London Math. Soc. Proc. (Ser. 3), vol. 1 (1904). p. 291. 
t Cf. Stokes, loc. ciU p. 801. 
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corpi elastici isotropi,’ Roma^ Acc, Line,, Mem. jis. mat., 1880; V. Volterra, ‘Sur les vibra- 
tions des corps dlastiques isotropes/ Acta Math., 1. 18 (1894); G. Laurioella, ‘SuUe equazioui 
del moto dei corpi elastici,’ Torino Mem. (Ser. 2), t. 45 (1896); 0. Tedone, ‘Sulle vibrazioni 
dei corpi solidi omogenei ed isotropi,’ Torino Mem. (Ser. 2), t. 47 (1897), and ‘S. alcune 
fbrmole...d. dinamica d. mezzi,’ Torino Atti, t. 42 (1907); J. Coulon, ‘Sur Pint^gration des 
Equations aux d^riv^es partielles du second ordre par la m4thode des caract^ristiques,’ 
Paris {Th^) 1902. Hadamard’s treatise, Le^ona mr la propagation des ondes, Paris 1903^ 
also may be consulted. 

212. Motion due to body forces. 

Exactly as in Article 130 we express the body forces in the form 
(Z, F, Z) « gradient of 4> -f curl (i, M, N), 
and the displacement in the form 

(u, i\ w) = gradient of + curl (F, G, H). 

Then the equations of motion of the type 


can be satisfied if <f>, F, G, H satisfy the equations 
and pai’ticular solutit)iis can be expnjssed in the forms* 


L.... 


.(33) 


The values of X, ... are given in terms of Z, F, Z by the equations (7> 
of Article 130, and the integrations expressed in (33) can be performed. 

Taking the case of a single force of magnitude x (0» acting at the origin 
in the direction of the axis of x, we have, as in Article 130, 


<!>'(< 


r\ 3iJ~‘ 

ai dx 


O 

il 

M'{\ 

1 

ii 

1 


-3 

1 

— 47rp 


where R denotes the distance of {x\ y', F) from the origin. We may partition 
space around the point (x, y, z) into thin sheets by means of spherical surfaces 
having that point as centre, and thus we may express the integrations in (3J1) 
in such forms as 

♦ C£. L. Lorenz, J. /. Math. {Crelle), Bd. 68 (1861), or (Euvres Seientifiques, t. 2, Copeiib»fi^®^ 
1898, p« 1. See also Lord Bayleigh, Theory of Sound, vol. 2, 1 276. 
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where dS denotes an element of surface of a sphere with centre at (a?, y, z) 
and radius equal to r. Now //(9i2~79®') dS is equal to zero when the origin 
is inside S, and to 4'7rr®(0ro“‘V9^) when the origin is outside fif, Vq denoting the 
distance of (a?, y, z) from the origin. In the former case < r, and in the 
latter ro>r. We may therefore replace the upper limit of integration with 
respect to r by ro, and find 

Having found we have no further use for the r that appears in the 
process, and we may write r instead of so that r now denotes the distance 
of (a?, y, z) from the origin. Then we have 

^ = Jo (34) 

In like manner we should find 


G== 


dj^ [rib 

47rp dz 


Mb 

t'x {t - 1') dt', 

J 0 


1 I 

The displacement due to the force x (0 is given by the equations* 


.(35) 


4wp6V 






(36) 


213. ildditional results relating to motion dne to body forces. 

(i) The dilatation and rotation calculatod from (36) are given by the eqimtions 

■<’’> 

(ii) The expressions (36) reduce to (11) of Article 130 when xW is replaced by a 
[constant. 

(iii) The tractions over a spherical cavity required to maintain the displacement 

I ^^pressed by (36) are statically equivalent to a single force parallel to the axis of s. When 
radius of the cavity is diminished indefinitely, the magnitude of the force is x (0* 






Formal® equivalent to (86) were obtuned by SiokeB, loc, cit p. 801. 
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(iv) Ab in Article 132, we may find the efiecte of varioufi nuclei of strain*. In the 
case of a ^^centre of compression” we have, omitting a constant factor, 

( 88 ) 

representing irrotational waves of a well-known type. In the case of a ^^centre of rotation 
about the axis of z** we have, omitting a factor, 



representing equivoluminal waves of a well-known type. 


(v) If we combine two centres of compression of opposite signs, in the same way as two 
forces are combined to make a double force without moment,” we obtain irrotatior]|al waves 
of the type expressed by the equation 




If we combine two pairs of centres of rotation about the axes of x and y and about parallel 
axes, in the same way as two pairs of forces are combined to make a centre of rotation, we 
obtain equivoluminal waves of the type 


<-.»>-(«■ <«) 


in which the displacement is expressed by the same formulae as the electric force in the 
field around Hertz’s t oscillator. Lord Kelvin | has shown that by superposing solutions 
of the types (40) and (41) we may obtain the effect of an oscillating rigid sphere close to 
the origin. 


(vi) When x (0 is » simple harmonic function of the time, say (f)« 4 cos pt, we find 

(cosp («-g - COSJ, - f 8inp(«-Q , 

and complete expressions for the effects of the forces can be written down by (36) §. In this 
case we may regard the whole phenomenon as consisting in the propagation of two trains of 
‘simple harmonic waves with velocities respectively equal to a and b; but the formulae (36) 
show that, in more general cases, the effect produced at the instant I at a point distant r 
from the point of application of the forces does not depend on the magnitude of the force 
at the two instants < — r/a and t - rib only, but also on the magnitude of the force at inter- 
mediate instants. It is as if certain effects were propagated with velocities intermediate 
between a and b, as well as the definite effects (dilatation and rotation) that are propagated 
with these velocitie8||. 


* For a more detailed diBoossioo, see my paper cited on p.~^03. 

t Hertz, Electric Wavez^ English edition, p. 187. For the disoassion in regard to the resalt 
see W. £6nig, Ann. Phyt. Chem. (Wiedemann)^ Bd. 37 (1889), and Lord Bayleigh, Phil Mag- 
(Ser. 6), vol. 6 (1908), p. 885, r^rinted in his Scientific Papere, vol. 5, p. 142. 
t Phil Mag. (Ser. 5), vols. 47 and 48 (1899). 

i For the effects of forces which are simple harmonic functions of the time, see Lord Bayleigb> 
Theory of Sound, vol. 2, pp. 418 et $eq. The theory of waves due to forces of damped harmonic 
type, and the subsidence of vibrations caused by their communication to a surrounding elastic 
solid medium, have been discussed by E. Laura, Torino Mem. (Ser. 2), t. 60 (1910), Torino Atth 
t. 46 (1911), and Bomo, Acc. Line. Rend. (Ser. 5), t. 21 (1 Sem.), 1912, and by 0. Tedone, Botss, 
Ace. Line. Rend. (Ser. 5), t. 22 (1 Sem.), 1918. 

tl Cl. my paper cited on p. 808, and Siokat’s result recorded on p. 808. 



STJEIAOIl WAVES 


307 


213, 214] 

(vii) Particular integrals of the equations of motion under body forces which are 

proportional to a simple harmonic function of the time (written can be expressed in 
the forms 


where 


F- 


4fra® 


/// 

Z//^" 


g-iprla 


r 

-iprlb 


dx 


-dxfdy'dz^ 




— c///(^ 


214. Waves propagated over the surface of an isotropic elastic solid 
body*. 

Among periodic motions special importance attaches to those plane waves 
of simple harmonic type, propagated over the bounding surfece of a solid body, 
which involve a disturbance that penetrates but a little distance into the 
interior of the body. We shall take the body to be bounded by the plane a = 0, 
and shall suppose that the positive sense of the axis of z is directed towards 
the interior of the body. Then the waves in question are characterized by the 
occurrence, in the expressions for the quantities defining the motion, of fectors 
of the form e“** and e^, where r and « are real and positive. 

Let the direction of propagation of the waves be the axis of x, and let the 
dilatation A be expressed by the formula 

A = (42) 

where P is constant Then pjf is the velocity of propagation. Denoting, 
P^pI{\ + 2fi) by h\ as in Article 190, and remembering that A satisfies the 
equation (V* + A*) A = 0, we see that 

(43) 

A displacement answering to (42) is given by the equations 

(«,. Vu w.) = (t/, 0, r) (44) 

and with this we may compound any displacement («„ ti„ w,) which satisfies 
div («,, t)g, w,) ss 0, (V* + «•) (it,, tij, w,) = 0, where, as in Article 190, is written 
for fpjfi. We write 

(«,. V. , tc.) = («. fi,f) *-« (46) 

where is constant, and 

«»=/>_«» (46) 

The surfece z = 0 being free from traction, the equations 

87+S-a M-O' 

* Cf. Lord Imdm Hath. Soe. Proe. , vol. 17 (1887), or Seieniifie Papert, roL 2, p. 441. 
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in which («, v, w) — («i + «8, Wi + Wj), must hold at that surface. These 

equations give 
2r/P/A* + (s*+/*)Q/** = 0, 

/3 = 0, (** - 2A«) P/A* - 2?-P/A* - 2s/Q/** = 0 (48) 

where «*/A* — 2 has been written for Xjji. 

The equation ^ = 0 shows that the motion is two-dimensional. There is no 
displacement in a direction parallel to the plane boundary and transverse to 
the direction of propagation. 

The elimination of P and Q from the remaining equations of (48) g/ves 


- 2)’-*s-0 -W) 

or by (43) and (46) 

If we write *'• for **//* and A'* for A*//"*, this equation becomes 

_ 8*'* + 24/e'‘ - 16 (1 A'*) «'* -H 1 6A'* = 0. (50) 


When the material is incompressible, so that A'*/k'* = 0, equation (50) 
becomes a cubic for *'*, viz. 

^'•_8«'«-)-24«*-16 = 0, 

which has one real positive root *'* = 0’91262... and two complex roots 
3'6436... ± t(2'2301...). Since *'* is finite and A'*/*'* is zero, equation (43) 
shows that r* is real, and equation (49) shows that, for the complex values 
of*'*, 

4ra//* = - (2*5904. . .) ± t (6*8852. . .). 

‘Since the real part of s, given by this equation, has the opposite sign to r, 
there are no waves of the required type answering to the complex values of 
The real value *'* = 0*91262... gives 

r»=/*, a* = (0*08737...)/*, 

so that there is a wave-motion of the required tjrpe. The velocity of propaga- 
tion is given by the equation 

p//=(0*9553...)V(W/>V 

When the material fulfils Poisson’s condition (X = /t), so that *'*/A'* = 3, 
equation (50) becomes 

(*'»-4)(3*'^-12«'*-h8) = 0. 

The roots *'• = 4 and *'* = 2 -i- 1 V3 are irrelevant, since they make A'* > 1 and t 
a pure imaginary. The remaining root *'* = 0*8453... gives 
r* = (0*7182...) /*, a* = (0*1546...)/’, 
and the velocity of propagation is now given by the equation 
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In both cases the waves travel over the surface with a velocity, which is 
independent of the wave-length iTrjf, and slightly less than the velocity of 
equivoluminal waves propagated through the body. Waves of this kind are 
often called “ Rayleigh-waves.” 

Concerning the above type of waves Lord Rayleigh {loc. cit.) remarked: 
“It is not improbable that the surface waves here investigated play an 
important part in earthquakes, and in the collision of elastic solids. 
Diverging in two dimensions only, they must acquire at a great distance 
from the source a continually increasing preponderance.” The subject has 
been investigated further by T. J. I’ A. Bromwich* * * § and H. Lambf. The 
former showed that, when gravity is taken into account, the results obtained 
by Lord Rayleigh are not essentially altered. The latter has discussed the 
effect of a limited initial disturbance at or near the surface of a solid body. 
He showed that, at a distance from the source, the disturbance begins after 
an interval answering to the propagation of a wave of irrotational dilatation ; 
a second stage of the motion begins after an interval answering to the propa- 
gation of a wave of equivoluminal distortion, and a disturbance of much 
greater amplitude begins to be received after an interval answering to the 
propagation of waves of the type investigated by Lord Rayleigh. The expecta- 
tion that the theory of Rayleigh waves would throw light on seismic phenomena 
has been realized^. 

The theory of surface waves has been extended by H. Lamb§ to the case 
of a solid body bounded by two parallel planes. 

* Londm Math. Soc. Proe., vol. 30 (1899). 

t Phil, Trans, Roy. Soc. (8er. A), vol. 203 (1904). 

X See the Author’s Essay Some Problems of Qeodynavxics, or G. W. Walker, Modern Seimohgy^ 
Loudon 1913. For a more extended discussion of the mathematical theory of earthquake waves * 
reference may be made to J. H. Jeans, London, Roy. Soc, Proc. (Ser. A), vol. 102, 1923, p. 554. 

§ London, Roy. Soc. Proc. (Ser. A), vol. 93, 1917, p. 114. 



CHAPTER XIV 

TORSION 


215. StresB and strain in a twisted prism. 

In Article 86 (d) we found a stress-system which could be maintained in 
a cylinder, of circular section, by terminal couples about the axis |pf the 
cylinder. The cylinder is twisted by the couples, so that any cro8s-»ction 
is turned, relatively to any other, through an angle proportional the 
distance between the planes of section. The traction on any cross-s^tion 
at any point is tangential to the section, and is at right angles to the plane 
containing the axis of the cylinder and the point; the magnitude of this 
traction at any point is proportional to the distance of the point from the 
axis. 

When the section of the cylinder or prism is not circular, the above 
stress-system does not satisfy the condition that the cylindrical boundary is 
free from traction. We seek to modify it in such a way that all the conditions 
may be satisfied. Since the tractions applied at the ends of the prism are 
statically equivalent to couples in the planes of the ends, and the portion 
of the prism contained between any cross-section and an end is kept in 
equilibrium by the tractions across this section and the couple at the end, 
the fractions in question must be equivalent to a couple in the plane of the 
cross-section, and the moment of this couple must be the same for all cross- 
sections. A suitable distribution of tangential traction on the cross-sections 
most be the essential feature of the stress-system of which we are in search. 
Accordingly, we seek to satisfy all the conditions by means of a distribution 
of ihewring stress, made op of suitably directed tangential tractions on the 
elements of the cross-sections, combined, as they must be, with equal tangential 
tractions on elements of properly chosen longitudiiml sections. 

We shall find that a system of this kind is adequate; and we can foresee, 
to some extent, the character of the strain and displacement within the 
prism. For the strain corresponding with the shearing stress, which we 
have described, is shearing strain which involves, in general, two simple 
simara at each point. One of these simple shears consists of a relative sliding 
in a transverse direction of elements of different cross-sections; this is the 
type of sixain which occurred in the mrcular cylinder. The other simple 
shear consists oi a relative sliding, parallel to the Imigth of the prism, of 
diffoent laii|^tadinal linear elements. By this shear the crossHsectione 
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become distorted into curved surfaces. The shape into which any cross- 
section is distorted is determined by the displacement in the direction of 
the length of the prism. 


216. The torsion problem*. 

We shall take the generators of the surface of the prism to be parallel to 
the axis of z, and shall suppose that the material is isotropic. The discussion 
in the last Article leads us to assume for the displacement the formulas 

u--Tyz, v-rzx, w = (1) 

where ^ is a function of x and y, and t is the twist. We work out the 
consequences of this assumption. 


The strain-components that do not vanish are and and these are 
given by the equations 



The stress-components that do not vanish are and and they are given 
by the equations 



The equations of equilibrium, when there are no body forces, are satisfied if 
the equation 



holds at all points of any cross-section. The condition that the cylindrical 
bounding surface of the prism is free from traction is satisfied if the equation 

^ = «cos(a:, v)-*cos(y, v) (6) 

UV 


holds at all points of the bounding curve of any cross-section. Here dv 
denotes the element of the outward-drawn normal to this curve. The com- 
patibility of the boundary-condition (6) with the differential equation (4) is 
shown by integrating the left-hand and right-hand members of (5) round the 
boundary, and transforming the line-integrals into surface-integrals taken 
over the area of the cross-section. The integral of the left-hand member of 
(5) taken round the boundary is equivalent to the integral of the left-hand 
member of (4) taken over the area of the cross-section; it therefore vanishes. 
The integral of the right-hand member of (5) taken round the boundary also 
vanishes. 


The tractions on any cross-section are, of course, statically equivalent to 
^ single force (which may be zero) at the origin of («, y) and a couple. We 
show that they are equivalent to a couple only. The axis of the couple iB 

♦ The theoiy is dne to Saint-Venent. See Introdootion, footnote 60 and p. 19. 
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clearly parallel to the generators of the surface of the prism. We have to 
show that 


J I Xtdmdy * 0, dy » 0, 

jjXtdxdy « fiT - yj dxdy, 


Now 

and this may be replaced by 

"’■//[lif ^ |{* ^ + *)}] 

by the help of the differential equation (4). The expression last writtei may 
be transformed into an integral taken round the bounding curve, viz. \ 

fjLT jx — y cos (x, v) + x cos (y, v) • d$, 

where ds is the element of arc of the bounding curve. This integral vanishes 
in consequence of the boundary-condition (5). We have thus proved that 

jjXgdxdy^Of and in a similar way we may prove that JJVgdxdy — 0. It 

follows that the tractions on a cross-section are statically equivalent to a 
couple about the axis of z of moment 

'*’’// 


We have now proved that the prism can be held in the displaced position 
given by equations (1) by means of couples applied at its ends, the axes of 
the couples being pamllel to the central-line of the prism. The moment of 
the couple when the twist is r is a quantity Ct, where 

The quantity C is the product of the rigidity of the material and a quantity 
of the fourth degree in the linear dimensions of the cross-section. C is some- 
times called the “torsional rigidity” of the prism. 


The complete solution of the problem of torsion, for a prism of any form 
of section, is effected when <f> is determined so as t6~8atisfy the equation (4) 
and the boundary-condition (5). The problem of determining 4> for a given 
boundary is sometimes called the “torsion problem” for that boundary. The 
function ^ is sometimes called the “torsion-function” for the boundary. 

In the above solution the twisting couple is applied by means of tractions X,, F„ which 
are expressed by (3). The practical utility of the solution is not confined to the case when 
tile couple is applied in this way. When the length of the prism is great compared with 
the linear diuMnaions of its cross-section, the solution will represent the state of Ibe prism 
every whm except in comparatively small parts near the ends, whether the twisting couple 
is a^died in tite specified way or not. [C£ Article 89.] 
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The potential energy of length of the twisted prism 


POTENTIAL 


= j<l>ycoa{x,v)^si: cos (y, v)} ds 

It follows that the potential energy per unit of length is 

217. Method of solution of the torsion problem. 

Since 0 is a plane harmonic function, there exists a conjugate function ^ 
which 18 such that 4 + fit« is a function +i.» i luncwon ^ 

if K. f j / T ot the complex variable a: + ty : and. 

.ft can be found, can be wntten down by means of the equations 

^ ^ d<f> _ d'^jr 
ds dy ’ dy 3a; ’ 



Fig. 21. 

The function f satisfies the equation^ + ^ = 0, at all points within the 

Wnding curve of the cross-section, and a certain condition at this boundary. 
"6 proceed to find the boundary-condition for t- 

Taking ds for the element of airc of the boundiig curve, and observing 
that, when the senses of s and v are those indicated by am>ws in Rg. 21, 
cos («, y) « dy/ds, cos (y, i») = -dxjda, we may write the condition (6) 
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and it follows that at the boundary, 

- i (^ + y*) ® (8) 

The problem is thus reduced to that of finding a plane harmonic function 
which satisfies this condition. Apart firom additive constants the functions ^ 
and yft are uniquely determinate*. 

218. Anidogies with Hydrodynamics. 

(a) The^functions <f) and are mathematically identical with the velocity- 
potential and stream-function of a certain irrotational motion of incompre^ible 
fi*ictionless fluid, contained in a vessel of the same shape as the prismf. I This 
motion is that which would be set up by rotating the vessel about its’iaxis 
with angular velocity equal to — 1. 

(b) The function ^ — + is mathematically identical with the 

velocity in a certain laminar motion of viscous fluid. The fluid flows under 
pressure through a pipe, and the section of the pipe is the same as that of the 
prism {. 

(c) The function J + y*) is also mathematically identical with the 
stream-function of a motion of incompressible frictionless fluid circulating 
with uniform spin, equal to unity, in a fixed cylindrical vessel of the same 
shape as the prism §. The moment of momentum of the liquid is equal to the 
quotient of the torsional rigidity of the prism by the rigidity of the material. 
The velocity of the fluid at any point is mathematically identical with the 
shearing strain of the material of the prism at the point. 

In the analogy (a) the vessel rotates as stated relatively to some frame regarded as 
fixed, and the axes of a? and y rotate with the vessel. The velocity of a particle of the 
fiuid relative to the fixed fhime is resolved into components parallel to the instantaneous 
positions of the axes of x and y. These components are d<f>Jdx and The velocity of 

the fluid relative to the vessel is utilized in the analogy (c). 

We may use the analogy in the form (a) to determine the eflect of twisting the prism 
about an axis when the effect of twisting about any parallel axis is known. Let ^ be the 
torsion-functioa when the axis meets a cross-section at the origin of (j?,y) ; and let <l>' be 
the torsion-function when the prism is twisted about an axis parallel to the first, and 
meeting the section at a point (jp', y). Rotation of the vessel about the second axis is 
equivalent at any instant to rotation about the first 8Lxis combined with a certain motion 
of translation, which is the same for all points of the vessel. This instantaneous motion of 
translation is the motion of the first axis produced by rotation about the second ; and the 

* The fnnotions are determined for a number of forms of boundary in Articles 221, 222 infra* 
For the special condition, necessary to secure uniqueness in the case of a hollow (fliaft, see Article 
222 (ili). 

+ Kelvin and Tait, Nat. PWL, Part n., pp. 242 et $eq. The velocity-potenthd is here defined 
hy the eonvention that the velocity of the fluid in the positive sense of the axis of x is 
not 

t I. Boussinesq, /. de math. (LiouviUs), (84r. 2), 1. 16 (1871). 

I A. Q, Oxeenhili, Article * Hydromeehanks/ Ettep. Brit.^ 2th edition. 
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camponent velocities in the directions of the axes are -y and since the angular velocity 
of the vessel is -1. It follows that we must have The component 

displacements are therefore given by the equations 
~T(y-y)z, 

and the stress is the same as in the case where the axis of rotation passes through 
the origin. The torsional couple and the potential energy also are the same in the two 
oases. 


219. Distribution of shearing stress. 


The stress at any point consists of two superposed stress-systems, In one 
system we have shearing stresses Xz and of amounts - /iry and ftra? 
respectively. In this system the tangential traction per unit of area on the 
plane z = const, is directed, at each point, along the tangent to a circle, 
having its centre at the origin and passing through the point. There must 
be equal tangential traction per unit of area on a plane passing through the 
axis of this circle, and this traction is directed parallel to the axis of z. In 
the second system we have shearing stresses Xz and Yz of amounts fiTd<f>ldx 
and fird4>ldy» The corresponding tangential traction per unit of area on the 
plane z = const, is directed at each point along the normal to that curve of 
the family </> « const, which passes through the point, and its amount is 
proportional to the gradient of <^. There must be equal tangential traction 
per unit of area on a cylindrical surface standing on that curve of the family 
(f) =5s const, which passes through the point, and the direction of this traction 
is that of the axis of z. These statements concerning the stress are inde- 
pendent of the choice of axes of a? and y in the plane of the cross-section, so 
long as the origin remains the same. 

The resultant of the two stress-systems consists of shearing stress with 
components Xg and F*, which are given by the equations (3). If we put ^ 

W 

the direction of the tangential traction (Xg, Yg) across the normal section at 
any point is the tangent to that curve of the family ^ * const, which passes 
through the point, and the magnitude of this traction is fird^/dv, where dv 
is the element of the normal to the curve. The curves ^ = const, may be 


called ** lines of shearing stress.’* 

The magnitude of the resultant tangential traction may also be expressed 
by the formula 

<■'» 

and this result is independent of the directions of the axes of ® and y. If 
we choose for the axis of » a line parallel to the direction of the tangential 
traction at one point P, the shewing stress at P will be equal to the value at 
P of the ftinction fir midai - y), and the ^-component of the traction at any 
other point Q will be equd to the value of the same fhncdon at Q. Now this 
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function, being harmonic, cannot have a maximum or a minimum value at P; 
there is therefore some point, Q, in the neighbourhood of P, at which it has 
a greater value than it has at P. Thus the ^r-component of the traction at 
some point Q near to P is greater than the traction at P; and the traction at Q 
must therefore be greater than that at P. It follows that the shearing stress 
cannot be a maximum at any point within the prism; and therefore the 
greatest value of the shearing stress is found on the cylindrical boundary*. 

220. Strength to resist torsion. 

The resultant shearing strain is proportional to the resultant shearing stress, 
and the extension and contraction along the principal axes of the strain kt any 
point are each equal to half the shearing strain at the point; and thus the 
strength of the prism to resist torsion depends on the maximum sharing 
stress. Practical rules for the limit of safe loading must express the conc^tion 
that this maximum is not to exceed a certain value. 

Some results of practical importance can be deduced from the form of 
hydrodynamical analogy [Article 218 (c)] in which use is made of a circu- 
lating motion with uniform spin. Suppose a shaft transmitting a couple to 
contain a cylindrical flaw of circular section with its axis parallel to that of 
the shaft. If the diameter of the cavity is small compared with that of the 
shaft, and the cavity is at a distance from the surface great compared with its 
diameter, the problem is very nearly the same as that of liquid streaming 
past a cylinder. Now we know that the velocity of liquid streaming past a 
circular cylinder has a maximum value equal to twice the velocity of the 
stream, and we may infer that, in the case of the shaft, the shear near the 
cavity is twice as great as that at a distance. If the cavity is a good deal 
nearer to the surface than to the axis, or if there is a semicircular groove on 
the surface, the shear in the neighbourhood of the cavity (or the groove) may 
be nearly twice the maximum shear that would exist if there were no cavity 
(or groove)t. 

If the boundary has anywhere a sharp comer projecting outwards, the 
velocity of the fluid at the corner vanishes, and therefore the shear in the 
torsion problem is zero at such a comer. If the boundary has a sharp corner 
projecting inwards, the velocity is theoretically infinite, and the torsion of a 
prism with such a section will be accompanied by set in the neighbourhood 
of the comer. 

Saint-Venant in his memoir of 1866 called attention to the ineflSciency of 
comers projecting outwards, and gave several numerical illustrations of the 

* Thi theorem was first stated by J. Boassisesq, loe, cit. The proof in the text wiU be fonnd 
in a paper by L. N. G. Filon, Phil Tram. Roy* 8oe, (Ser. A), vol. 198 (1900). Bonssinesq bad 
inppoaed that the poixits of maxixniun shearing stress most be those points of the oontonr which 
aie nearest to the axis; bat Filon showed that this is not neeessarily the oase. 

t Of. h Lanaor, Phil Mag* (Ser. 8), vol 88 (1893), 


Tta 
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diminution of torsional rigidity in prisms having such comers as compared 
with circular cylinders of the same sectional area. 


221. Solution of the torsion problem for certain boundaries. 

We shall now show how to find the function <f> from the equation (4) and 
the condition (5) when the boundary of the section of Che prism has one or 
other of certain special forms. The arbitrary constant which may be added 
to (j> will in general be adjusted so that shall vanish at the origin, 

(a) The circle. 

If the cylinder of circular section is twisted about its axis of figure, vanishes, 
and we have the solution already given in Article 86 (d). If it is twisted about 
any parallel axis <f> does not vanish, but can be determined by the method 
explained in Article 218. In the latter case the cross-sections are not distorted, 
but are displaced so as to make an angle differing slightly from a right angle 
with the axis. 


(6) The ellipse. 

The function is a plane harmonic function which satisfies the condition 
^ + y*) ^omt. at the boundary 4- = 1. If we assume for 

a form A (a?® — y% we find the equation 

= ( 11 ) 

It follows that we must have 




.(IS) 


It is clear that this solution is applicable to the case of a boundary consisting 
of two concentric similar and similarly situated ellipses. The prism is then a 
hollow elliptic tube. • 

(c) The rectangle*. 

The boundaries are given by the equations a? = ± a, y = ± 6. The function 
^ differs by a constant from ^ (y* + a*) when a? « ± a and 5 > y > - 6; it differs 
by the same constant from J + &*) when y « ± 6 and a > a? > — u. We in- 
troduce a new function by means of the equation 

Then yfr' is a plane harmonic function within the rectangle; and we may 
take yjr' to vanish on the sides y = ± and to be equal to y® — 6* on the sides 
®=±a. Since the boundary-conditions are not altered when we change a? 
into — a? or y into — y, we seek to satisfy all the conditions by assuming for 

a formula of the type SAmCosh mx cos my. The conditions which hold at 
the boundaries y ■* ± 6 require that m should be J (2n-l- l)7r/6, where n is an 

* Thft corresponding hydrodynamical problem was solved by Stokes, Cambridge Phil. Soc* 
vol. 8 (18^8), reprinted in his Math, and Phye. Popers, vol. 1, p. 16. 
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integer. If we assume that, when h>y> — h, the function ^ — 6* can be 
expanded in a series according to the formula 


. , , - . ,(2n + l)-7ro (2n + l)7ry 

y»-6*-2J„^+,co8h^ oosi 5^:^, 


26 


we may determine the coefficients by multiplying both members 
equation by cos {(2n + 1) wy/26j, and integrating both members with 
to y between the extreme values — 6 and 6. We should thus find 


. , (2« + l)wa , 

.4*,+, cosh i ^ — = (-)“+> 


46* 


2* 


26 ' ' (2n + l)»<7r*‘ 

This process suggests that when b>y> — b, the sum of the series 


2 46 * 

ns»0 


O' 




(2n + l)* 


cos 


26 


of this 
respect 


■(1^8) 


is y® — 6*. We cannot at once conclude that this result is proved by Fourier s 
theorem*, because a Fourier’s series of cosines of multiples of iry/ih represents 
a function in on interval given by the inequalities 2b>y> — 2b, and the 
value y* — 6* of the function to be expanded is given only in the interval 
b>y>-‘b. If the Fourier’s series of cosines contains uneven multiples of 
wy/26 only, the sign of every term of it is changed when for y we put 26 - y; 
it follows that, if the series (13) is a Fourier’s series of which the sum is 
y» — 6* when 6 > y > 0, the sum of the series when 26 > y > 6 is 6® - (26 — y)\ 
Now we may show that the Fourier’s series for an even function of y, which 
has the value y* — 6* when 6>y>0, and the value 6* — (26 — y)® when 
26 > y > 6, is in fact the series (13). We may conclude that the form of is 




26 _(2n + l)wy 

cogh(2njJ2![? 26 


and hence that 

^ = -fliy + 46»(-) 2 

\w/ n<xB0 


. , (2n+ l)7ra? 

(^)n 26 _ {2n + l)7ry f 

(2n + 1)» {2n + l)7ra 26 


...(14) 


222. Additional resnlts. 

The torsion problem has been solved for many forms of boundary. One method is to 
assume a plane harmonic function as the function and determine possible boundaries 
from the equation const. As an example of this method we may take ^ 

* Observe, for example, that the Fourier’s series of cosines of multiples of rp/2& which has 
the sum throughout the interval 2&>p> - 2d is 

16 d* (-)• mrp 

l-^COS-rA 

t The expresrioQ for ^ must be unaltered when z and y, a and 6, are interchanged. For an 
aooouni of the identities which arise from this observation the reader is referred to a paper by 
F. Purser, Mmezg^r of Math,, voL 11 (1882). 
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to be i (*» - 3xf) ; if we put i - - l/6a, the boundwy can be the equilateral triangle*, of 
altitude 3a, of which the sides are given by the equation 

(a? - a) (ar - y ,^3 + 2a) (a? +y ^3 + 2a) * 0. 

Other examples of this method have been discussed by Saint- Venant. 

Another method is to use conjugate functions t) such that f +iiy is a function of 
jF+iy. If these functions can be chosen so that the boundary is made up of curves along 
which either f or has a constant value, then f is the real part of a function of 
which has a given value at the boundary ; and the problem is of the same kind as the 
torsion problem for the rectangle. We give some examples of this method : 

(i) A sector of a circle +, boundaries given by reO, r«a, We find 


, , , cos 2d . r i / r \ 


oL 


where 

If we write then 


{(S.«)g}], 

1 " 
(2?i + 1) tr + 




cos 20 


-sH 


X 






l+JPi8 




where | a? | ^ 1, and tan”^r»/2^ denotes that branch of the function which vanishes with x. 

In case 9r/20 is an integer greater than 2 the integrations can be performed, but when 
ff/ 23=2 the first two terms become infinite, and their sum has a finite limit, and we find 
for a quadrantal cylinder 

For a semicircular cylinder 

(**+^~2) log J^]- 

(ii) For a curvilinear rectangle bounded by two concentric circular arcs and two radii, 
we use conjugate functions a and 0, which are given by the equation 

we take the outer radius, a to be and the inner, 6 to be (so that c is the geo- 
metrical mean of the radii), and we take the bounding radii to be given by the equations 
3=100. We find 

cosb^??^“l 


cosh- 


200 


and 




(-)-8m 


( 2 n+l)tr^ 




{(2n + 1 ) IT - 4/3,} (2» + 1 ) IT {(2« + 1 ) w + 4ft)) 


(iij) When the twisted prism is a hollow shaft, the inner and outer boundariw bring 
'ifcles which are not oonoentrio, we may use the conjugate functions f, determined by 
^equation 

*+^»ctsn4({+n); 

* Bm Figores M and 24 in Artiole 228. 

t See A. Q. Qreriihill, Afewenjwr of iioth,, toI. 8 (1878), p. 89, and toL 10 (1880), p. 88. 
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and* if 17 »a represents the outer boundary^ and the inner, we may prove* that 

I ««-/ w«*“^coth^sinhn(»— ii)+«~<Mioothasinh»0-n) . 

V^—2c* 2 (-)* "cos?if. 

^ n«i sinh»0-a) ^ 

In this example the differential equation and boundary-condition for ^ would still be 
satisfied if a term of the form At) were added to the expression given for The conjugate 
function ^ would then contain a term of the form and the displacement or Ttj>^ 
would then be many-valued. To secure a one- valued expression for w it would be necessary 
to put il bO. a similar result holds for any hollow shaft 

(iv) When the boundaries are confocal ellipses and hyperbolas we may use the con- 
jugate functions 17 determined by the equation 

a?+iy=ccosh (f+ti;). 

In the case of a hollow tube, of which the section is bounded by two confocal ellipses and 
li, we may prove t that 

, , ,8inh2(fo-f)+8inh2(f — fi) ^ 

^ * sinh2(fo-6) 

223. Graphic expression of the results. 

(a) Distortion of the cross-sections. 

The curves const, are the contour lines of the surface into which any cross-section 
of the prism is distorted. These curves were traced by Saint- Venant for a number of 
forms of the boundary. Two of the results are shown in Fig. 22 and Fig. 23. In both 



Fig. 22. - 

cases the cross-section is divided into a number of compartments, 4 in Fig. 22, 6 
in Fig. 23, and 0 changes sign as we pass from any compartment to an adjacent 

* H. M. Macdonald, Cambridge Phil. 80 c. Proc.^ vol. 8 (1893). 

t Of. A. O. Chceenhill, Qmrt. J. of Math., sol. 16 (1879). Other examplei of eUiptio and 
hypwbolic boundaries are worked out by Filon, toe. eit.^ p. 316 with special reference to the efiect 
of key-ways, an effect forther investigated by T. H. Gronwall, Amer. Math. 8 oe. Trans., tol 20 
(1919), p. 234, who treats the case of an indentation in the form of a dronlar arc in the 
section of a shaft. The torsion of a shaft whose cross-section is bounded by a polygon Is disoussei 
by the method of conformal representation hy E. Treffts, Math. Ann,, Bd. 82 (1921). The 
case of a riid^t-angled triangle is treated by a simple method fay C. Kolossoff, Paris C. B; i* 
(1924), p. 2037. 



LINES OF SHEARING STRESS 


321 


222, 223] 

compartment, but the forms of the curves const, are unaltered. If we think of the axis 
of the prism as vertical, then the curved surface into which any cross-section is strained 
lies above its initial position in one compartment and below it in the adjacent compart- 
ments. Saint-Venant showed that the sections of a square prism are divided in this way 
into 8 compartments by the diagonals and the lines drawn parallel to the sides through 
the centroid. When the prism is a rectangle, of which one pair of opposite sides is much 
longer than the other pair, there are only 4 compartments separated by the lines drawn 
parallel to the Sides through the centroid. The limiting case between rectangles which 
are divided into 4 compartments and others which are divided into 8 compartments 
occiu^ when the ratio of adjacent sides is 1‘4513. The study of the figures has promoted 
comprehension of the result that the cross-sections of a twisted prism, of non-circular 
section, do not remain plane. 



(6) Lhvei of shearing stress. 

The distribution of tangential traction on the cross-sections of a twisted prism can be 
represented graphically by means of the lines of shearing stress. These lines are deter-, 
mined by the equation 



Fig. 24. 
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They have the property that the tangential traction on the crose-section is directed at any 
point along the tangent to that curve of the family which passes through the point If 
the curves are traced for equidifferent values of c, the tangential traction at any point is 
measured by the closeness of consecutive curves. 

In the case of the prism of elliptic section 

^ i -h y*) +y*a*)/(a» + 6*), 

and the lines of shearing stress are therefore concentric similar and similarly situated 
ellipses. In the case of the equilateral triangle 

^ [jc® - 3jry»-f 3aa?® 4-3ay*], 
and the lines of shearing stress are of the forms shown in Fig. 24. 


224. Analogy to the form of a stretched membrane loaded 
nniformly*. 


Let a homogeneous membrane be stretched with uniform tension T and fixed at its 
edge. Let the edge be a given curve in the plane of x, y. When the membrane is 
subjected to pressure, of amount p per unit of area, it will undergo a small displacement 
and 2 is a function of x and y which vanishes at the edge. The equation of equilibrium of 
the membrane is 



-0. 


The function STzjp is determined by the same conditions as the function ^ of Article 219, 
provided that the edge of the membrane is the same as the bounding curve of the cross- 
section of the twisted prism. It follows that the contour lines of the loaded membrane 
are identical with the lines of shearing stress in the cross-section of the prism. 


Further the torsional rigidity of the prism can be represented by the volume contained 
between the surface of the loaded membrane and the plane of its edge. We have seen 
already in Article 216 that the torsional rigidity is given by the equation 


or, in terms of % we have 

=2/if f Urdxdy, 


since ♦ vsnidies at the edge and + ^p+2«0. It folhnra that the volume in question 

h{pH^T)C. 


225. Twiittng couple. 

The couple can be evaluated from (6) of Article 216 when the function ^ 
is known. We shall record the results in certain cases. 


The analogy here dMcribed was pointed out hy L. PrandU, PAp«. ZtiUehr., Bd. ^ j* 
aooida a mean* of exhibiting to the qre the dietiribntion of atren in a twiated prinn. The 
is tartiiear derdoped by A. A Griffith and O. I. Taylor, SngiwHring, Ltmdm, vol. 104 («* '’1 


pp. 66S, 609, or London Inot. Mock. Engineon, Free., 1917, p. 706. 
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(а) Ths circle. 

If a is the mdius of the circle the twisting couple is 

i/tTwa*. 

(б) The ellipse. 

Fr«. .h= .a!.e of * ta ArticU 221 (i, „ «.d .ha. .ha .wW.g cap, a i, 

/tT7ra»6>/(a= + fr!). / 

(c) The rectangle. 

From the result of Article 221 <'ci «« t . 1 . 
formula testing couple the 

pr Ja6 (a« + 6») - f oJ (a» - Js) + 4^,. /? V 

where $ stands for the series jJ { dg ^ dx\ 

I (-)■ 

-(2»+i)’ ;Mh(ii±i)™ — ■ 

26 

Taking one^term of the series, we have a term of the integral, vk: 

(2« + l)*coshj2n + 1)^/26| lb / 26' ~ ^ 

‘ 2‘_.23i„g(2« + l)« 

f* „„»(2« + l)iry , 26 , 

I- 25 — 

/* 86. 

26 ^ (2»+l)’7r‘' ■'• 

Hence the twisting couple is equal to 

!/tTa6‘ + fi)* I _i f. /4 Y * 1 , , (2n + 1) wo 

S’ V 

Hown the value of the twisting 

f^opleintheform 

|^..tanh(-?” + il^? 

\tp/ *f 1)^ 26 


( 17 ) 
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The series in (17) has been evaluated by Saint-Venant for numerous values of 
ratio a : b. When a>Zb it is very nearly constant, and the value of the twisting couple 

is nearly equal to /iraft* ^ (3*361 )J . For a square the couple is (2*2492) fira\ 

The twisting couple was also calculated by Saint-Venant for a number of other forms 
of section. He found that the resistance of a prism to torsion is often very well expressed 
by replacing the section of the prism by an ellipse of the same area and the same moment 
of inertia* The formula for the twisting couple in the case of an ellipse of area A and 
moment of inertia I is 

226. Torsion of seolotropic prism. 

The theory which has been explained in Article 216 can be extended to a prism of 
seolotropic material when the normal section is a plane of symmetry of structure. iTaking 
the axis of 2 to be parallel to the generators of the bounding surface, we have theytrain- 
energy-function expressed in the form belonging to crystalline materials that corr^pond 
with the group C 2 (Article 109). The displacement being expressed by the foi-miiae (1), 
the stress-components that do not vanish are X, and y., and these are given by the 
equations 

The equations of equilibrium are equivalent to the equation 

c^<b d^(b - c^<b ^ 

which must hold over the area of the cross-section ; and the condition that the bounding 
surface may be &ee fn>m traction is satisfied if the equation 

cee ^ cos (*. s) + c«4 ^ cos (y, ») + 0.6 ^ cos (x, v) + cos (y, v)| 

’mcuycoa{z, v)—c^xcoa(if, v)-ctt{xoo&(x, v)-y cos(y, v)} 
holds at all points of the bounding curve. Exactly in the same way as in the case o 
isotropy, we may prove that the differential equation and the boundary-condition arc 
^mpatible, and that the tractions across a normal section are equivalent to a couple ot 
moment 

rjj |c««**+c»y«-2c«^+c44* twy ^+c« 

The analysis is simplified considerably in case C46«0. If we put L for C44 and if foi 
C55, the differential equation may be written 

02 <<> 

and, if /(^,y)**0 is the equation of the bounding curve, the boundary-condition may b 
written 


dxdx 

We change the variables by putting 




.JFy^-Zx 






Then satisfies the equation 




Saint-Venant, Pari#, C. P., t* 86 (1679). 
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2i 


The equation becomes where 

f-IV. 

and the boundary-condition is transformed into 

csf ^ 

which is 


0y 0y' cji/ *" 0y 
=y cos (y, v') - a?' cos (y', i/'), 


if fl?v' is the element of the normal to the transformed boundary. Thus can be foun4 for 
any boundary if 0' can be found for an orthographic projection of that boundary ; and 
the problem of finding is the simple torsion problem which we considered before. 

As an example we may take a rectangular prism with boundaries given by aj = +a, 
y- ±6. We should find that the formula for <j) is 

. /jtf2W {-)* . (2»+l)irv 

<#>- 1 ,r3 ,,!„{2« + r)3 . (2« + l)w_oV^“"" 26 ’ 

md that the twisting couple is expressed by the formula 

‘^(ly I 1 

(3 asJLxnJ n=o(2w+l)^* J 

This formula has been used by W. Voigt in his researches on the elastic constants of 
crystals. [See Article 113.] 


226 A. Bar of varying circular section. 

When the twisted bar is isotropic and of circular section, but the radius of 
the circle is a function of the position of its centre on the axis of the bar, the 
displacement of any point is directed at right angles to the axial plane passing^ 
through the point, just as in the case of a bar of uniform circular section. Let 
V denote this displacement. Then, using cylindrical polar coordinates r, ff, z, 
with an axis of z coinciding with the axis of the bar, we have the components 
strain and stress expressed by the equations 

A A A ^ V 

6rr ~ 0 , — 0 , €gz' ^$z — ”, ^ , 

^ /-s /*s ()■>) ^ /3r> v\ 

rr = 0, 60^0, 2Z»0, dz=fi^, zr^O, 

for « ia a function of z and r, but is independent of 0. 

The equations of equilibrium [Article 59 (i)] reduce to the single equation 

^1^ 1 + ^-0 
3r* r 9r r* 5«* 

j'fhis equation may be written 
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showing that there exists a function -\lr which has the properties expressed by 
the equations 

dr\rj dz’ 

od /v\ df 

\rj 0r ' 


The function ^|r satisfies the differential equation obtained by eliminating vjr 
from these equations, viz.: 

3 dyfr ^ 

3r® r 07’ ^ dz^ 

The stress-components, which do not vanish, are expressed by the equations 

and the condition that the bounding surface is free from traction takes the foAn 

yjr = const, at the boundary. 

The above theory is due to J. H. Michell* It was re-discovered by A. Fbpplf, and 
further developed by F. A. Willersf, who investigated, in particular, an approximate 
solution for a bar consisting of two portions, each portion being a circular cylinder, and the 
two portions having the same axis but different radii. Accounts of the theory and various 
special solutions of the analytical problem arising from it are given by E. T. Stegmann§ 
and Th. Pdschl(|; 

An obvious particular solution of the equation for ^ is where A is constant. 

By this solution the displacement and stress in a bar of uniform circular section arc 
expressed in terms of 

One method of obtaining particular solutions of the equation for ^ is to transform it to 
spherical polar coordinates (/, by putting 

cos 6' j rasr'sin^', 

m. i.* 2 0^ 3cot^'0^ 1 

.The equation becomes + 

If we assume for ^ an expression of the form 

where is a function of we find that yfrn must satisfy the equation 

and if we then put ^,**s8in* ^ . Xn» 

and write / for cos this equation becomes 


and a solution is 




where denotes the zonal surface harmonic (Legendre’s coefficient) of degree 


Thus yft can be of the form 




* London^ Math* 8oc* Proc,^ vol. 31, 1900, pp. 140, 141. 
t MUnehen^ Akad. d, Wisa. Sitzungaber,^ BA 85, 1906, pp. 949, 504. 
X ZeiUekr* /• Math. u. PHya*, Bd. 55, 1907, p# 225. 

I South Africa May* Soc, Trana,^ vol. 7 (1919), p. 147. 

1) ZeiUehr.f, angewandte Math. u. Mech,^ Bd. 2 (1921), p« 187, 
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where J is a constant. The case where ^ is of the form Jr* is included in this formula by 
putting n«4. In all the solutions of this type yjr is a rational function of z and r. 


Another method of obtaining particular solutions of the equation for is to assume 
that ^ is of the form , H, where /2 is a function of r. It then appears that R satisfies 
the equation 




4 

7*2 


« 0 , 


SO that we may write yfr « . r® Jg (Jbr)^ 

where J is a constant, and J 2 {kr) denotes Bessers function of order 2. 


226 B. Distribution of traction over terminal section. 

In the theory of torsion, developed in this Chapter, the twisting couple is 
supposed to be applied by means of tangential tractions exerted upon the 
terminal sections, and these tractions are supposed to be distributed over the 
sections according to determinate laws. When the external forces, whose 
resultant is the twisting couple, are distributed in some other way over the 
terminal sections, or the neighbouring portions of the cylindrical boundary, 
the theory avails for the determination of the stress in all parts of the twisted bar 
except those near to the ends; but near the ends there are “local perturbations.'* 
(Cf. Articles 89 and 133.) 

The nature of the local perturbations may be illustrated by means of the 
analysis in Article 226 A. It will be suflBcient to examine the case of a 
circular cylinder of radius a, twisted by tractions of the type 0z distributed 
over the terminal section -5 = 0. We shall suppose that z is positive within 
the cylinder. Then a solution of the equation for can be written 

where t, A,, Ag, ... are constants, and Aj, ... are the roots, in order of 
increasing magnitude of the equation {ka) = 0. The corresponding value of 
6z at the section « 0 is given by the equation 

~ d" ^ A« t/j ^ I 

{r* (&r)} = * {kr) + (At)| ^kJ, (kr), 

where the accent denotes differentiation of the function «/s(A»’) with respect 
to its argument kr, and Ji {kr) denotes Bessel’s function of order 1. 

The equation J, (At) *= — J,' (At) + •A (At) 

shows that A:,, A:*, are the roots of the equation 

J^’{ka)«^Mka), 



328 


TRACTIONS PRODUCING TORSIONAL COUPLE [CH. XIV 


and the equation ^ 

shows that 

/ V/. (tr) ir - - J I * (^ I. + r I - 1) /. (Jt) ir 




dr 


Hence the twisting couple, which is 

r{6z)z^„ 2trrdr, 


/; 


i8 and the terms in (k^r) contribute nothing to this couple for ariy 

of the values of k which can occur. 

It is known* that an arbitrary function of r can be expanded, within the 
interval a > r > 0, in a series of the form 


^ djiJi (^knV)f 

where the k*s are roots of the equation 

Ji (ka)IJi (ka) == l/ka. 

Thus we see that the assumed formula for yjr can represent the effect of an} 
forces of the type Oz which are statically equivalent to the couple 
The occurrence of the factors shows that the effects due to the distribu 
tion of the forces constituting the couple, as distinguished from their resultant 
moment, diminish exponentially as the distance from the terminal section 
Increases. 


The analysis of this Article was given effectively by F. Purser, Dublin^ Roy, Irish 
Acad, Proc,^ vol. 26, Sect. A, 190G, p. 54, afterwards in a more general form by 0. Tedone, 
/?o?na, Ace, Line, Reiid. (Ser. 5), t. 20, (Sem. 2), 1911, p. 617. The corresponding theor)' 
for twisting couple applied by means of tractions, exerted upon a portion of the cylindrical 
boundary, can be worked out by means of solutions of the equation for ^ of the form 

{A cos kz-^-B sin kz) r^J^, {ikr). 

This theory was obtained effectively by another method by L. N. G. Filon, Phil, Trans. 
Roy, Soc, (Ser. A), vol. 198, 1902, p. 147, afterwards more completely by A. Timpe, Math. 
Ann,, Bd. 71, 1912, p. 480, 

The effect of various methods of applying torsional couple to a circular cylinder 
discussed by K. Wolf, Wien Ber,, Bd. 125 (1916), p. 1149. The torsion of a rectangular 
prism, one of whose cross-sections is constrained to remain plane, is considered hy 
S, Timoschenko, London Math, Soc, Proc, (Ser. 2), vol. 20 (1922), p. 389. 

* See Lord Bayleigh, Theory of Sound, vol. 1, g 203, and 0. N. Wateon, Theory of Beita 
funetiom, Cambridge, 1922, Ch. 10. 
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THE BENDING OF A BEAM BY TERMINAL TRANSVERSE LOAD 


227. Stress in a bent beam. 

In Article 87 we described the state of stress in a cylinder or prism of any 
form of section held bent by terminal couples. The stress at a point consisted 
of longitudinal tension, or pressure, expressed by the formula 

tension = - Mxll, 

where M is the bending moment, the plane of (y, e) contains the central-line, 
the axis of x is directed towards the centre of curvature, and I is the moment 
of inertia of the cross-section about an axis through its centroid at right 
angles to the plane of bending. In Article 95 we showed how an extension 
of this theory could be made to the problem of the bending of a rectangular 
beam, of small breadth, by terminal transverse load. We found that the 
requisite stress-system involved tangential traction on the cross-sections as 
well as longitudinal tensions and pressures, but that the requisite tension, 
or pressure, was determined in terras of the bending moment by the same 
formula as in the case of bending by terminal couples. This theory will now 
be generalized for a beam of any form of section*. Tangential tractions on 
the elements of the cross-sections imply equal tangential tractions, acting in 
the direction of the central-line, on elements of properly chosen longitudinal 
sections, the two tangential tractions at each point constituting a shearing 
stress. It is natural to expect that the stress-system which we seek to 
determine consisis of longitudinal tensions, and pressures, determined asf 
above, together with shejiring stress, involving suitably directed tangential 
tnictions on the elements of the cross-sections. We shall verify this anticipa- 
tion, and shall show that there is one, and only one, distribution of shearing 
stress by means of which the problem can be solved. 

228. Statement of the problem. 

To fix ideas we take the central- line of the beam to be horizontal, and one 
end of it to be fixed, and we suppose that forces are applied to the cross- 
I S'Wlion through this end so as to keep the beam in a nearly horizontal 
position, and that forces are applied to the cross-section containing the other 
I ®d in such a way as to be statically equivalent to a vertical load W acting in 
' line through the centroid of the section. We take the origin at the fixed end, 

1 ^’'d the axis of z along the central-line, and we draw the axis of x vertically 
I downwards. Further we suppose that the axes of x and y are parallel to the 

• The theory is doe to Swot-Venont See Introdoetion, footnote 60, and p. 80. 
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principal axes of inertia of the cross-sections at their centroids. We denote 
the length of the beam by I, and suppose the material to be isotropic. We 
consider the case in which there are no body forces and do tractions on the 
cylindrical bounding surface. 




Fig. 25. 


W 


The bending moment at the cross-section distant z from the fixed end '^s 
— z). We assume that the tension on any element of this section is givel[i 
by the equation 

— W {I — z) xjlf (1) 


where I stands for the 


integral Jj afdxdy 


taken over the area of the cross- 


section. We assume that the stress consists of this tension Zg and shearing 
stress having components Xg and so that the stress-components X^, Yy, 
Xy vanish ; and we seek to determine the components of shearing stress 
and Yg. 


Two of the equations of equilibrium become dXg/dz « 0, dYgjdz ~ 0, and it 
follows that Xg and Yg must be independent of z. The third of the equations 
of equilibrium becomes 


dXg dYg Wx 
dx dy I 


.( 2 ) 


The condition that the cylindrical bounding surface is free from traction is 
X* cos (a?, I/) -f cos (y, v) ■« 0 (3) 


The problem before us is to determine Xg and Yg as functions of x and y 
in accordance with the following conditions: 

(i) The differential equation (2) is satisfied at all points of the cross-section 
of the beam. 


(ii) The condition (3) is satisfied at all points of the bounding curve of this 
section. 


(iii) The tractions on the elements of area of the terminal cross-section 
(z 1) are statically equivalent to a force W, directed parallel to the axis of 
X, and acting at the centroid of the section. 

(iv) The stress-system in which Fy*Xy«0, Zg is given by (1)» 

Xjr, Yg satisfy the conditions already stated^ is such that the conditions os 
compatibility of strain-components (Article 17) are satisfied* 
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229. Necessary type of shearing stress. 

The assumed stress-system satisfies the equations 


and consequently the strain-components satisfy the equations 

> * ^yy “ ““ trSjjjr , exy = 0, 




W {I Z) X B^Eg; d^yz 

o-e«, e^y-V, 


'0, 


where j&and <r denote the Young^s modulus and Poisson’s ratio of the material 
The equations of compatibility of the t 3 q)e 

^^yy , 

dy dz 

are satisfied identically, as also is the equation 

2 ^e _ d /deyz de^\ 

docdy dz \ 0a? dy dz )' 

The remaining equations of compatibility of this type become 


^ ^ 0^E a;\ ^ / 9^yE ^ ^^zx\ ^ _ 

0a? V 0a? 0y / ’ 0y \ 0a? 0y / 




From these equations we deduce the equation 


dZyg dZg^ 


o 2crF 
'2 t — 


0a? 0y £I 

where 2t is a constant of integration; and from this equation it follows that 
ejfi and can be expressed in the forms 




.(4) 


where is a function of a? and y. 

On substituting from these equations in the formulae X, « fie^, and 
Yz^fiCpt, and using the relation = + we see that equation (2) 

takes the form 

0*^0 . 0**0 . 2(1 + ir)F 

Ti --inr 


fiaC 


El 


tW 


and condition (3) takes the form 

^*-T(yco 8 (a?,x/)~a?cos(y, y*cos(a?, v). 

These relations are simplified by putting 


^asT^— ^{^ + ^<raj* + (l + i<r)a?y®}. 


.(5) 


Then ^ is the torsion function for the section (Article 216), and x 
Unction which satisfies the equation 


kS-O 


W 
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at all points of a cross-section, and the condition 

^ = - -t- (1 - Jo-) y*} cos (®, v) - (2 -f- o-) asy cos (y,v) (7) 

at all points of the bounding curve. The compatibility of the differential 
equation (6) and the boundary-condition (7) is shown by observing that, since 

the integral J j xdxdy taken over the cross-section vanishes, the integral of the 

right-hand member of (7) taken round the boundary vanishes. The problem 
of determining the function ^ from equation (6) and condition (7) may be 
called the “flexure problem” for the section. 

When the functions ^ and x s-r® known the shearing stresses X* and 
are known in the forms ■ 


(s- !') - 2Tl ■ 

w 




(I-)- 




+ (2 + <r) ay 


...( 8 ) 


2(1-1- <r)/l0y 

The terms that contain t are of the same form as the tractions in the torsion 
problem; and they express a system of tractions on the elements of area of 
the cross-section, which are statically equivalent to a couple about the axis z 
of moment 

The terms which contain W would give rise to a couple about the same axis 
of moment 

tWe adjust t so that the sum of these couples vanishes. 

The tractions on the elements of area of a cross-section are statically 
equivalent to a certain force at the centroid of the section and a certain 
couple. We show that the force is of magnitude W and is directed parallel 
to the axis of x, and that the couple is of moment W {I — z) and has its axis | 
parallel to the axis of y. These statements are equivalent to the equations 

jjx,dxdy=W. jjr,dxdy = 0, jjz,dxdy = 0, (9) 

and 

jjyZtdxdy^O, jj-xZtdxdy = W(l — z), jj(xYt — yXz)dxdy = 0....(10) 

Now by (2) and (3) we may write down the equations 

= TT-h {X, cos («, v) + F, cos (y, v)} ds 
W, 
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In like manner, observing that jJirycZasdy vanishes, we may prove the second 


of equations (9). The third of these equations and the first two of equations (10) 
follow at once from the formula (1) for Zg, and the constant t has already been 
adjusted so that the third of equations (10) shall be satisfied. 

The functions ^ and x determinate, except for an additive 

constant which does not affect the stress. In the case of a hollow shaft it is 
necessary to impose the condition that <j> and x niust be one-valued. Cf. 
Article 222 (iii) supra. We have therefore shown that the problem stated in 
Article 228 admits of one, and only one, solution. 


230. Formulse for the displacement. 

The displacement can be deduced from the strain without determining the 
forms of (f> and %. The details of the work are as follows: 

We have the equation 


dz ” 


El » 


from which we deduce the equation 


Wl \ W , 


..( 11 ) 


"2 El 

where is a function of x and y. Again, we have the equations 
du Wl W 

Zz El 2E1 dx’ 

of which the second is obtained from (11) and the second of (4). These two equations are 
compatible if 




Again, we have the equations 


and these are compatible if 




■ +<r 


Er 


av Wl w 

3*-"+ ds, 3y > j 


du . dv 


Further, by differentiating the left-hand member of the equation ^ with respect 

to 2 , we obtain the equation 

0x3y EI^ 

The three equations for (^o “■ show that we must have 

W 

'vhere a, j8, y are constants. When we substitute for from (6) we find the following 
'expression for <b ' : 

If 


1 
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The displaoement w is now determined. When we substitute for in the equations for 
dufdg and dvjdz, we obtain the equations 


1“ 

dv W 

From the equations for dufts and dujdz we obtain the following form for u : 

w- - ^ ( 2 * + (rx2) - iz<r ~ +i9«+ (y), 

where Fi (y) is an unknown function of y. In like manner we find the following form 
for -y : 


W 

v^TZX^^€r{l-z)x^--az-^F2{x), 

where F^i^) is an unknown function of x. Since du/dy+dvldx=Oy the functions Fi^ F^ 
satisfy the equation \ 

dF.dFo Wj . \ 


and we must have 


W 


■^i(y)=-Jo-^^y*-ry+a', Ft{x)’=yx+^, 


where a', /S', y are constants of integration. 

We have now found the displacement in the form 
W 

u = -Tyz+-^[^(l-z)<r(a?-y^) + ^lF-ii^]-yy + ^z + et, 

v = Tza! + ^<r(l — z)xy + yx — az + ^, [•••■(12) 

W 

w>=T<t>--^[x(lz-iz*) + X + ®y’] - jS« + ay + y, 


in which a, fi, y, ct, /S', y are constants of integration. These equations giv 
‘ the most general possible form for the displacement (u, v, w) when the strea 
is determined by the conditions stated in Article 228. 

The terms of (12) that contain a, fi, y, a', fi', y represent a displacemen 
which would be possible in a rigid body, and these constants are to bi 
determined by imposing some conditions of fixity at the origin. (Ci 
Article 18.) 

We have supposed that the origin is fixed, and we must therefore have 
a'= 0, /S' = 0. We shall, in general, suppose that the additive constants in the 
expressions for <f> and x determined so that these functions vanish at the 
origin. Then we must also have y'^0. 

Besides fixing a point, we may fix a line through the point. We shal 
suppose that the linear element which, in the unstressed state, lies along tbi 
axis of y retains its primitive direction. Then we must have a ■» 0, 7 “ 0. 

Besides fixing a point, and a linear element through the point, we may hi 
a sur&ce element through the line. TTie value of the constant fi depends upoj 
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be choice of this element. If we choose the element of the cross-section, we 
lUSt have dwjdw =* 0 at the origin. If we choose the element of the neutral 
ilane (i.e. the plane ay — O), we must have du/dz^Q at the origin. In the 
Drmer case the central element of the cross-section at the fixed end remains 
ertical; in the latter case the element of the central-line at the fixed end 
emains horizontal. There is no reason for assuming that in all practical 
ases either of these conditions holds; most probably different values of ^ fit 
he circumstances of different particular cases. 

231. Solution of the problem of flexure for certain boundaries. 

We shall now show how to find the function x from the equation (6) and 
he condition (7) when the boundary of the section of the beam has one or 
>ther of certain special forms. The constant which may be added to x will 
generally be chosen so that x vanishes at the origin. 

(a) The circle. 

The equation of the bounding curve is = In terms of polar 
coordinates (r, 0) the boundary condition at the curve r = a is 

— a’ cos d {i<rcos® d + (1 - J<r)sin* - a* sin d j(2 + <r) sin 0 cos d}, 
or ^ ~ (J + a* cos 0 + fa* cosS0. 

Since x ^ plane harmonic function within the circle r « a, we must have 
^ ar — (I + ^<r) a*r cos ^ + ^r^cos 30, 

- (1 4- ^<r) — 3a?y*) (13) 

{b) Concentric circUe, 

The beam has the form of a hollow tube. If oo is the radius of the outer circle, and Ci 

at of the inner, we may prove that x i^ ^f ^he form 

- (I + J or) 1(00*+ «!*) r 4* — I cos 0 cos 3d 4* const (14) 

1 this case we cannot adjust the additive constant so as to make x vanish at the origin, 

It the origin is in the cavity of the tube. 

(c) The ellipse. 

The equation of the bounding curve is introduce 

conjugate functions f, rj by means of the relation 

« + iy * (a* - 6*)i cosh (f *f tiy), 

N denote by h. The value of A at a point on the boundary is 

dS(«?+ty) ^ ^ 
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pjab, where p is the central perpendicular on the tangent at the point. The 
boundary-condition may be written 


or 


t cos 77 {^cra® cos® 77 + (1 — ^(t) 6® sin® 77} — a sin 77 (2 + (r) ab sin 77 cos 77; 
and this is the same as 

|| = - [(i + f <r) a’h -I- (i - i <r) 6*] cos + [(^ + i ff) a‘b + (i - i <r) 6’] cos 3 ij. 
Hence we must have ‘ 

+ J [(I + i<r) a‘b + (i- i<r) 6»] cos 3i?, 

where denotes the value of ^ at the boundary, so that 
(a^ — b‘)^ cosh fo = a, (o® — sinh fo = 

Now we have 

(a: -(■ <y)’ = (a* - b’)^ ^ {cosh 3 (f -H t»?) -I- 3 cosh (f + 

so that ■ ~ — — 3 — ■■ cosh 3 f cos 3 »?. 

Also we have sinh 3 fo = 4 sinh* fo + 3 sinh 

Hence we find 


+ U(i + i 0 -) a* -{- (i - i <r) 6=] 


4 (ar* — 3x1/’) — 3a: (a* - b‘) 
3a* + 6* ’ 


o*{2(l-t-<r)o* + i*} 12a*-46* + ^(r(a*-t*) , , „ ,, 

In the above analysis we have proceeded as if a were greater than b, but it 
is easy to verify that the final result holds also when b>a. In case b-a this 
result reduces to that already found for the circle. 


(d) Confocal ellipm. 

By an analysis similar to the above the problem might be solved for a section boumle<l 
by two confocal ellipses. The result could not be expressed rationally in terms of x and //. 
Taking fo and to be the values of | which corres|X)nd with the outer and inner 

boundaries, and writing c for (a®— 6®)^, we may show that 

X « cos 17 [( J - |or) cosh { - ( J -f J cr) {cosh fo cosh f 1 cosh ((0 + f 1) t^esh ( 

~ sinh io siub sinh (fo+ ^i) 
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(«) The rectangle. 

The equations of the boundaries are a; = ±ffl, y=±b. The boundary- 
condition at « = + a is 

= + (6>y>-6). 

The boundary-condition at y = ± 6 is 

^ = + (2 + <r)6r, {a>x>-a). 

We introduce a new function x' by the equation 

X' = X - + <r) (17) 

Then x is a plane harmonic function within the rectangle, dx'jdy vanishes at 
// = ±b, and the condition at * = + a becomes 
dy 

Now when b>y> — b the function ^ can be expanded in a Fourier’s series 
as follows: ^_b" 46’ ® (-)’• nwy 

3 TT- b 

Hence can be expressed in the* form 


U(1 ^ (T)(t-^l(Tb-\x-¥a - 2 


. , rnrso 

4J:i . 

^ COS (18) 

I mi \aj 0 

cosh -T- 


.ind, by means of this and (17), ^ can be written down. 


(/) Additional midts. 

Tlie results for the circle and ellipse are included in the formula 

i!i(* solution for tlie ellipse was first found by adjusting the constants A and B of this 
fHriiiula, and several other examples of the siiine method wei’e discussed by Saint-Venant.* 
Among sections for which the problem is solved by this formula we may note the curve of 
6 inch the oidinate is given by the eijuation 

y = + /,> I ( 1 - I , {a>x> ~ a). 

The corresponding function x b** 

^ ar « idjr + J (1 ~ i or) {.r^ - 

Viion the above equation becomes The curve is shown in Fig. 26 

*r the case where a = 2b. 



y 




JC 


Fig. 26r 


Fig. 27. 
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As another example we maj observe that the formula* 

;^as -a*4?+J(2+cr) (d?*— 3d?y*) 

solves the problem for a section bounded by two arcs of the hyperbola 4 ;® (1 + (r)~y®flr«a® 
and two straight lines y«» ±a. The section is shown in Fig. 27, cr being taken to be 


232. Analysis of the displacement. 


(a) Curvature of the strained central-line. 

The central-line of the beam is bent into a curve of which the curvatures 
in the planes (a?, z) and (y, z) are expressed with sufficient approximation by 
the values of d^u/dz* and when x and y vanish. These quantities can 

be calculated from the expressions for the components of strain by meana of 
the formulae 

dhi _ 3^ ^ ^ ^ 3^ _ 

dz^ dz dx * dz^ dz dy ’ 

or they may be calculated from equations (12). We find 

?hi TT (i — z) dh) ^ 

El ’ 3^" 

It follows that the plane of the curve into which the central-line is bent is 
the plane of (a?, z)^ and that its radius of curvature R at any point is equal 
to EIJW (I — z). The denominator of this expression is the bending moment, 
M say; and therefore the curvature 1/R of the central-line is connected with 
the bending moment M by the equation 

M^EIjR, (19) 

and the curvature at any point is the same as it would be if the beam were 

bent by terminal couples equal to the value of M at the point. 


■ (6) Netztral plane. 

The extension of any longitudinal filament is given by the equation 

r= - xjR ( 20 ) 

It follows that filaments which lie in the plane a? « 0 suffer no extension or 
contraction; in other words, this plane is a “neutral plane.*' The extension, 
or contraction, of any longitudinal linear element is determined by its distance 
from the neutral plane and the curvature of the central-line, by exactly the 
same rule as holds in the case of bending by terminal couples. 


(c) Obliquity of the strained cross-sections. 


The strained central-line is not at right angles to the strained cross-sections, 
but the cosine of the angle at which they cut is the value, at any point of the 
central-line, of the strain-component We shall denote it by Sq. Then we 
have 


So* 


shearing stress at centroid 
rigidity of material 


( 21 ) 


* Gmshof, EUuticitdt und Feitigheit^ p. 246. 
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and we may calculate by the formula 

So = ~(W)(Wo (22) 


where the suffix 0 indicates that zero is to be substituted for x and y after the 
differentiation has been performed. 

The quantity Sq is a small constant, so that all the strained cross-sections 
cut the strained central-line at the same angle Jtt - The relative situation 
of the strained central-line and an initially vertical filament is illustrated by 
Fig. 14 in Article 95. 

If the element of the strained cross-section at the centroid of the fixed 
end is vertical, the constant ^ in the displacement, as given by (12), is 
equal to So*- 

When the bounding curve is the ellipse we find 

‘^~Enab ' 

If in (21) the shearing stress at the centroid were replaced by the average shearing stress 
( Wlirdb), the estimated value of 3o would be too small, in a ratio varying from when a is 
large compared with 6, to | when b is large compared with at. 

When the boundary is a rectangle we find 



The expression in square brackets was tabulated by Saint-Venant, tr being taken to be 
with the following results : 


1 

a/6 

1 

•75 1 

1 

, 1-25 j 

... 

l-J 1 2 i 2-5 

3 

value of .g ^9 

expression | 

•907 1 

•94 

1 

1 -962 

1 1 

1 i 

•971 1 *983 1 -989 

•993 


(d) Deflexion. 

The deflexion of the beam is the displacement of a point on the central- 
line in the direction of the load; it is the value of u when a: = y = 0. If we 


denote it by f we have 

^ W 

+ (24) 

The equation EI^’*‘W{l-z) (25) 


^vhich expresses the proportionality of the bending moment to the curvature, 
^^^>uld suffice to determine the deflexion if the direction of the strained central- 
lino at the origin were known. Equation (24) is the primitive of (25) when 
fte condition that f vanishes with z is imposed. The term fiz in (24) depends 

^ In SsinbVenant’fl memoir ^ is identified with 
f In obtaining these numbers (t is put equal to 
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on the mode of fixing, as has been explained at the end of Article 230; the 
other term depends on the bending moment. 

(e) Twist, 

The terms of (11) which contain the constant t indicate that the beam 
twists under the load. The amount of 
the twist cannot be determined until the 
functions <f> and ^ have been found. In 
each of the particular cases that we have 
solved T vanishes. This is due to the 
symmetry of the sections. An example 
of an unsymmetrical form of section for 
which the analysis could be worked out 
is shown in Fig. 28, which represents the 
cross-section of a hollow tube with a 
cavity placed excentrically. (Cf. Article 
222, Result iii.) The case of a cantilever 
whose cross-section is a sector of a circle, 
or is bounded by two concentric circles 
and two radii, the load -plane being at 
right angles to the axes of symmetry, is 

discussed in detail by M. Seegar and K. Pearson The case where the section 
is an isosceles triangle is treated by S. Timoschenko. (See Article 234 c, infra,) 

(/) Aniiclastic curvature. 

The terms of w, v, as given by (12), which depend on x, y, but not on t, 
represent changes of shape of the cross-sections in their own planes. These 
changes are of the same kind as those described in Article 88. It follows 
that the neutral plane is deformed into an anticlastic surface. The strained 
central-line is one of the lines of curvature of this surface; the corresponding 
centres of curvature are below the neutral plane, and the corresponding 
radii of curvature are expressed by the formula EljW {l^ z). The other 
centre of curvature of the surface, at any point of the central-line, is above 
the neutral plane; and the corresponding radii of curvature are expressed by 
the formula EljcrW (I — z), 

(g) Distortion of the cross-sections into curved surfacesr^ 

The expression for w may be written 

The term corresponds with the twisting of the beam by the load, and w( 
know that it represents a distortion of the cross-sections into curved surfaces. 
The terms —x[W(l 2 — ^z*)IEJ + ^} represent a displacement by which the 
* London, Roy. Soe. Proe. (Ser. A), vol. 96 (1930), p. 311. 
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cross-sections become at right angles to the strained central-line. The term 
represents a displacement by which each cross-section is turned back, towards 
the central-line, through an angle «o» as explained in (c) above. The remaining 
terms in WjEI represent a distortion of the cross-sections into curved surfaces, 
independent of that which depends upon If we construct the surface which 
is given by the equation 


z 


El 







.(27) 


and suppose it to be placed so that its tangent plane at the origin coincides 
with the tangent plane of a strained cross-section at its centroid, the strained 
cross-section will coincide with this surface. 



Fig. 29. 


la the case of a circular boundary the value of the right-hand member of (27) is 

and the contour lines of the strained cross-section are found by equating this expression 
tu a constant. Some of these lines are traced in Fig. 29. 

233. Distribution of shearing stress. 

The importance of the transverse component F, of the tangential traction 
>n the cross-sections may be seen in the case of the elliptic boundary. When 
I is large compared with t, the maximum value of F, is small compared with 
hat of Xti as the ratio of 6 to a increases, the ratio of the maximum of F? 
0 that of Xt increases; and, when b is large compared with a, the maximum 
^ F, is large compared with that of Thus the importance of F, increases 
^ the shape of the beam approaches to that of a plank. 

We may illustrate graphically the distribution of tangential traction on the 
'088-sections by tracing curves, which are such that the tangent to any one 
them at imy point is in the direction of the line of action of the tangential 
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traction at the point. As in Article 219, these curves may be called “lines of 
shearing stress.” The differential equation of the family of curves is 

(28) 

or + (2 + (t) ajyj dm — + J trai* + (1 - i <r) dy « 0. 

Since dXJdx+BTfIdy is not equal to zero, the magnitude of the shearing 
stress is not measured by the closeness of neighbouring curves of the family. 

As an example we may consider the case of the elliptic boundary. The differential 
equation is 

, r(4+cr)a*+(2-.<r)6« ^ 

— Wft*" " ■ J 

and this may be expressed in the form 

ar^{(l+«r)«*+«r6*}--{2(l+<r)a»+6»}+-{2(l+v)a* + 6>} -y(l - 2v)a*=0. 

y y 

S(l-t-cr)a«+y 

This equation has an integrating factor y"(i+«r)tt*+or^, and the complete primitive may be 
expressed in the form 

^ yt 2a+«r)ai-fy 
1 (7y(l+«r)a*+<r6*, 

where <7 is an arbitrary constant. Since (r<| all the curves of the family touch the 
elliptic boundaiy at the highest and lowest points (±a» 0). The case of a circular 
boundary is included, and the lines of shearing stress are in this case given by the 

equation l±?51 

a* — X* - y* ■■ Cy' . 

Some of these curves are traced in Fig. 30, ir being taken to be 
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234. OfloeralisationB of the preceding theory. 

(a) Atytmetrie loading. 

When the load, W eay, is directed parallel to the axis of y instead of the axis of*, the 
requisite stress-components are, as before, I„ F„ Z„ given by the equations 

Z_ W'{l-z)y 

"I P , 


wh6re I' denotes the integral j j y^dxdy taken over the area of the cross-section, and is 

a plane harmonic function which satisfies the boundary-condition 
0 ' 

-.(2+(r)a^cos{j:, i')- {ia3rH(l - Jor)a^} cos(y, v). .(29) 

The constant r is adjusted, as before, so that the tractions on a cross-section may not yield 
any couple about the axis of 3. Apart from a displacement which would be possible in a 
rigid body, the displacement is given by the equations 

W' 








..{30) 


fT' 


w * 1^ - ^ {y (^2 - i ^*) + X +F 


When the direction of the load is not that of one of the principal axes of the cross- 
sections at their centroids, we may resolve the load, P say, into components W and W* 
parallel to the axes of x and y* The solution is to be obtained by combining the solutions 
given in Articles 229, 230 with that given here. Omitting displacements which would 
be possible in a rigid body we deduce from the expressions (12) and (30) the equations of 
the strained central-line in the form 

and this line is therefore a plane curve in the plane 

Wxir^ Wyjl 

me neutral plane is determined by the equation 
this is the plane Wx//+ W'y/r*o, 

The neutral plane is therefore at right angles to the plane of bending. The load plane is 
given by the equation y/xm Wj W. Since I and F are respectively the moments of inertia 
the cross-section about the axes of y and j, the result may be expressed in the form : — 
The traces of the load plane and the neutral plane on the cross-section are conjugate 
diameters of the ellipse of inertia of the cross-section at its centroid** 

(^) Combined etrain* 

We may write down the solution of the problem of a beam hdd bent by terminal 
about any in the plane of its cross-seotiony by means of the results given in 

* Thereipltwiigimhy Satot-Venantintbeiiieiimireatordmi)^ 
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Article 87 ; we have merelj to combine the results for two component couples about the 
principal axes of the cross-section at its centroid. By combining the solution of the 
problems of extension by terminal tractive load [Articles 69 and 70 (A)], of torsion 
(Chapter XIV), of bending by couples, and of bending by terminal transverse load, we 
may obtain the state of stress or strain in a beam deformed by forces applied at its ends 
alone in such a way as to be statically equivalent to any given resultant and resultant 
moment In idl these solutions the stress-components denoted by jT^, Xy, Xy vanish. 

As regards the strength of a beam to resist bending we may remark that, when the 
linear dimensions of the cross-section are small compared with the length, the most 
important of the stress-components is the longitudinal tension, and the most important 
of the strain-components is the longitudinal extension, and the greatest values are found 
in each case in the sections at which the bending moment is greatest, and at the points 
of these sections which are furthest from the neutral plane. The condition of safety fo(r 
a bent beam can be expressed in the form : — ^The maximum bending moment must ndt 
exceed a certain limiting value. \ 

The condition of safety of a twisted prism was considered in Article 220. The quantity 
which must not, in this case, exceed a certain limiting value is the shear; and this is 
generally greatest at those points of the boundary which are nearest to the central-line. 
When the beam is at the same time bent and twisted, the components of stress which are 
different from ssero are the longitudinal tension due to bending and the shearing stresses 
Xg and Ffl. If the length of the beam is great compared with the linear dimensions of the 
cross-section the values of Zg near the section and the terms of and Tg that 
depend upon twisting can be comparable with each other, and they are large compared 
with the terms of Xg and Tg that are due to bending. For the purpose of an estimate of 
strength we might omit the shearing stresses and shearing strains that are due to bending, 
and take account of those only which are due to twisting. 

In any case in which the stress-components JT,, Zg are different from zero and 
Xjp, Fy, X^ vanish, the principal stress-components can be found by observing that the 
stress-quadric is of the form 

z {^XgX -f 2 F,y « const, 

and therefore one principal plane of stress at any point is the plane drawn parallel to the 
central-line to contain the direction of the resultant, at the point, of the tangential tractions 
on the cross-section. The normal traction on this plane vanishes, and the values of the 
two principal stresses which do not vanish are 

( 31 ) 

In any such case the strain-quadric is of the form 

i [ - <rX, (x* + y* -»- ««) + ( 1 + <r) « (2X,* + 2 F.y + X, «)] » const., 
and the prindpal extensions are equal to _ 

the first of these being the extension of a line at right angles to that principal plane of 
stress on wiudi the normal traction vanishes. 

(c) 

The complexity of Uie problem of Article 228 is not essentially increased if the material 
of the beam is taken to be SBolotropic, provided that the planes through any point, which 
aiw paiaUil to the principal planes, are {fianes of symmetry of structure. We suppose the 
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axes of j?, js: to be chosen in the same way as in Article 228, assume that th^ strain- 
energy-function has the form 

B, C, F, Q, H){e^, 

We denote the Young's modulus of the material for tension in the direction of the axis 
of z by Ef and we denote the Poisson's ratios which correspond respectively with con- 
tractions parallel to the axes of of and y and tension in the direction of the axis of by o-j 
and 0*2. We assume a stress-system restricted by the equations 


Xx^ 7y-Xy- *0, - y (2- 2:) a?. 

Then we may show that X, and F, necessarily have the forms ; 





Mwr 

U 

El 


Lwr 


El 




\ -g-i/iri 


*y]. 


..(33) 


.(34) 


co8(a;, ») J^^+cos{y, 


where </> and x solutions of the same partial differential equation 

which respectively satisfy the following boundary-conditions; 

cos (a?, v) My - cos (y, v) Lx^ 

'')^^+«os(y. »)i^= -C 08 (ar, 

- cos (y, v) (E- M(ri) xy. 

Further we may show that the displacement corresponding with the stress-system expressed 
by (33) and (34) necessarily has the form : 

W 

tt « - ryzi'YjH “ <r 2 y*) “ yy+)3«+o', 

W 

m‘+^(^~«)crjjpy+yar-tt?+/ff, (35) 

As in Article 230, we may take a «j3'««y=0 and o«7*-0. The constant of integration r 
can be adjusted so that the traction at the loaded end may be statically equivalent to a 
single force, W, acting at the centroid of the terminal section in the direction of the axis 
of X. The results may be interpreted in the same way as in Article 232. 

234 0 . Analogy to the form of a stretched membrane under varying 
pressure*. 

The equations of Articles 228, 229 can be solved by putting 

where /(y) is a function of y only, provided that U satisfies the e(iuatioD 

d>0_^d‘0 <r JFy 

^bere 0 is a constant, at all points within the bounding curve of the cross-section, and 
satisfies the condition 

* B. TiilHwelMDko, Unitm Math. Sdc. Proe. (Ser. *), vd. 80, 1088, p. 898. 
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at all points of this ounre, ds denoting the element of arc of this curve. The dif* 
ferentid equation for U is the same as would determine the normal displacement of 
a membrane, stretched by uniform tension, and subject to pressure which varies with y. 
If the boundary is such that the right-hand memb^ of the expression for dUlds vanishes 
at the boundary, the edge of the memlHane is fixed. The constant c must be adjusted so 
as to satisfy the condition that there is no couple about the axis of z, just as r was 
adjusted in Article 229. 

It has been shown that this method leads to some interesting exact solutions, including 
those for the circle, ellipse, and rectangle, and also to some interesting approximate 
solutions, including that for an isosceles triangle, the plane of flexure being at right angles 
to the lines of symmetry of the cross-sections. 

235. Critioifims of certain methods. 

(a) In many treatises on Applied Mechanics* the shearing stress is cidculated froin 
the stress-equations of equilibrium, without reference to the conditions of compatibility df 
strain-components, by the aid of certain assumptions as to the distribution of tangential 
traction on the cross-section. In particular, when the section is a rectangle, and the load 
is a force W parallel to the axis of 4 ;, it is assumed (i) that is zero, (ii) that is 
independent of y. Conditions (i) and (ii) of Article 228, combined with these assumptions, 
lead to the following stress-system : 

( 36 ) 

in which « is the area of the cross-section, and I is the moment of inertia previously so 
denoted. The resultant traction j j Xgdxdy is equal to W, 

If this stress-system could be correct, there would exist functions n, v, w which would 
be such that 



Now we have the identical equation 



but this equation is not consistent with the above values for ... ; for, when these 
valoee are substituted, the left-hand member is equal to -2<rlf/i?/, and the right-hand 
member is equal to zero. It Mows that the stress-system expressed by (36) is not possible 
in an isotropic solid body. 

We know already from Article 95 that the stress-system (36) gives correctly the average 
e$rui across the breadth of the section, and therefore gives a good approximation to the 
actual stress when the breadth is small compared with the depth. The extent to which it 
is inadequate may be estimated by means of the table in Article 232 (c) ; for it would give 
for $0 the frictor outside the square bracket in the right-hand member of (23). It fails also 
to give correctly the direction of the tangential traction on the cross-sections, for it makee 
this traction everywhere vertioal, whereas near the top and bottom bounding lines it is 
nearly horizontal 

(() In the extension of this method to sections which are not rectangular it is 
recoipnzedt that the component F, of shearing stress must exist as well as X«. The case 

* See to examine the treatises of Bankiae and Oraefaof quoted in the Introduction, footnotes 
H and 95, and those of Swing, Bach and FOppl quoted in to footnote on p. 112. 

t See, in partioato, to treato of Ozashol already oit^ 
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fieleoted for discuasian is that in which the cross-section is symmetrical with respect to a 
vertical axis. The following assumptions are made : 

(i) Jg is independent of y, (ii) the resultants of and 
Tg at all points P' which have a given x meet in a point on 
the axis of x. To satisfy the boundary-condition (3) this 
point must be that marked T in Fig. 31, viz. the point 
where the tangent at P to the bounding curve of the section 
meets this axis. 

To express the assumption (ii) analytically, let ri be the 
ordinate (NP) of P and y that of P\ then 




..(37) 


Equation (2) then becomes 



and the solution which makes vanish at the highest 
point ~a) is 

j ^xtfdXf 

and it is easy to see that this solution also makes Xg 
vanish at the lowest point. 

The stress-system obtained by these assumptions is expressed by the equations 

(38) 

it satisfies the equations of equilibrium and the boundary-condition, and it gives the right 
value W for the resultant of the tangential tractions on the section. But, in general, it is 
not a possible stress-system, for the same reason as in the case of the rectangle, vk the 
conditions of compatibility of strain-components cannot be satisfied. 

(o) These conditions may be shown easily to lead to the following equation : 





which determines as a function of x^ and therewith determines those forms of section for 
which the stress-system (38) is a possible one. To integrate (39) we put 


and then ( satisfies the equation 


I xrfdx^i^ 

diVT f) 


m 


cr 

l+<r* 


where f ' mean iif/dCr, The complete primitive can be shown to be 

{ isL to li+g" 

where C, a and a' are arbitrary constants. On eliminating ( by means of the relation (40) 
We see that the equation of the bounding curve must have the form 




,.(«) 


The constants n ai express the height of the h^hest point of the curve, and the depth 
its lowest point,^ measuMd from the centroid. 
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Unless the bounding curve of the section has one of the forms included in equation (41) 
the stress is not correctly given by (38). It may be observed that, if the section is 
symmetrical with respect to the axis of y, so that a'=a, the equation (41) is of the 
form (^/6)i/<^+a?*/a*«:l. We saw in Article 231 (/) that the problem of flexure could be 
solved for this section, and the curve was traced in Fig. 26 for the case where and 
a=2A 


(d) We may observe that in the case of the elliptic (or circular) boundary this method 
would make the lines of shearing stress ellipses, having their axes in the same directions as 
those of the bounding curve and touching this curve at the highest and lowest points. 
Fig. 30 shows that the correct curves are flatter than these ellipses in the neighbourhood 
of these points. In regard to the obliquity of the strained cross-sections, the method would 
give for the value 8 W (1 +(r)/3J&7ra6, which is nearly correct when the breadth is small, 
or b is small compared with a, but is too small by about 5 per cent, in the case of the circle, 
and by nearly 20 per cent, when b is large compared with a. 

(e) The existence of a term of the form in the expression for the deflexioip 
[Article 232 ((f)] has been recognized by writers of technical treatises. The term wa& 
named by Rankine (loc. cit) “the additional deflexion due to shearing.” In view of the 
discussion at the end of Article 230 concerning the meaning of the constant jS, the name 
seems not to be a good one. 


(/) The theorem of Article 120 is sometimes used to determine the additional deflexion*. 
The theorem yields the equation 

ijj {J,u+ F,v+Z,w),:.odxdy 

=i/// [W+F.»+^.»-2(r(7.^,+...)}/A’+ W+ F’‘+X,^)l^]cbd3fdz. ...i42) 


When the tractions over the ends are assigned in a special manner in accordance with 
the formulee (1) and (8), so that the displacement is given by (12), the first term of the 
left-hand member of (42) becomes ^ and the second term becomes 

W(x+xy^)IE/}]dj^dy, 

where the expression under the sign of integration is independent of jS. The right-hand 

member of (42) becomes ^W^P/EI+^l/jt'^ jj Y^)dxdyy which also is independent 

of Thus, in this case, equation (42) fails to determine the additional deflexion. When 
the tractions over the ends are not distributed exactly in accordance with (1) and (8), the 
displacement is practically of the form given by (12) in the greater part of the beam, but 
must be subject to local irregularity near the ends. The left-hand member of (42) is 
approximately equal to ^ Wd, where i is the deflexion at the loaded end, and the right- 
hand member is approximately equal to ^WH^IEl; but, for a closer approximation we 
should require a knowledge not only of X, and F, in the greater part of the beam, but also 
of the terminal irregularity. 


* Seee.g. W. J. M. Bankine, lac. cit.f or J. Perry, Applied Mechania (London, 1899), p. 461. 
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THE BENDING OF A BEAM LOADED UNIFORMLY 
ALONG ITS LENGTH 


238. In this Chapter we shall discuss some problems of the equilibrium 
of an isotropic body of cylindrical form, by imposing particular restrictions on 
the character of the stress. Measuring the coordinate z along the length 
of the cylinder, we shall in the first place suppose that the stress is inde- 
pendent of z, then that it is expressed by linear functions of 2 , and finally 
that it is expressed by quadratic functions of 2 . We shall find that the first 
two restrictions lead to solutions which have been obtained in previous 
Chapters*, but that the assumption of quadratic functions of 2 enables us to 
solve the problem of the bending of a beam by a load distributed uniformly 
along its length. 


237. Stress uniform along the beam. 

We take the axis of 2 to be the central-line of the beam, and the axes of 
a; and y to be parallel to the principal axes of the cross-sections at their 
centroids. We suppose that there are no body forces, and that the cylindrical 
bounding surface is free from traction. We investigate those states of stress 
in which the stress-components are independent of 2 . 


.( 1 ) 


The equations of equilibrium take the form 

+ c)j/ 

and the conditions which hold at the cylindrical boundary are 

cos (®, v) J, -t cos (y, v) Xy = 0, cos {x, v) Xy + cos (y, v) Yy = 0, 

cos {X, v) Xi + cos (y, v) Fj = 0. ...(2) 


The conditions of compatibility of strain-components take the forms 


with 



,(3) 

.(4) 


and 


a’cro , _ a’e, 


'7!U 


= 0 . 


3^ 9y“ (Sx'by 

The equations (3) show that e„ is a linear function of x and y, say 


ea~e-KX-Ky, 


,(5) 

.( 6 ) 


where €, /t, k are constants. Whenever this is the case equations (1) and 
conditions (2) lead to the conclusion that Yyy Xy vanish. 

♦ Of. W. Voigt, Gottingen Ahhandlmgen, Bd. 34 (1887). 
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To prove this we observe that, if u', are any functions of x and y, these equations 
and conditions require that 

•(’) 

the integration being taken over the cross-section ; for the left-hand member is at once 
transformable into 

j [{ J, cos (a?, v) + Xy cos (y, v)} v! + {Xy cos (J?, v) + Yy cos (y, v)} f/] ds 

where di is an element of arc of the bounding curve of the cross-section. Now in equation 
(7) put 

(i) we find j jx^dxdy-0^ ' 

(ii) tt'asic*, i/— 0, we find j jxXgdxdy-0, 

(iii) u* a= =» — J we find j j yX^dx = 0 ; 

and in like manner we may prove that 

J ^ Yydxdy^O, j j^xYydxdy^^Oi j ^yYydxdy^O, 

It follows from these results and (6) that 

jjXxe„€lxdyszO^ j j Yye„dxdy^0. 

Again, in equation (7) let u\ v' be the components parallel to the axes of x and y of the 
displacement which corresponds with the stress Xy, then this equation becomes 

j j {X^e„^ Yy€yy+Xye^)dxdy^0, ( 8 ) 

But we have 

- <r (X,+ Yy) + (1 + {(1 - (^X*+ Yy^) - 2(rX* Yy). 

The integral of the term - <r (X^-f- Yy) e„ vanishes, and the quadratic form 

(l-.cr)(X,2+r,*)-2<rX,r, 

is definite and positive, since (r<i; also we have Xye*y*«fi’*^Xy*. Hence the integral of 
the expression X^e^jy is necessarily positive, and equation (8) cannot be 

satisfied unless X^, Yy, Xy vanish identically. 


It follows that we must have 

^awn ** ^yy ** 


Pay* 

where is given by (6) ; and then equation (5) is satisfied identically. 

The remaining equations and conditions are the third of the equations (1), 
the third of the conditions (2), equations (4), and the relations 

From these we fin^ as in Article 229, that the most general forms j 
for Byz ftre 
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where t is a constant of integration, and <f) is the torsion function for the 
cross-section (Article 216). 

The strain is expressed by equations (6), (9), (10), and it follows that the 
most general state of strain which is consistent with the conditions (i) that 
the stress is uniform along the beam, (ii) that no forces are applied to the 
beam except at the ends, consists of the strain associated with simple 
longitudinal tension (cf. Article 69), two simple flexures involving curvatures 
K and K in the planes of (a?, z) and (y, z) [cf. Article 87], and torsion r as in 
Chapter XIV. 

The theorem proved in this Article for isotropic solids, viz., that, if e„ is linear in x and 
y, and if there are no body forces and no surface tractions on the cylindrical boundary, the 
stress-components Jf*, Fy, Xy must vanish, is true also for seolotropic materials, provided 
that the plane of (a:, y) is a plane of symmetry*. 


238. Stress varying unifonnly along the beam. 

We take the axes of Xy y, z in the same way as before, and retain the 
suppositions that there are no body forces and that the cylindrical bounding 
surface of the beam is free from traction ; and we investigate those states 
of stress in which the stress-components, and strain-components, are linear 
1 functions z. We write the stress-components and strain-components in 
1 such forma as 

e*, = e^^^z + (11) 

I The equations of equilibrium take such forms as 


\ 0a? 0y / 


0X 


= 0, 


.(12) 


0y / dx 0y 
I and the conditions at the cylindrical boundary take such forms as 
2 (cos {Xy v) -b cos (y, v) + cos (a?, v) -f cos (y, v) = 0. ..(13) 
I The conditions of compatibility of strain-components are 


9 , X 

0aj* 0aj* 


dx 


:0, 


g ■ 4 . — 

df ^ dy* 




‘ 0 , 


Ivith 


' dxdy dxdy dx dy 


^...(14) 


. i 

'0ai\ 00! 


dy 


'j^d'xV'dx dy r 




dx ^ 


Imd 


. i 4. 1 _ 2 ^ 

'0yV 0® dy j^dy\dx dy 


(15) 


dx 


0y 


/0*e 




~dxdyr 9®* ^ 9y dxdy ^ 


0y* dxdy i 
J. BoQSsinetq, J. di Math, (Li<mville)y (S4r. 2), t, 16 (1871). 
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In all these equations the terms containing z and the terms independent of z 
must vanish separately. The relations between components of stress and 
components of strain take such forms as 

in which the terms that contain 2 , and those which are independent of z, on 
the two sides of the equations must be equated severally. 

Selecting first the terms in 2 , we observe that all the letters with index (1) 
satisfy the same equations as are satisfied by the same letters in Article 237, 
and it follows that we may put 



in which € 1 , /c/, r, are constants, and ^ is the torsion function for the cross- 

section. 


Again, selecting the terms independent of z, we find from the first two of 
equations (12) 


'x, v) + cos (y, j - X (cos (*, i>) Jy®* + cos (y, p) Fj,*'} ds, 


which vanishes by the first two of equations (13). Also we have by (17) 

II - y J/'l dxdy = /tr, JJja? + / + - y^j dxdy, 

where the integral on the right is the coefficient of /* in the expression for the 
torsional rigidity of the beam. It follows that t, must vanish, and hence that 
and vanish. 


This conclusion is otherwise evident; for if ti did not vanish we should have twiiito 
variable amouiit tj« maintained by tractions at the ends. The torsional couples at differeiij 
sections could not then balance. 


By selecting the terms independent of z in the third of equations (12) aii(| 
conditions (13) we find the differential equation 

oy 

and the boundary-condition 

cos {w, v) -f Yz^'^ cos (y, i^) * 0, 
which are inconsistent unless 

IjZz^^dzdi/mO, 

Since Zg ^^^ « (€i - «ia? - «/y), this equation requires Zi to vanish. 
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We may now rewrite equations (17) in the form 

Since and vanish, we find, by selecting the terms independent 
z in the first two of equations (12) and conditions (13), that X/\ F,*', Jyi'i 
nish and that is a linear function of x and y. We may therefore put 

eo“" = fo - e*y*» = 0, (19) 

here e,, *o. * 0 ' are constants. Equation (16) is satisfied identically. 

Further, by selecting the terms independent of z in the third of equations 
2), and the third of conditions (13), and in equations (15), we find, as in 
rticles 229 and 234 (a), that and ey/' must have the forms 

(Is ^ 2/ j -1 *1 j^- + (2 + (t) ®y| , 

HI = T. 4. r. 4. rO 4 . /rt .rwl 4. v/fe X 1 ^,/i X H _ l-.\ »lll ' 


+ *> + (2 + ‘r) iryj + + 1 (ryH ( 1 - i«r)4^| , 

here x X flexure functions for the cross-section, corresponding 

ith bending in the planes of (^, z) and (y, z\ and To is a constant. 

Wc liave shown that, in the body with a cylindrical boundary, the most general state 
' stress consistent with the conditions that no forces are applied except at the ends, and 
lat the stress* components are linear functions of 2, has the properties (i) that Xg and T, 
re iiuieiiondent of 2, (ii) that Xx, Yyi Xy vanish. Thus the only stress-component that 
epcnds upon z is Z, w’hich is a linear function of z. Conversely, if there are no body forces 
ikI A'jr, Yy, Xy all vanish, the equations of equilibrium become 

f =0. 

dz cz v)/ a 

iti'l it follows from these that X, and Y, are indejiendent of z and that Zg is a linear func- 
iuii of z. Thus the condition that the stress varies uniformly along the beam is the same 
ja^ilip conditions that A,, Ay vanish* 

'he most general state of strain which is consistent with the conditions 
that the stress varies uniformly along the beam, (ii) that no forces are 
)lied U> the beam except at the ends, consists of extension due to terminal 
ctive load, bending by transverse forces, and by couples, applied at the 
fuinal sections, and torsion produced by couples applied to the same 
;hons about axes coinciding with the central-line. The resultant force 
any section has comjxinents parallel to the axes of Xy y, z which are 
iial to 

-jfeV/c,, j&€o» 

7 = and and the resultant couple at any 

has components about axes parallel to the axes of x, y which are 

Mto 

— ET {k^ + iCiz\ El {kq'Y Kiz)y 

[ I'or the imporUnoe of these resoHs in connexion with the historical development of the 
) ^ Introdnotion, p. 21. 
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and a component about the axis of x which is equid to 

MT.jJ (a? ^ -y dady 

+ I a; ^ - y + (2 + ^) «*y - (1 - iff) y*| d®dy 

+ AMCi'jJ I « ^ - y ^ - (2 + iff) ajy* + (1 - fj-) a!*| dady. 

The solutions of the problems thus presented have been discussed in previous 
Chapters. 

239. Uniformly loaded beam. Reduction of the problem to otie of 
plane strain*. 

Taking the axes in the same way as before, we shall now suppose that all 
the components of stress and strain are expressed by quadratic functions of z 
so that for example 

Z* = + Xj»z + e** » + e«n'x +e„'“' (21) 


We shall suppose also that there is body force, specified by components X, Pj 
parallel to the axes of x, y, and surface traction on the cylindrical boundary 
specified similarly by X„ F„, these quantities being independent of z. Thei 
in the equations of equilibrium, the boundary-conditions, the equations o 
compatibility of strain-components, and the stress-strain relations, the termi 
of the second, first and zero degrees in z may be taken separately. 

Selecting first the terms that contain z\ we find, exactly as in Article 29 
that we may put i 

So** = tj — K^x — Ki y, 


(H 






.( 22 ) 


where e,, k ^, t , are constants, and ^ is the torsion function for the sectioi 

Again, selecting the terms that contain z, we may show that r, and e, muj 
vanish, and that we may put 


tx-K^-K^y, 






■ 0 , 


- T, - y) -f. 2<f, {tn? -K1 - j<r) y»| ^ 2*,' |^ + (2 + ff) , 
* ■Tj (^ + ®) + 2*1 ■ ^ + (2 + w) «y ■ -t- 2*,' -I- jrffy* + (1 - fr) as* 


Ths IIm «7 U doe to J. H Miehdl, Quart. J. o/ jKotk., voL 89 (1901). 
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where ei, */, Ti are constants, and and x' ore the two flexure functions 
I for the section. 

For the determination of ... we have the equations of equilibrium 

az,*" . az„<»' 

dx 


Sy +X/^+pX^0. 


aZu*®* ^ ar„'« 


+ F,<« +pr»o, 
+ =0, 


.(24) 


dx ' dy 

az,(») . ar/' 

dx ^ dy 
ind the boundary-conditions 

Za® cos {x, v) + Z,,«» cos (y, I/) - Z, = 0, 

Zy"* cos (x, v) + Fy'®> cos {y, i/) — F, = 0, j- (25) 

Z,'“> cos {x, v) + F,'®> cos {y, v) = 0. 

The third of equations (24) and of conditions (26) are incompatible unless the 
constant Ci of (23) vanishes. 

Further we have Sx*’®*, ... and Z**®>, ... connected by the ordinary stress- 
itrain relations, and we have the equations of compatibility of strain-components 
io the forms 

+ 2<r(w,»-l-w,'y)=-5l^ 


a®’ 


(01 


(ith 


gyT +2<r {KtX^rK^y) - 

dxdy 


dx '' 

ay ’ 


.(26) 


30 

dx 


30> 

dy 



30\ 

, a® 

3y ) 


dx 


3*««"* . 3>e„„'®> 




.(27) 


(28) 


3y* da^ dxdy 

I Equations (26) give us the form of s»'®’, viz., 

««*•' “So — *0® - *»'y + 2*, (x + «y*) + 2(f» (x + ®*y) + ; • . (29) 

'i, by a similar process to that in Article 238, we And 

[“ " ’"• (I? ■ 2^) ^ ^ ^ ’ 

«#, *«, T, are constants, and ^,x^x ^ functions previously 

henoted. 


(30) 
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from the first two of (24), the first 
relations and the equation (28). This 
tion of a problem of plane strain. Ij 


me strain are 


.(31) 






.(32) 

|)ns 

U®' + (X + 2/i)e^<o», 

X 

-Ay 






J/cos (x, v) + Xj,"" cos (y, >»)= [ J, - Xe„^ cos {x, y)],l 
cos {x, v) + Yy cos {y, v) = [F, - Xa**®' cos {y, k)]. j 
The expressions in square brackets in (32) and (34) may be regarded 
known. 


The theoiy here explained admits of extension to any case in which the forces applied 
the beam along its length have longitudinal components as well as transverse componen 
provided that all these components are independent of z*. This restriction may 
removed, and the theory extended further to any case in which all the forces applied 
the beam along its length are represented by rational integral functions of zi. 


240. The constants of the solution. 

Let Wy W* denote the components parallel to the axes of x and y of tl 
uniform load, so that we have 

W=JlpXdxdy + jx,dS 

with a similar formula for If'. From equations (32) and (34) we find 

If* -Jjx.o’dxdy, Y^o'dxdy (35) 

Now we may write down the equations , 

-jx {X, cos (<c, v) + F, COB (y, i»)} ds + jjx 
= -X/(*, + 2«*j), 

with similar equations T,dxdy. Hence we find 

iEIny^W, 2X/'*.'=F'. .(36)1 

Thus the constants «j, are determined in terms of the load per unit| 
length. 

* J. H. Miohell, loe, eit, p. 354. 
t £. Almansi, Boma, Aec, Line, Rend, {Bet, 6), 1. 10 (1901). 
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If the body forces and the surface tractions on the cylindrical bounding 
surface give rise to a couple about the axis of the moment of this 
couple is 

IJp (xY — yX) dxdy -h j(^F^ - yX^ ds, 
jand from equations (32) and (34) we find that this expression is equal to 

— — yXz^^^] dxdy. 

On substituting for Xg^^^ and for and using the expressions 
given in (23) for and we have an equation to determine Ti. When 
no twisting couple is applied along the length of the beam, and the section is 
symmetrical with respect to the axes of x and y, Ti vanishes. 

The constants iCg* 'f’l depend, therefore, on the force- and couple- 
Iresultants of the load per unit of length. The terms of the solution which 
contain the remaining constants e©, #Co, tci, ic/, To are the same as the terms 
of the complete solution of the problem of Article 238. These constants 
jepend therefore on the force- and couple-resultants of the tractions applied 
the terminal sections of the beam. Since the terms containing Ti 
^ lone would involve the existence of tractions on the normal sections, the 
ce- and couple-resultants on a terminal section must be expressed by adding 
[he contributions due to the terms in 4Ca» ^ 2 '* Ti to the contributions evaluated 
ithe end of Article 238. The remaining constants Co, ... are then expressed 
1 terms of the load per unit of length and the terminal forces and couples. 
When the functions x* X known and the problem of plane strain is 
Ived, we know the state of stress and strain in the beam bent by uniform 
d, distributed in any assigned way, and by terminal forces and couples. As 
1 Chapters XIV and XV, the terminal forces and couples may be of any 
ffiipied amounts, but the tractions of which they are the statical equivalents 
lust be distributed in certain definite ways. 

241. Strain and stress in the elements of the beam. 

Three of the components of strain are determined without solving the 
joblem of plane strain. These are We have 

|«zz = eo - (mc^ + -f x^z*) x - (xo' -h XyZ -f k^z^) y 4- 2k^ (x + xy^) 

|ta= (to + T,«) “ y) + (*> + 2*,?) |gj'+ + (1 - i<r) 

+ (*,' + 2Kt'z) + (2 + «•) *y| . • 

IV* (t, + T,*) +(«i + 2«,*) 11^ + (2 + *■) 

+ (*,' + 2k,' z) 1^' + (1 - J<r) iayj . 
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The constant e, is the extension of the oentral-line. We shall see piesentl 
that, in general, it is not proportional to the resultant longitudinal tension 
The constants To and Ti are interpreted by the observation that r, + t,x is thi 
twist of the beam. 

To interpret the constants denoted by /c,, . .., we observe that the curvatun 
of the central-line in the plane of («, z) is the value of when a; y a 0 
Now we have 
^ 

dx* dz dx 

« («o KxZ + «,i*) - T,y -I- (a!“ - y*) 2t€t'<rxy, (38) 

and therefore the curvature in question is /ic« + s + In like manner w( 
should find that the curvature of the central-line in the plane of (y, s)^ esti 
mated as the value of 3*»/3x* when a: = y = 0, is -f «,'x -f 

The presence of the terms 

6, -H 2*, (x + xy*) + 2 k,' (x + ir*y) + 

in the expression for e„ shows that the simple relation of the extension of th^ 
longitudinal filaments to the curvature of the central-line, which we notice 
in the case of bending by terminal forces [Article 232 (6)], does not hold i| 
the present problem. 

Of the stress-components two only, X, and Y,, are determined withou 
solving the problem of plane strain. The resultants of these for a cross-sectioi 
are respectively — El (#Ci + 2ic,x) and — El' («,' -t- 2k^z). The distributio 
over the cross-section of the tangential tractions X, and Y, which are staticallj 
equivalent to these resultants is the same as in Saint-Yenant’s solutioil 
(Chapter XY). When there is a twist tiZ, the tractions X, and Y, whia 
accompany the twist are distributed over the cross-sections in the same 
as in the torsion problem (Chapter XIY). 

The stress-component Z, is not equal to Ezu because the stress-componen 
X,, Yy are not zero, but the force- and couple-resultants of the tractions ^ 
on the elements of a cross-section can be expressed in terms of the const 
of the solution without solving the problem of plane strain. The resultant] 
the tractions Z, is the resultant longitudinal tension. The moments of 
tractions Z, about axes drawn through the centroid of a cross-section par 
to the axes of y and x cure the components about these axes of the 6endtj 
moment at the section. 

To express the resultant longitudinal tension we observe that 

j I^Zgdxdy « j jZg^dxdy ■ jj [Ee„*^ + <r (X«® + Yy**)] dxdy. 

Now we may write down the equations 

ljx.o . //jl (»X,-) + 1 (.X,-) - . ^ 

» jx {X** cos (*, v) + Xy*> eo$(y, p)}d»+ Jjx (X,<** + pX) < 
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The integral j J dadj/ may be transformed in the same way, and hence we 

find the formula 

JJz, dxdy » jj (X,o» + pX) + ay (F/’ 4 pY)] dxdy 

+ <rj (xX, + yY,)d8 (39) 

Since the resultant longitudinal tension is the same at all sections, and is 
equal to the prescribed terminal tension, this equation determines the 
constant e,. 


To express the bending moments, let M be the 
|plane of (x, z). Then 


M = 


— JJ xZtdxdy, 


therefore we have 


bending moment in the 


(40) 


^ :-JJx + 2zX,<*>) dxdy = El (*, + 2zk^). 

pis equation shows that M is expressible in the form 

M = El («o -r *iX + «jX*) + const (41) 

1 like manner we may show that the bending moment in the plane of (y, z) 
)i expressible in the form 

El' (*o' + KyZ 4- «j'x’) + const. 

shall show immediately how the constants may be determined. 


42. Relation between the oorvature and the bending moment. 

Ve shall consider the case in which one end x = 0 is held fixed, the other 
: X =x i is free from traction, and the load is statically equivalent to a force 
per unit of length acting at the centroid of the cross-section in the direc- 
I of the axis of x*. The bending moment M is given by the equation 


M~\W(l-zf, (42) 

: the comparison of this equation with (41) gives the equations 

x^^-Wl/EI, k^ = \WIEL (43) 


ve observe that, if the constant added to the right-hand member of (41) 
zero, the relation between the bending moment and the curvature 
luld be the same as in unitonn bending by terminal couples and in bending 

' the impoiteat oaM of a beam eapported at the ends, and oanyiog a load W per unit of 
t, eaa be treated Iqr eomponndiog the eolation for a beam with one end flee, beat bjr dm 
I load, with that lot a beam bent ^ a terminal tranevene load equal to 
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by terminal load. The constant in question does not in general vanish. Tc 
determine it we observe that the value of if at 0 is 

— jja: + <r + F,,'®*)] dicdy, 

and therefore 

M - EI{Kn + KiZ + =jj~x[E (c»*®' + Kox) + O' (Xa'®> + Fj,<®*)] daidy. 

( 44 ) 

Now we may write down the equations 

JJ x(Xx^^^ + Ty^^^)dxdy 

“ / f[4 + 1 

= j[i(a^-f)X, + a;!fY,]ds + jjnix^ - f)(pX + +xyipY+Y,<^>)]dxdy^ 

Hence we have the result 

if — El (^0 + KiZ 4* K^Z^) 

^-jjEx(e,>o^ + KtX) dxdy-ff^l^ia?- y") X, + xyYi]d8 

-<rjj[i(x^- y®) (pX + X*"') + xy(pY+ F*'*')] (45) 

Since if is given by (42) this equation determines the constant «». The righ; 
hand member of (45) is the value of the added constant in the right-han^ 
member of (41 ). 

The result that the bending moment is not proportional to the curvature*, wh< 
load is applied along the beam, may be illustrated by reference to cases in which curvatu 
is produced without any bending moment. One such case is afforded by the results 
Article 87, if we simply interchange the axes of y and z. It then appears that a stn 
system in which all the stress-comjwnents except vanish, while F^ has the form - 
can be maintained by surface tractions of amount Bax cos (y, v) parallel to the axis of . 
These tractions are self-equilibi-ating on every section, and there is no bending momen 
The corresponding displacement is given by the equations 

— ia(<riF®+y* — <r2*), v«aJ?y, wa ~<rcur3, 
so that the central>line (^r^O, yaO) is bent to curvature aa. 

Another case is afforded by the state of stress expressed by the equations 
Xx^Eax^ Fy =« EaXy Xy a — Xay, X, =* F, a J3’, ■* 0, 
which can be maintained by surface tractions of amounts 

Ea {x cos {Xy v) -y cos (y, v)}, Ea {x cos (y, v) -y cos {Xy v)} 
parallel to the axes of x and y. These tractions are self-equilibrating on every sect 

* The result was obtained first by K. Pearson. See Introduction, footnote 92. The forr 
(45) is due to H. Michell, loc, ciL^ p. S54. The amount of the extra curvature in some f 
eases is ealeulated in Article 244. 
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nd there is no bending moment. The corresponding displacement is given by the 
quations 

Ws=a {J(l -flr)a?*~J(3 + o-)y2 + (r32|^ vs=a(l -<r)^y, w=-2a<rar2;, 
od the curvature of the central-line is 2<ra, 

If we consider a slice of the beam between two normal sections as made up of filaments 
^ving a direction transverse to that of the beam, and regard these filaments as bent by 
irces applied at their ends, it is clear that the central-line of the beam must receive a 
irvature, arising from the contractions and extensions of the longitudinal filaments, in 
Lactly the same way as transverse filaments of a beam bent by terminal load receive 
curvature. The tendency to anticlastic curvature which we remarked in the case of a 
jam bent by terminal loads affords an explanation of the production, by distributed 
ads, of some curvature over and above that which is related in the ordinary way to the 
mding moment. This explanation suggests that the effect here discussed is likely to be 
ost important in such structures as suspension bridges, where a load carried along the 
iddle of the roadway is supported by tensions in rods attached at the sides. 

243. Extension of the central-line. 

The fact that the central-line of a l)eam bent by transverse load is, in general, extended 
contracted was noted long ago as a result of experiment* and it is not difficult to see 
forehand that such a result must be true. Consider, for example, the case of a beam 
rectangular section loaded along the top. There must be pressure on any horizontal 
jtion increasing from zero at the lower surface to a finite value at the top. With this 
jssure there must be associated a contraction of the vertical filaments and an extension 
the horizonUl filaments. The value of the extension of the horizontal central-line is 
lermined by means of the formula (39). Since the stress is not expressed completely by 
j vertical pressure, this extension is not exjjressed so simply as the above argument 
ght lead us to infer. 

The result that may be otherwise expressed by .saying that the neutral plane, if 
^re is one, does not contain the central-line. In general the locus of the points at which 
vanishes, or there is no longitudinal extension, might be called the “neutral-surface.” 
it is plane it is the neutral plane, 

244. lUustrations of the theory. 

{(/) Form of the solution of the ‘problem of plane strain. When the body force is 
weight of the beam, and there arc no surface tractions, we may make some progress 
h the solution of the problem of plane strain (Article 239) without finding x- In this 
e, jmtting r=0, we see that the solution of the stress-equations (32) can be 

the form 

Xf = - oo.r — 2ic.)U fv -f- Irrx^ -4- 1 1 - 4cr) X' 


r 


()*» 


r%> J-H ^ 




re Q must be adjusted so that the equation of compatibility (28) is satisf ed. We i 
w that this equation leads to the following equation for Q : 

mm A fa , \ „ 


take the particular solution 

W) 




n _ 


f D 4. AA /1C. 
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we find for a set of values involving surface traction, and an addiiional sti^ 
system must be superposed so as to annul this surface traction without involving any bod 
force; in other words a complementary solution of must be added to the value < 

Q given in (48), and this solution must be adjusted so that the boundary-conditions aa 
satisfied. 

(6) Solution of tho problem of plane strain for a beam of circular section bent by % 
own weight When the boundary is a circle we have 

x« -(j+io-) (a:®- a*y*) ; (49) 

and the surface values of the stress-components given by (46), when Q is given by (48), ca 
be simplified by observing that, in accordance with (36), gp « fiK^a^ (1 + cr). It will be foui] 
that these values are given by the equations 

^»'“M«»^^(5**+3»y*)-X«„(»)+/i»8(l+j<r)a»*+i/t(rKs(*»-3ay*), ). )j50) 

2 + 0* 

The surface tractions arising from the terms in pK 2 can be annulled by superpositi 
the stress-system* 

(51) 

The surface tractions arising from the terms in fuc^a^s can be annulled by superposing 1 
stress-system 

XJ ■« 0, jy «* — pM2 ( 1 + jo*) a^Xj JTyi®) w 0 (52) 

The surface tractions arising from the terms in fitrK 2 can be annulled by sup 

posing the stress-system 

I'y *fi<rit 22 r( -^ 2 ?« + Jy* + jo*), 

lyo) « poKip { - j^ + 2*Sr (y* “ «*)} (53) I 

The stress-components Xg, F/, X/*) are therefore determined, and thus the problem | 
plane strain is solved for a circular boundary. 

I find the following expressions for the stress-components in a circular cylinder bent | 
its own weight ; 

[(6+ar)(a*-x«)-3 (1 - 2a)y»], [3 (1 +ar) (a»-y«) - (1 - S<r)^].| 

[(1 - 2«^) («’ - - a a + S'- ) **1 

F, «^ («! + 2 icj 2 ) [ - (i + Jo*) (o* - a:*) + ( j - Jir) y*], F, * (jtt + 2«8r) ( J + <r) xy, 

~ ^^(ifo-f itir+* 22 *) 2 ?-/*ic 2 ^[J (9+ 13ir+4o**) a* - (1 + Jor) (j:*+y*)]. 

The constant «C| is given by the equation 

sj*yp/f*o*{l+ir). 

When the beam, of length f, is fixed horisontally at x~0, and the end z»l is unloaded 
«, — 2«,/, 

• Soma of the oointioas of the problem of plute atrein in n oireolHr ejrlinte which »te wqi 
hen wan given in Artiole 166 . 
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When the beam, of length is supported at the ends d and £» ~ these ends being at 
I the same level, 

j7+12<r-f 4 (t 


0, Ko«-iC2|^i 




■) .* 


An independent calculation of the displacement kindly sent to me by Mr G, C. 
Calliphronas confirms these results. 

(c) Correction of the cwrvatwre in tide cate. In the case of a beam of circular 

I section bent by its own weight we may show that fo=0, or the central-line is unextended, 
and that 

2^P^/i 7+12(r+4(T2a8\ 

^^(,^-- 6 ( 1 +-.)^ p) 

I lf the curvature were calculated from the bending moment by the ordinary rule the second 
term in the bracket would be absent. Thus the correction to the curvature arising from 
the distribution of the load is small of the order 

riinear dimension of cross-sectionl^ 




■J- 


length of beam 

,i consideration of the form of (45) would show that this result holds in general for a beam 
bent by its own weight*. 

(fl?) Narrow rectangular beam loaded along the top. 

The theory may be illustrated further by the case of a beam of rectangular section 
d small breadth loaded uniformly along its upper surface t. We shall treat the problem 
one of generalized plane stress}, and we shall neglect the weight of the beam. Let 2a 
the depth of the beam, 26 the breadth, and I the length. Take the axis of z along the 
izontal central-line, and the axis of x vertically downwards at the fixed end, 3«0. Let 
denote the load per unit of length. The average stress-components can be 

ipressed in tbe forms 

W 


E{K\Z'^K2Z^)Xy\ 


.(55) 


^\E[a^-S?) («! + 2iC23), 
re, in order to satisfy equation (42), we must have 

***8JS:a»6’ ***“‘4£:a«6* %Ea^h 
The curvature of the central-line can be shown to be 
J - (2 -f* (r) «£«* + *f 1 




,.(56) 


is equal to 




terra containing (}+ <r) a* gives the correction of the curvature that would be calculated 
tbe ordinary rule, 

i ' Solutioni of the problem of the bending of a oiroular or elliptic cylinder by loads distributed 
^rtain special ways have been given by Pearson, Quart, J, of Math.^ vol. 24 (1889), and 
on and Filon, Quart, J, of Math,y voL 81 (1900). 

I ^ Another extreme case of rectangular section, vis,, that where tbe beam is of small depth, is 
as an example of the theory of plates by C. A, Garabedian, Parity C, B., 1. 179 (1924), 
5(il 

The problem has been discussed by J, H. Miohdl, Quart. J, of MatK 81 (1900), and 
[by L. N, Q, Filon, Phik Tram, Jtoy, Soe, (Scr. A), vol. 201 (1908), and Lcwdoii, Soy. Soe. 
^^01.72(1904). . 
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can 


as the extension of the beam when free at the ends, supported along the base, and 

tion 




line is nearly equal to }(r(i’/(l- 2 f. The result that the neutral surface is on the side of 


M 

that due to a 


If we superpose on the stress-system found in (55) 
at the end 2 * 1 , we shall obtain the solution for a narrow lect- 
load W per unit of length and supported at both ends, 
is given, in accordance with the results of ArticleiOS, by 


r 0 7 ^^11 \ Y 2^ 


- I 

0 ur 

^1— 


* See a paper by E. G, Coker, EdMurgh, Boy. Soc. Trant., yoI, 41 (1904), p. 229. 


CHAPTEE XVII 

THE THEORY OP CONTINUOUS BEAMS 

245. Extension of the theory of the bending of beams. 

In previous Chapters we have discussed certain exact solutions of the 
problem of the bending of beams by loads which are applied in special ways. 
In the problem of the beam bent by a load concentrated at one end (Chapter XV) 
we found that the “Bernoulli-Eulerian” theorem of the proportionality of the 
curvature to the bending moment is verified. In the problem of the beam 
bent by a load distributed uniformly along its length (Chapter XVI) we found 
that this theorem is not verified, but that, over and above the curvature that 
would present itself if this theorem were true, there is an additional constant 
curvature, the amount of which depends upon the distribution over the cross- 
section of the forces constituting the load. We appear to be justified in 
concluding from these results that, in a beam slightly bent by any forces, the 
law of proportionality of the bending moment to the curvature is sufficiently 
exact at sections which are at a considerable distance from any place of loading 
or of support, but that, in the neighbourhood of such a place, there may be an 
additional local curvature. We endeavoured to trace the circumstances in 
which the additional curvature can become very important, and we solved 
some problems in which we found it to be unimportant. From the results 
that we obtained we appear to be justified in concluding that, in roost 
practical problems relating to long beams, the additional curvature is not of 
very much importance. 

The state of stress and strain that is produced in the interior of a beam, 
slightly bent by any forces, may be taken to be given with sufficient 
approximation by Saint- Venant’s solution (Chapter XV) at all points which 
are at a considerable distance from any place of loading or of support* ; and 
again, at a place near the middle of a considerable length over which the 
load is distributed uniformly or nearly uniformly, they may be taken to be 
given with sufficient approximation by Michell’s solution (Chapter XVI). 
But we have not so detailed information in regard to the state of stress or 
strain near to a place of concentrated load or to a place of support. Near to 
such a place the actual distribution of the forces applied to the beam must 
be very influential. Attempts have been made to study the state of strain 
at such places experimentally. In the research of Carus Wilsonf a beam of 

• This view is confirmed by L. Poohhammer’s investigation of the strain in a oiroular oylii^er 
deformed by given forces. See his Vntermhmgen Sber da* OUichgewUht de$ eUutmhm Stabet, 
Kiel, 1879. 

t Phil. Mag. (Ser. 6), vol. 82 (1891). 
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glass of rectangular section, supported symmetrically on two rollers B, 0, was 
bent by means of a third roller A above its middle, and the state of strain in 
the line AD (Fig. 32) was examined by means of polarized light transmitted 
horizontally through the beam. The results of the research were explained 
by Stokes* by the aid of certain empirical assumptions. Stokes pointed out 
that, if the problem is taken to be a two-dimensional one, the pressure W 
at A could be balanced by applying to the side BC of the beam pressures 
distributed according to the law of a simple radial distribution of pressure 


c 

Si 


B 

u 

D 

y 

o 


Fig. 82. ^ 

(Article 149) directed towards A. In like manner the pressures at £ 
and 0, together with radial tension directed from A, and applied along the 
side BC according to the same law as before, would be a system of forces in 
statical equilibrium. By superposing these two systems of forces we obtain 
a system in which the only forces are those actually applied to the beam. 
The state of stress produced by the forces of the first system is that which we 
found in Article 150. The state of stress produced by the forces of the 
second system cannot be determined theoretically, but, at any point of AD, 
it must consist of a certain vertical pressure and a certain horizontal tension. 
Stokes assumed that each of these stress-components varies uniformly along 
the length of AD. The vertical pressure calculated firom the two systems 
vanishes at D, and that calculated from the second system vanishes at A ; 
these conditions together with the knowledge of the resultant, and resultant 
moment about A, of the horizontal tensions, are sufficient, when the above 
assumption is made, to determine the stress at any point of AD. Taking A 
as origin, and AD as axis of y, we find by this method the following values 
for the stress-components at any point of AD : 


u • * w • r 3o\ 6Tf/o 1\ 

horizontal tension, a«, I - - -yj + — - f _ - _j y, 


vertical prewure, — Yy,- 


v \y 




where 6 is the depth of the beam, and 2a is the span BC. The stress is 
equivalent to mean tension unaccompanied by shearing stress at those points 
at which = Yy. In order that these points may be real we must have 
6a/6 > 40/^, or (span/depth) > 4-26 nearly. When this condition is satisfied 


* Stoket’a work la publidud in Canu Wilam’s it ia reprinted in Stokea’a Math, amd 

Kifg. voL 5, p. 288, 
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there are two each points. The positions of these points be detennined 
experimentally, since they are characterized by the absence of any doubly 
refractive property of the glass, and the actual and calculated positions were 
found to agree very closely. 

A general theory of two-dimensional problems of this character has been 
given by L. N. Q. Filon*. Among the problems solved by him is included that 
of a beam of infinite length to one side of which pressure is applied at one 
point. The components of displacement and of stress were express^ by means 
of definite integrals, and the results are rather difficult to interpret. It is clear 
that, if the solution of this special problem could be obtained in a manageable 
form, the solution of such questions as that discussed by Stokes could be 
obtained by synthesis. Filon concluded from his work that Stokes’s value for 
the horizontal tension requires correction, more especially in the lower half 
of the beam, but that his value for the vertical pressure is a good approxi- 
mation. As regards the question of the relation between the curvature and 
the bending moment, Filon concluded that the Bemoulli-Eulerian theorem is 
approximately verified, but that, in applying it to determine the deflexion 
due to a concentrated load, account ought to be taken of a term of the same 
kind as the so-called “additional deflexion due to shearing” [Article 235 (e)]. 
Consider for example a beam BC supported at both ends and carrying a 
concentrated load W at the middle point A (Fig, 33). Either part, AC or 



Fig. 3.?. 

AB, of the beam might be treated as a cantilever, fixed at A and bent by 
terminal load J W acting upwards at the other end ; but Saint-Venant’s solution 
would not be strictly applicable to the parts AB or AC, for the cross-sections 
are distorted into curved surfaces which would not fit together at A. In 
Saint- Venant’s solution of the cantilever problem the central part of the cross- 
section at A is vertical, and the tangent to the central-line at A makes with 
the horizontal a certain small angle So- [Article 232 (c).] Filon concluded 
from his solution that the deflexion of the centrally loaded beam may be 

* PML Trmu. Boy. See: (Bar. A), toI. 201 (1903). Beferenoe may also be made to a tiieais by 
0. Mbiite, 8w divert eat de Utfieadm det pritmt rectangUt, Bordeatix, 1888. 
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determined approximately by the double cantilever method, provided that the 
central-line at the point of loading A is taken to be bent through a small 
angle, so that AB and AG are inclined upwards at the same small angle to 
the horizontal. He estimated this small angle as about 

The correction of the central deflexion which would be obtained in this way would be 
equivalent, in the case of a narrow rectangular beam, to increasing it by the fraction 
46flP/16P of itself, where ^is the length of the span, and d is the depth of the beam. The 
correction is therefoi'e not very important in a long beam. 

It must be understood that the theory here cited does not state that the central-line is 
bent through a small angle at the point immediately under the concentrated load. The 
exact expression for the displacement shows in fact that the direction is continuous at this 
point. What the theory states is that we may make a good approximation to the Reflexion 
by assuming the Bemoulli-Eulerian curvature-theorem — which is not exactly 
at the same time assuming a discontinuity of direction of the central-line— which ipea not 
really occur. 

245 A. Further investigations. \ 

Filon* has verified his theory experimentally by means of polarized light. 

The subject has been investigated in a simpler way by H. Lambt. He treats the 
problem as one of generalized plane stress (Article 94), and considers the case of a series of 
equal loads applied at a series of points, situated at regular intervals along the length of an 
infinite beam. He finds an expression for the deflexion consisting of three terms. The first 
term is identical with the deflexion given by the Bernoulli-Eulerian theory. The additional 
deflexion expressed by the second term is of the order d^la^ as compared with that expressed 
by the first term, d denoting the depth of the beam, and a the distance between consecutive 
load-points ; and this additional deflexion is represented by a zig-zag line whose successive 
straight portions make veiy obtuse angles with one another at the load-points. The third 
term is very small except in the immediate neighbourhood of the load-points, where it has 
the efiect of rounding off the angles of the zig-zag. Lamb concludes that the Bernoulli- 
Eulerian theory is “entitled to considerable respect.” 

The matter has been discussed from a different point of view by J. Dougall|. He 
considers an infinite circular cylinder to which external forces are applied in any manner, 
and finds the solution for concentrated force at any point, either within the cylinder or on 
the surface. He shows that the particular solutions of which this general solution is 
composed fall into two distinct classes. The first class consists of Saint- Venant’s six 
solutions answering to simple extension, bending by terminal couples, torsion, and bending 
by terminal transverse load, along with displacements possible in a rigid body. The 
solutions of the second class are defined in terms of haimonic functions of the type 

{firja) cos — 

where a b the radius of the cylinder, r, z are cylindrical coordinates referred to the axis 
of the cylinder as axis of z, 0 is a root of a certain transcendental equation independent of 
a, n is an integer, and the symbol of a BesseFs function of order n. The modes of 
equilibrium expressed by the solutions of the first class are described as “permanent free 
modes,” those expressed by solutions of the second class as “transitory free modes.” The 
distinction between permanent and transitory modes had been arrived at by Dougall in an 

* Phil Mag. (Ser. 6), vol. 23, 1912, p. 63. 

t Atti d. IV eongr, intemazionale d, matematicl t. 3, Borne 1909, p. 12. 

^ Edinburgh^ Roy. Soc. Tranz.t voL 49, 1014, p. 895. 
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investigation concerning the theory of elastic plates, cited in Article 313 infra, and a general 
account of them was given by him in Prac, of the fifth international Congress of Mathema- 
ticians, Cambridge 1913, p. 328. The occurrence of the factor in the solutions expressing 
transitory modes indicates the nature of these modes as local perturbations. (Cf. Article 
226 b supra.) The permanent modes answering to displacements possible in a rigid body 
are required for fitting together the solutions on the two sides of a section to which forces 
are applied. The general conclusion to he drawn from DougaU's work is favourable to the 
Bemoulli-Eulerian theory. Dougall indicates the extension of his methods to cylinders of 
sections other than circular. 

The analysis for a circular cylinder has also been discussed by 0. Tedone, Roma, Acc. 
Line. Rend. (Ser. 5), t. 13 (Sem. 1), 1904, p. 232, and t. 21 (Sem. 1), 1912, p. 384. 


246. The problem of continuous beams*. 


In what follows we shall develop the consequences of assuming the 
Bemoulli-Eulerian curvature-theorem to hold in the case of a long beam, of 
small depth and breadth, resting on two or more supports at the same level, 
and bent by transverse loads distributed in various ways. We shall take the 
beam to be slightly bent in a principal plane. We take an origin anywhere 
in the line of the supports, and draw the axis of o) horizontally to the right 
through the supports, and the axis of y vertically downwards. The curvature 
is expressed with sufficient approximation by (Pyjdai^. The tractions exerted 
across a normal section of the beam, by the parts for which x is greater than 
it is at the section upon the parts for which x is less, are statically equivalent 
to a shearing force N, directed parallel to the axis of y, and a couple G in the 
plane of {x, y). The conditions of rigid-body equilibrium of a short length 
of the beam between two normal sections yield the equation 


dx 




.( 1 ) 


The couple G is taken to be expressed by the equatioj 


G=B 


da?’ 


.( 2 ) 


where B is the product of Young’s modulus for the material and the moment 
of inertia of a normal section about an axis through its centroid at right 
angles to the plane of {x, y)t. The senses of the force and couple, estimated 
as above, are indicated in Fig. 34. Except in estimating B no account is taken 
of the breadth or depth of the beam. 

aN 


N 

"" Fig. 34. 

* The theory was initiated by Navier. See Introduction, p. 22. Special cases have been dis- 
cussed by many writers, among whom we may mention Weyrauch, Aufgdben zur Theorie eUutischer 
K&rper, Leipzig, 1886. 

t B is often called the flexural rigidity.” 
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In the problems that we shall consider the points of support will be taken 
to be at the same level. At these points the condition y = 0 must be satisfied. 
At a fi:*ee end of the beam the conditions N^O, O « 0 must be satisfied. At 
an end which rests freely on a support (or a “ supported ” end) the conditions 
are y « 0, O « 0. At an end which is “built-in*' (encastri) the direction of the 
central-line may be taken to be prescribed*. In the problems that we shall 
solve it will be taken to be horizontal. The displacement y is to be determined 
by equating the flexural couple O at any section, of which the centroid is P, 
to the sum of the moments about P of all the forces which act upon any 
portion of the beam, terminated towards the left at the section f. This method 
yields a differential equation for y, and the constants of integration are to be 
determined by the above special conditions. The expressions for y as a function 
of X are not the same in the two portions of the beam separated by a\ point 
at which there is a concentrated load, or by a point of support, but Wese 
expressions must have the same value at the point; in other wordsi the 
displacement y is continuous in passing through the point. We shall assume 
also that the direction of the central-line, or dyjdx^ is continuous in passing 
through such a point. Elquations (1) and (2) show that the curvature, estimated 
as d^y/doj®, is continuous in passing through the point. The difference of the 
shearing forces N calculated from the displacements on the two sides of the 
point must balance the concentrated load, or the pressure of the support; and 
thus the shearing force, and therefore also cPylda^^ is discontinuous at such a 
point. 


247. Single span. 

We consider first a number of cases in which there are two points of support 
situated at the ends of the beam. In all these cases we denote the length of 
the span between the supports by 1. 

(a) Terminal forces and covples. 

+Y 





Fig. 85. 

Let the beam be subjected to forces F and couples Mo and AT, at the ends 
A and B, The forces F must be equal and opposite, and, when the senses are 

* Snch an end ia often described aa clamped.’* 

t Tbia ia, of courae, the same aa the anm of the momenta, with reversed signs, of all the forces 
which act upon any portion of the beam terminated towards the right at the section. 
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those indicated in Fig. 85, they must be expressible in terms of and 3f«by 
the equation 

The bending moment at any section a; is (i— a;) F+ JIfj, or 
The equation of equilibrium is accordingly 

.n ^ — ^ a; 


Integrating this equation, and determining the constants of integration so 
that y may vanish at a? = 0 and at a7 = we find that the deflexion is given by 
the following equation : 

By = — ^ a? (J - a?) {Mo (2i — a?) + Jtfi (Z + a;)} (3) 

The deflexion given by this equation may be described as “due to the 
couples at the ends of the span.” 

(6) Uniform load. Supported ends. 






Fig. 36. 

Taking w to be the weight per unit of length of the beam, we observe that 
the pressures on the supports are eaoh of them equal to ^wl The moment 
about any point P of the weight of the part BP of the beam is ^w{l-a!y, 
and therefore the beading moment at P. estimated in the sense already ex- 
plained, is the sum of this moment and — ^wl {I — x), or it is 

— ^wa?(Z — a?). 

The equation of equilibrium is accordingly 


B 


dx^ 




Integrating this equation, and determining the constante of mtegration so 
that y may vanish at a> * 0 and at a = i, we find the equation 

By = {I — ® (^ ~ ®)} 

If we refer to the middle point of the span as origin, by putting a = + a', 

we find ^ 

(c) Uniform load. BuilUin ends. 

Th. ~l«to i. t. b. oltorf by .ddi.g K th. to »« (« . iolufo. W 

JfioJfoand r«>0. We have therefore 
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where M is written for or J/j. The terminal conditions give 
and the equation for the deflexion becomes 

or, i*eferred to the middle point of the span as origin of it becomes 
(d) Concentrated load. Supported ends. 




ie 




Fig 37. 


Let a load W be concentrated at a point Q in AB, at which x= We 
shall write f' for i — so that .4Q = f and BQ = ^'. The pressures on the 
supports A and B are equal to W^'/l and W^jl respectively. The bending 
moment at any point in AQ, where f > .t >0, is - W^'x/l; and the bending 
moment at any point in BQ, where l>x>^ is— — x)ll. 


The equations of equilibrium are accordingly 

,fll 

‘dx^ 

cPy 


in AQ B 
inBQ B 


I 


da? 




We integrate these in the forms 

D{y — x tan o) = — J l~^ TTfV, 

B {y-(/-a')tani9j =- -«)■*, 

where tan a and tan y3 are the downward slopes of the central-line at the 
points A and B. The conditions of continuity of y and dyjdx at Q are 
B f tan a - i = Bf tan /3 - i i"' Wf f •, 

B tan a - i /-I Wf f = - B tan ^8 + ^ Wf f =. 

These equations give 

B tan a = H'* (f + 2f ), B tan /9 - ^ Z- W (2f + f ). 

Hence in AQ, where ^>x>0, we have 

= {f(f-»-2r)x-*»! (5) 

and in BQ, where Z > ® we have 

By - i TTf (r (2f -H f ') (Z - ;r) - (Z - s;)*l (6) 

We observe that the deflexion at any point P when the load is at Q is equal to the 
deflexion at Q when the same load is at R 
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The central deflexion due to the weight of the beam, as determined by the solution 
of case {h\ is the same as that due to J of the weight concentrated Jit the 
the span, 

{e) Concentrated load. Built-in ends. 



To the values of By given in (5) and (6) we have to add the value of By given 
in (3), and determine the constants J/^) and by the conditions that dyjdx vanishes 
at and at x^l. We find 

from which 

Hence in where ^>x>0, we have 

and in BQ^ where l>x>(t we have 

By = J ^ (I - xy {3|':r - ^ - X)}. 

We notice that the deflexion at P when the load is at is the same as the deflexion 
at Q w-hen the same load is at P. 

The points of inflexion are given by cr-yldx^=0, and we find that there is an inflexion 

at PiiaAQ where aI^^AQ. ABI{3AQ+BQ). 

In like manner there is nn inflexion at P, in BQ where 

BPi=BQ.ABI(tiB<j+AQ). 

The point where the central-line is horizontal is given by dyl<is=0. ® 

is in AO it must be at a distance from A equal to twice APu and for this to happen 
dy mu^ be >BQ. Conversely, if A(i<Bq, the point is in BQ at a distance from B equal 

to twice BP^. 

The forces F* and F, at the supports are given by the equations 
I'„= F,= . 

248. The theorem of three moments*. 

Let A B. G be three consecutive supports of a continuous beam resting 
on any number of supports at the same level, and let Me denote the 

. The theorem is due to Clapeyron. See P^s 

given by various writers among v^om may e men i ^ Cambridge 

1886, who treats the case where the supports are rigidity; k. Pei«son, 

Phil. Soe. Proc., vol. 6 (1886), who treats the case of vanabU lightly com- 

Meeunger of Math., vol. iriold^'whkh are not directed at right angles to the 

prwBible. The extension of the theory to lo » 7 immArmann Berlin SitzungsherichU, 

Bd, 44 (1906). and by W. I 4 . Cowley and H. Levy, ZiOitooR, 
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heading moments nt A, B,C. Denote ttod ^ 
the support BbyB,mdBy mtb » amkr nMm &t th others 
pressure on the support B is Bh-fB,. Now B, a determined hy tskiog 



Fig. 39. 


moments about A for the equilibrium of the span AB, and B, is deteriiined 
by taking moments about C for the equilibrium of the span BC. Henci the 
pressure B,, + Bi can be expressed in terms of the bending moments at .4^, C 
when the manner of loading of the spans is known. Again, the deflexion inUhe 
span AB may be obtained by adding the deflexion due to the load on this 
span when its ends are supported to that due to the bending moments at the 
ends. [Article 247 (<*).] The deflexion in the span BC may be determined by 
the same method. The condition of continuity of direction of the central- 
line at B becomes then a relation connecting the bending moments at A, jB, G. 
A similar relation holds for any three consecutive supports. This relation 
is the theorem of three moments. By means of this relation, combined with 
the special conditions which hold at the first and last supports, the bending 
moments at all the supports can be calculated. 


To express this theory analytically, we take the origin anywhere in the 
line of the supports, and draw the axis of ® horizontally to the right, and the 
axis of y vertically downwards. We take the points of support to be at 

^ = o>,h,c The lengths of the spans, b-a,c-b, will be denoted by 

^bC) •••• We investigate a series of cases. 


(o) U niform load. 

Let w be the load per unit of length. The deflexion in AB is given, 
in accordance with the results of Article 247 (a) and (b), by the equation 
By = * w (« - a) (6 - «) {(6 - a)» -I- (iE - o) (6 - *)} 

- ^ (ar — o) (6 — a:) [Ms {h + x — 2a) Mji (26 — x — a)]j{b — o). 

A rimilar equation may be written down for the deflexion in BC. The 
condition that the two values of dyfdx &t x = b are equal is 

-^v)(b-ay+^{2Mj, + M^)(b-a)^.^w(c-by-^(2MB + Mc)(c-b), 

and the equation of three moments is therefore 

hB{.M^-¥2MB) + Ibq {2Mb + ifc) = i w (/.as* + W)- (7) 

To determine the pressure on the support B we form the equidiions of moments for AB 
abotttA.andfor SCabout O’. We have 

“• i ~ + if “0, 

AiIbo — - Mb +Mc^0. 
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These oqiiatioB* give end and the pressure on the support B is A,+ Bt. In tins 
way the pressures on ell the supports may be calculated. 

{b) Bqval tpatu. 

When the s^ are eq^ equation (7) may be written as a linear difference equation 
of the second order m the form 

•ifii - 1 + 4J/„ + ^ j =s ^ 

and the solution is of the form 

+ -da** + 

where J and B are constants, and o and /3 are the roots of the quadratic a-s+4*+l=0. 
or we have 

a=-2+,/3, ^=-2-^3. 

The constants A and £ are to be determined from the values of Jfat the first and last 
supports. 

(c) Uniform load on each span. 

Let w^B denote the load unit of length on the span A B, and wbo that on BC. Then 
we find, in the same way as in case (a), the equation of three moments in the form 

I AS + ^ ifs) + I'SC (Sifs + ^c) = i + i W BC W- 

{d) Concentrated load on one span. 

Let a load W be concentrated at a point Q in BC given by a: = f. The 
deflexion in AB is given, in accordance with the results of Article 247 (a), 
by the equation 

By = — — o) (6 - a;) [ (26 — a; - a) + Mg (b + x — 2a)]l(b — a), 

and that in BQ is given by 

By = i IT [(f - 6) (c - f ) (2c - 6 - f ) (* - 6) - (c - ?) (a; - 6)*]/(c - 6) 

— ^{x-b){c-x) [Mb (2c - ar - 6) + JWc (c + a; - 26)}/(c - 6). 

The condition of continuity of dyjdx at a; = 6 is 

^{MA+2MB){b - a) = i Tr(?-6)(c - f)(2c-6-0/(c - 6) - 1(2#,+ Jlf*,) (c - 6). 
and the equation of three moments for A, B, (7 is therefore 

^ABi.^A + 2Afjj) + + M(^ = TriBe^qc(l + ^<)cI^bc)> (8) 

where I^q and Iqc are the distances of Q from B and C. In like manner 
if D is the next support beyond C, the equation of three moments for 
B, C, D is 

Isc i^B + 2.3fc) + IcD (2ifc + Mo) = Tri5Qi!Qe(l + IbqIIbc)- (9) 

249. Oraphic method of solution, of the problem of continuous 
beams*. 

The equation of equilibrium (2), viz. B ^ = O, is of the same form as the 

equation determining the curve assumed by a loaded string or chain, when 
the load per unit length of the horizontal projection is proportional to - O- 
For, if T denotes the tension of the string, m the load per unit length of the 

* Th* method is due to M4d>r. Bee Introdnotion, footnote M. 
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horizontal projection, and ds the element of arc of the catenary curve, the 
equations of equilibrium, referred to axes drawn in the same way as in 
Article 246, are 


^ ds 


= const. = T 


say, 


d 

ds 



dx ^ 


and these lead, by elimination of T, to the equation 


da? 


-f-m 


0 . 


It follows that the form of the curve assumed by the central- line /of the 
beam in any span is the same as that of a catenary or funicularl curve 
determined by forces proportional to Qthx on any length hx of thelspan, 
provided that the funicular is made to pass through the ends of the \ span. 
The forces QSx are to be directed upwards or downwards according as\ G is 
positive or negative. \ 


The tangents of such a funicular at the ends of a span can be determined 
without finding the funicular, for they depend only on the statical resultant 
and moment of the fictitious forces QSx. To see this we take the ends of the 
span to be iP = 0 and x^l, and integrate the equation (2) in the forms 

and hence we obtain the equation 


' 2 -/, 


0 B 


from which it follows that 


[dxJo Jo IB ^ ’ 


-J (l-x)^dx, 

\dx)i Jo 


^xO 

1b 


dx. 


These values depend only on the resultant and resultant moment of the 
forces GSo?, and therefore the direction of the central-line of the beam at the 
ends of the span would be determined by drawing the funicular, not for the 
forces GS^, but for a statically equivalent system of forces. 

The flexural couple G at any point of a span AB may be found by adding 
the couple calculated from the bending moments at the ends, when there is 
no load on the span, to the couple calculated from the load on the span, 
when the ends are “supported." The bending moment due to the couples 
at the ends of the span is represented graphically by the ordinates of the 
line A'S in Fig. 40, where A A' and BBf represent on any suitable 
scale the bending moments at A and B, The bending moment due to 
uniform load on the span is equal to — ^wx (I — x), as in Article 247 (6), and 
it may be represented by the ordinates of a parabola as in Fig. 41. The 
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bending moment due to a concentrated load is equal to - when 

^>x>0, and to — IT (i — a;) when l>x> in Article 247 (d); and it 



may be represented by the ordinate of a broken line as in Fig. 42. The 
bending moment due to the load on the span may be represented in a general 
way by the ordinate of the thick line in Fig. 43. 



Fig. 42. ^*8’ ^3. 


The fictitious forces Goaj are statically equivalent to the following; — 
(i) a force <f> represented by the area of the triangle AA S, acting upwards 
through that point of trisection </ of AB which is nearer to A, (ii) a force <f)', 
represented by the area of the triangle A'BF, acting upwards through the 
other point of trisection ff' of AB, (iii) a force F, represented by the area 
contained between AB and the thick line in Fig. 43. acting downwards through 
the centroid of this area. We take the line of action of F to meet AB m the 
point G. When the load on the span is uniform, F = and Q is at the 
middle point of AB. When there is an isolated load, F= and 

(? is at a distance from A equal to J (1 + f )• 

The forces F and the points G are known for each span, and the pomts 
g, g' are known also. The forces #, f are unknown, since they are propor- 
tional to the bending moments at the supports, but these foroes ^ 
by certain relationa Let A., A„ ... denote the supports m order let , A* 
denote the equivalent system of forces for the first span A,A,. and so on. 
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Let ifo» Mit if,, ... denote the bending moments at the supports. Then we 
observe, for example, that ^i' : « ifj . : if, . A^A^, and therefore the 

ratio : 0 , is known. Similarly the ratio : <^8 is known, and so on. 

If the forces 0 , as well as JP, were known for any span, we could 
construct a funicular polygon for them of which the extreme sides could be 
made to pass through the ends of the span. Since the direction of the 
central-line of the beam is continuous at the points of support, the extreme 
sides of the funiculars which pass through the common extremity of two 
consecutive spans are in the same straight line. The various funicular 
polygons belonging to the different spans form therefore a single fun^ular 
polygon for the system of forces consisting of all the forces F. 

250. Development of the graphic method. 

The above results enable us to construct the funicular just described, Vtnd 
to determine the forces <f>, or the bending moments at the supports, when Vhe 
bending moments at the first and last supports are given. We consider the 
case where these two bending moments are zero*, or the ends of the beam 
are supported.” We denote the sides of the funicular by 1 , 2 , 3 , ... so that 
the sides 1, 3, 6 , ... pass through the supports Aq, 4,, A 



We consider the triangle formed by the sides 2 , 3, 4. Two of its vertices 
lie on fixed lines, viz. : the verticals through gi and 5 ^,. The third vertex F, 
also lies on a fixed line. For the side 3 could be kept in equilibrium by the 
forces 4>i and ^ and the tensions in the sides 2, 4, and therefore F, is on the 
line of action of the resultant of 4>i and but this line is the vertical 
through the point a,, where ai^,»ili^/and for : ift^—Aigi lAigt* 

Again, the point C, where the side 2 meets the vertical through A, is 

* The sketoh of the giaphic method given in the teit ii not intended to be complete. For 
further detiils the reader is referred to M. Ldvp, toe. dt., p. S78. A paper by Perry and Ayrton 
in Londout Bay* Sac. Proc.^ vol. 89 (1879), may also be eonsulted. The memoir by Oanevassi eited 
in the Introdootion, footnote 99, contains a very Inminoas aoeoant of the theory. 
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determined by the condition that the triangle formed by the sides 1 and 2 
and the line is a triangle of forces for the point of intersection of the 
sides 1 and 2 , and represents the known force Fi on the scale on which 
we represent forces by lines. Since the vertices of the triangle formed by 
the sides 2, 3, 4 lie on three fixed parallel lines, and the sides 2 and 3 pass 
through the fixed points ( 72 and the side 4 passes through a fixed point 
which can be constructed by drawing any two triangles to satisfy the stated 
conditions. 

In the above the point (Tj may be taken arbitrarily, but, when it is chosen, 
A(f}i represents the constant horizontal component of the tension in the sides 
of the funicular on the same scale as that on which A ^€2 represents the 
force 

We may show in the same way that the vertices of the triangle formed 
by the sides 5, 6 , 7 lie on three fixed vertical lines, and that its sides pass 
through three fixed points. The vertical on which the intersection Fg of 
the lines 5 and 7 lies passes through the point ag, where = A^g^ and 
= A^gz- The fixed point C/j, through which the side 5 passes, is on the 
vertical through C 4 , and at such a distance from C 4 that this vertical and the 
sides 4 and 5 make up a triangle of forces for the point of intersection of the 
sides 4 and 5. The line then represents the force F 2 on a certain scale, 
which is not the same as the scale on which A 0 C 2 represents Fi, for the 
horizontal projection of G 2 O 4 represents the constant horizontal component 
tension in the funicular on the scale on which represents i^ 2 . Since (T* 
is known, the ratio of scales in question is determined, and G^ is therefore 
determined. The side 6 passes through the fixed point A 2 , and the fixed 
point Gr through which the side 7 passes can be constructed in the same way 
as C 4 was constructed. 

In this way we construct two series of points Cj, G^, ... Oafc-u ••• 

C 4 , Cy, ... We construct also the series of points «!, Og, ... a^, ... , 

where atgk = ^kgk^i akgk+i = A^gk- By aid of these series of points we 
may construct the required funicular. 

Consider the case of n spans, the end An, as well as Aq, being simply 
supported. The line joining G^n^i to -4 n is the last side (3n-~l) of the 
funicular, since the force (f>n, like <j>i, is zero. The side (3n — 2 ) meets the 
side ( 3 a — 1 ) on the line of action of Fn, and passes through the point 
Let this side (3» - 2 ) meet the vertical through On-i in Fn-i. Then the line 
is the side (3n -- 4). The side (3n -- 3) is determined by joining 
the point where the side ( 3 w — 2 ) meets the vertical through g^ to the point 
where the side (3n - 4) meets the vertical through This side (3w - 8 ) 
necessarily passes through An^i in consequence of the mode of instruction 
of the points a Proceeding in this way we can construct the funicular. 
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When the funicular is constructed we may determine the bending moments 
at the supports by measurement upon the figure. For example, let the side 
4 meet the vertical through Ai in »S,. Then and the sides 3 and 4 make 
up a triangle of forces for the point of intersection of 3 and 4. The horizontal 
projection of either of the sides of this triangle which are not vertical is 
J AiAi. Hence A^Si represents the force (f)^ on the same scale as J 
represents the horizontal tension in the sides of the funicular. Thus AiSJAiAt 
represents the force ^ on a constant scale. But represents the product of 
JIfi and AiAi also on a constant scale. Hence A^Si/AiAi^ represents the 
bending moment at on a constant scale. In like manner, if the side 3^ + 1 
meets the vertical through A^ in the point then Ai8)ijA]cAic+i represents 
the bending moment at A^. 



CHAPTER XVIII 


GENERAL THEORY OF THE BENDING AND TWISTING 
OF THIN RODS 

251. Besides the problem of continuous beams there are many physical 
and technical problems which can be treated as problems concerning long thin 
rods, and, on this understanding, are capable of approximate solution. In this 
Chapter we shall consider the general theory of the behaviour of such bodies, 
reserving the applications of the theory for subsequent Chapters. The special 
circumstance of which the theory must take account is the possibility that 
the relative displacements of the parts of a long thin rod may be by no means 
small, and yet the strains which occur in any part of the rod may be small 
enough to satisfy the requirements of the mathematical theory. This possibility 
renders necessary some special kinematical investigations, subsidiary to the 
general analysis of strain considered in Chapter I. 

252. Kinematics of thin rods*. 

In the unstressed state the rod is taken to be cylindrical or prismatic, so 
that homologous lines in different cross-sections are parallel to each other. If 
the rod is simply twisted, without being bent, linear elements of different 
cross-sections which are parallel in the unstressed state become inclined to 
each other. We select one set of linear elements, which in the unstressed 
state are parallel to each other and lie along principal axes of the cross-sections 
at their centroids. Let 8/ be the angle in the strained state between the 
directions of two such elements which lie in cross-sections at a distance Bs 

apart. Then lim Bf/Bs measures the twist. 

< 1=0 

When the rod is bent, the twist cannot be estimated quite so simply. We 
shall suppose that the central-line becomes a tortuous curve of curvature 
lip and measure of tortuosity 1/S. We take a system of fixed axes of x, y, z 
of which the axis of z is parallel to the central-line in the unstressed state, 
and the axes of x, y are parallel in the same state to principal axes of the 
cross-sections at their centroids. Let P be any point of the central-line, and, 
in the unstressed state, let three linear elements of the rod issue from P in 
the directions of the axes of x, y, z. When the rod is deformed these linear 
elements do not in general continue to be at right angles to each other, but 
by means of them we can construct a system of orthogonal axes of x, y, z. 
The origin of this sytem is the displaced position P, of P, the axis of z is the 

* Of. Kelvin and Tait, Nat. Phil., Part I, pp. 94 et uq., and Kirohhoff, J. f. Math. (OrelU), 
Bd. 66 (1869), or Oei. Abhandbtngen (Leipzig 1862), p. 285, or Vortetmtgen Uber math. Pkyrik, 
iKecftaiiit, Vorlesnng 28. 
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tangent at Pi to the strained central-line, and the plane (a?, z) contains the 
linear element which, in the unstressed state, issues from P in the direction 
of the axis of x. The plane of (a?, z) is a “principal plane” of the rod. The 
sense of the axis of x is chosen arbitrarily. The sense of the axis of z is chosen 
to be that in which the arc s of the central-line, measured from some assigned 
point of it, increases; and then the sense of the axis of y is determined by the 
condition that the axes of a?, y, z in this order are a right-handed system. The 
system of axes constructed as above for any point on the strained central-line 
will be called the “principal torsion-flexure axes” of the rod at the point. 


Let JP' be a point of the central-line near to P, and let P/ be the disblaced 
position of P'. The length Ssj of the arc PiP/ of the strained central-line 
may differ slightly from the length ts of PP'. If e is the extension of the 
central-line at Pi we have \ 

lim {hsijhs) = (1 -f- e) 




The extension e may be zero. For any application of the mathematical 
theory of Elasticity to be possible, it must be a small quantity of the order of 
the strains contemplated in the theory. 


Suppose the origin of a frame of three orthogonal axes of x, y, z to move 
along the strained central-line of the rod with unit velocity, and the three 
axes to be directed always along the principal torsion-flexure axes of the tod 
at the origin of the frame. We may resolve the angular velocity with which 
the frame rotates into components directed along the instantaneous positions 
of the axes. We shall denote these components by t. Then k and k are 
the components of curvature of the strained central-line at Pj, and r is the 
twist of the rod at Pj. 


These statements may be regarded as definitions of the twist and com- 
ponents of curvature. It is clear that the new definition of the twist coincides 
with that which was given above in the case of a rod which is not bent, and 
that K, ic are the curvatures, as defined geometrically, of the projections of 
the strained central-line on the planes of (y, z) and (a?, z), and therefore the 
resultant of k and k is a vector directed along the binormal of the stmined 
central-line and equal to the curvature I fp of this curve. 


253. Kinematical formolse. 

We investigate in the first place the relation between the twist of the rod 
and the measure of tortuosity of its strained central-line. Let Z, m, n denote 
the direction-cosines of the binormal of this curve at P, referred to the prin- 
cipal torsion-flexure axes at Pj, and let l\ m\ n' denote the direction-cosines 
of the binormal at P/ referred to the principal torsion-flexure axes at P/. 
Then the limits such as lim (Z' — l)/Bsi we denoted by dl/dsi ^ ... . Again let 
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l + Bl,.,, denote the direction-cosines of the binormal at P,' referred to the 
principal torsion-flexure axes at Pi . We have the formulae* 
lim Sl/Ssi = dl/dSi — mr + «*', 

lim Sm/S.9, = dmldsi — -h Ir, 

ii«,s=0 

lira SnIBsi = dn/dsi — Ik + rriK. 

The measure of tortuosity 1/2 of the strained central-line is given by the 
formula 

1/2* = lim [{Biy + (Sm)* + (Sny]/(S&*,)*, 

and the sign of 2 is determined by choosing the senses in which the principal 
normal, binomial and tangent of the curve are drawn. We suppose the prin- 



Fig. 45. 


cipal normal (marked u in Fig. 45) to be drawn towards the centre of 
curvature, and the tangent to be drawn in the sense in which Si increases, 
and we choose the sense in which the binormal (marked b in the figure) is 
drawn in such a way that the principal normal, the binonnal and the tangent, 
taken in this order, are parallel to the axes of a right-handed system. Now 
we may put 

i*B^p = -.cos/, m-Kp-sinf, n«0, 
where p is the radius of curvature; and then — / is the angle between the 

principal plane (a?, z) of the rod and the principal normal of the strained 
central-line. On substituting in the expression for 1/2*, and making use of 
the above convention, we find the equation 




*( 2 ) 


in which 


tan 


.(3) 


* Cf. E. J.iRouth, Dynamic o/atyiUm of rigid bodiet (London 1884), Pari II, CJhapter 1. 
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The necessity of introducing such an angle as / into the theory was noted 
by Saint- Venant*. The case in which / vanishes or is constant was the only 
one considered by the earlier writers on the subject. The linear elements of 
the deformed rod which issue from the strained central-line in the direction 
of the principal normals of this curve are, in the unstressed state, very nearly 
coincident with a family of lines at right angles to the central-line. If f 
vanishes or is constant these lines are parallel in the unstressed state. We 
may describe a state of the bent and twisted rod in which f vanishes or is con- 
stant as such that the rod, if simply unbent, would be prismatic. When / is 
variable the rod, if simply unbent, would be a twisted prism, and the /twist 
would be dfjds^, I 

With a view to the calculation of k, k\ t we take the axes of a?, y, z at Pi 
to be connected with any system of fixed axes of x, y, z by the ortho^nal 
scheme \ 



X 

y 

Z 

X 


77li 

Wl 

y 

h 


W2 

z 

h 

wig 

^3 


.(4) 


in which, for example, 1^ m,, Ui are the direction-cosines of the axis of a? at Pj 
referred to the fixed axes. We have the nine equations 


dlijdsi ^ 2 *^ ““ ^ 8 ^ > 
dmi/dsi = m^T — 
dwi/cbi = ~ Wg/c', 


dh/dsi = /g^ ~ iiT, dls/dsi 
dni^/dsi mjT, dm^ldsi ^rriiK — m^K, 

dnjdsi = Wg/c — njT, dnjdsi = nj /c' - J 



which express the conditions that the axes of x, y, z are fixed, while those of 
X, y.zsxe moving with the angular velocity {k, k\ t)!. From these we obtain 
such equations as 


'dsi 




dnii 

dsi 


dyi2 

dsi * - 


The difierentiations with respect to Si may, since e is small, be replaced by 
differentiations with respect to 5, provided that the left-hand members of the 
equations are multiplied by 1 + e. If k, k\ t are themselves small, and 
quantities of the order e/c are neglected, the factor 1 -f € may be replaced by 
unity. If X, x', r are not regarded as small quantities, a first approximation 
to their values can be obtained by replacing 1 -i- € by unity. To estimate the 

* Pam, C. P., 1. 17 (1843). 
t Of. E. J. Bouth, loe, cit., p. 888. 
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quantities /e, k\ t we may therefore ignore the distinction between dsi and ds 
and write our formulae 


,( 6 ) 





dm2 


d«2 


+ 


ds 

+ n8 

ds 

dk 



dmfi 


dn. 

ds 

+ 

rrii 

ds 

+ Wi 

d^' 




dmi 


dru 

'ds 



ds 

+ W2 



The direction-cosines ii, . . . can be expressed in terms of three angles 6, ^fr, 
as is usual in the theory of the motion of a rigid body. Let 0 be the angle 
which the axis of s at Pj makes with the fixed axis of z, rfr the angle which a 
plane parallel to these axes makes with the fixed plane of (x, z), (f> the angle 
which the principal plane (x, z) of the rod at Pi makes with the plane zP^z. 
Then the direction-cosines in question are expressed by the equations 

^1 = - sin ^ sin 0 + cos cos 0 cos wij = cos ^ sin 0 -f sin yfr cos </> cos - sin ^ cos 

^2 « ~ sin yj/^ cos 0 ~ cos 0 sin 0 cos 7 n 2 = cos 0 cos 0 - sin 0 sin 0 cos W2 = sii^ ^ sin 0, - 

^3=s sin ^ cos 0, m3=sin^sin0, ^3= cos^. 

(7) 

The relations connecting d0/ds, dyfr/ds, d<l>lds with /r, k\ t are obtained at 
once from Fig. 46 by observing that /c, k, r are the projections on the 
principal torsion-flexure axes at Pi of a vector which is equivalent to vectors 
d0/ds, d^jrjdsy d(f)/ds localized in certain lines. The line Pjf in which dO/ds is 



Fig. 46. 
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localized is at right angles to the plane zP^z, and d'^/ds and d^jdz are localized 
in the lines P\Z and PiZ. We have therefore the equations 

dB . d'tjt . a j , dd , d'4r . . 

* = ^ sm ^ sin p cos k = cos ^ sm d sm 


d<f> dyfr - 
‘ j + j cos p. 
ds da 


.( 8 ) 


264. Equations of equilibrium. 

When the rod is deformed the action of the part of it that is on dne side 
of a cross-section upon the part on the other side is expressed, in the usual 
way, by means of tractions estimated per unit of area of the section. IThese 
tractions are statically equivalent to a force acting at the centroid of the 
section and a couple. The axis of z being directed along the tangent w the 
central-line at this centroid, the tractions on the section are denoted by 
Xt, Fj, Zj. The components parallel to the axes of x, y, z of the force- and 
couple-resultants of these tractions are N, N', T and 0, G', H, where 


X>=Jjx,dxdy, X' = ljY,dxdy. T=jjz,dxdy, 

G^j jyZ,dxdy, <?' = //- ^cZ^dxdy, ^ = ||(«F, - yX,) dxdy, 


(9) 


the integrations being taken over the area of the section. The forces N, N' 
are “shearing-forces,” the force T is the “tension,” the couples G, G' are 
“flexural couples,” the couple H is the “torsional couple.” The forces 
N, JSr, T will be called the atreaa-resultants, and the couples G, G', H the 
atress-couples. 

The forces applied to the rod are estimated by means of their force- and 
couple-resultants per unit of length of the central-line, and, in thus estimating 
them, we may disregard the extension of this line. Let the forces applied to 
the portion of the rod between the cross-sections drawn through P, and P,' 
be reduced statically to a force at P, and a couple j_and let the components 
of this force and couple, referred to the principal torsion-flexure axes at P,, 
be denoted by [Z], [F], [Z], and [K], [K'l [0]. When P/ is brought to 
coincidence with Pj all these quantities vanish, but the quotients such as 
[XyBs can have finite limits. Let us write 

Urn [J]/& = X , ... , lim [K]fBa = iT, ... ; 

6#s0 atsQ 

then X, Y, Z axe the components of the force-resultant at P, per unit of 
length of the central-line, and K, K', 0 are the components of the conple- 
resnltani 
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Now the forces applied to the portion of the rod contained between two 
cross-sections balance the resultant and resultant moment of the tractions 
across these sections. Let S denote the excess of the value of any quantity 
belonging to the section through P/ above the value that belongs to the 
section through Pi\ also let x, y, z denote the coordinates of P^ referred to 
fixed axes, and x', z those of any point on the central-line between Pj and 
P/. Using the scheme (4), we can at once write down the equations of equi- 
librium of the portion in such forms as 

8 (JiN -f + I (fo ~ 0, 

and S il^6 + W + kH) + Sy {{n,N + thN' + n,T) + S + n^T)] 

— {(m,i\r + mjf' + TOjjT) + S (WiN + m^N' + mjT)} 

+ J {(y* “ y) + njF + tiiZ) — (z' — z) (nijX + tjijF + TOj^) ds 
+ + i,e)ds=o. 

We divide the left-hand members of these equations by Ss, and pass to a 
limit by diminishing Ss indefinitely. This operation requires the performance 
of certain differentiations. The results of differentiating ... are expressed 
by equations (5), since the extension of the central-line may be disregarded. 
We choose the fixed axes of x, y, z to coincide with the principal torsion- 
flexure axes of the rod at Pj. Then, after the differentiations are performed, 
we may put Zi — l, mi = 0, and so on. The limits of Sa;/Ss, Sy/Ss, Sz/Ss are 
0, 0, 1 . The limits of such quantities as 

(Ss)-^ I (hx ^kY^kZ) ds, (Ssy^ J kK' + hS) ds 

are X, F, Z and K, K\ 0. The limits of such quantities as 

rs-hSs 

(Ss^^J (/ - y) (n^X -f F -f rh^) ds 

are zero. We have, therefore, the following forms for the equations of 
equilibrium*: 

^_jv'T+r/c'+jr=o, 

ds 

-Tk + Xt+Y^O, -OO) 

^-Nk' + N'k + Z^O, 
ds 

The equations were Riven by Clebsoh, ElaHieitdt, § 50, bat they were effeotivdy oontained 
in the work of Kirohhofl, foe. cit, p. 881. 
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In addition to these equations there will in general be certain special 
conditions which hold at the ends of the rod. These may be conditions of 
fixity, or the forces and couples applied at the ends may be given. \ln the 
latter case the terminal values of the stress-resultants and stress-couples are 
prescribed. These special conditions may be used to determine the constants 
that are introduced in the process of integrating the equations of equilibrium. 

255. The ordinary approximate theory. 

The equations of equilibrium contain nine unknown quantities: N, N\ T, 
G, G\ H, Ky Ky T. It is clear that, if three additional equations connecting 
these quantities could be found, there would be sufficient equations to de- 
termine the curvature and twist of the rod and the stress-resultants and 
stress-couples. The ordinary approximate theory — a generalization of the 
“Bemoulli-Eulerian*' theory — consists in assuming that the stress-couples 
are connected with the curvature and twist of the rod by equations of the 
form 

G = AKy (?' == Bk y H ^ Cry (12) 

where Ay B, C are constants depending on the elastic quality of the material 
and the shape and dimensions of the cross-section. The nature of this 
dependence is known from the results obtained in comparatively simple cases. 
For isotropic material we should have 

A==^E(ok*y B^Et0k\ 

where E is Young's modulus for the material, cd is the area of the cross- 
section, and k and K are the radii of gyration of the cross-section about the 
axes of X and y, which are principal axes at its centaroid. In the same case C 
would be the torsional rigidity considered in Chapter XIV. If the cross- 
section of the rod has kinetic symmetiy, so that A— By the flexural couples 
Gy G\ as expressed in the formulae (12), are equivalent to a single couple, of 
which the axis is the binormal of the strained central-line, and the magnitude 
is B/py where p is the radius of curvature of this curve. 

The theory is obviously incomplete until it is shown that the formulae (12) 
are, at least approximately, correct. An investigation of this question, based 
partly on the work of Kirchhoff and Clebsch^, will now be given. 

* See Introduction, pp. 28 and 24. 
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256. Nature of the strain in a bent and twisted rod. 

In KirchhofFs theory of thin rods much importance attaches to certain 
kinematical equations. These equations are not free from difficulty, and the 
following investigation, which is direct if a little tedious, is offered as a sub- 
stitute for the kinematical part of KirchhoflTs theory. We suppose that a thin 
rod is actually bent, so that the central-line has a certain curvature, and 
twisted, so that the ‘‘twist” has a certain value, and we seek to ascertain the 
restrictions, if any, which are thereby imposed upon the strain in the rod. 
For the sake of greater generality we shall suppose also that the central-line 
undergoes a certain small extension. 

Now we can certainly imagine a state of the rod in which the cross-sections 
remain plane, and at right angles to the central-line, and suffer no strain in 
their planes; and we may suppose that each such section is so oriented in 
the normal plane of the strained central-line that the twist, as already defined, 
has the prescribed value. To express this state of the rod we denote by a?, y 
the coordinates of any point Q, lying in the cross-section of which the cen- 
troid is P, referred to the principal axes at P of this cross-section. When 
the section is displaced bodily, as explained above, the point P moves to Pj 
and the coordinates of Pj, referred to any fixed axes, may be taken to be 
x,y, z. The principal axes at P of the cross-section through P are moved into 
the positions of the axes of Xy y at Pj defined in Article 252. The state of 
the rod described above is therefore such that the coordinates, referred to the 
fixed axes, of the point Qi, to which Q is displaced, are 

x + lix-j- kyy y 4- m^x + mgy, z 4- riiO? 
where Zj,... are the direction-cosines defined by the scheme (4). 

Any state of the rod, which involves the right extension and curvature of 
the central-line and the right twist, may be derived from the state just 
described by a displacement which, in the case of a thin rod, must be small, 
for one point in each cross-section and one plane element drawn through each 
tangent of the central-line are not displaced. Let 97 , f be the components 
of this additional displacement for the point Q, referred to the axes of a?, y, z 
at the point Pj. The coordinates, referred to the fixed axes, of the final 
position of Q are 

z + n^{x + ^) + 1h{y + v) + nit 0 ^) 

To estimate the strain in the rod Ave take a point Q' near to Q. In the 
unstrained state Q' will, in general, be in a normal section different from that 
drawn through P. We take it to be in the normal section drawn through F, 
80 that the axe PF* 8 s. We take the coordinates of <jf referred to the 
principal axes at F of the cross-section drawn through F to he w + Sm, y + By. 
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Then Sy, Bs are the projections on the fixed axes of the linear element QQf, 
We take r to be the length of this element, and write 

Bx^lr, By^mr, Bs — nr^ 

so that 7, m, n are the direction-cosines, referred to the fixed axes, of the line 
QQ\ We can write down expressions like those in (13) for the coordinates of 
the final position of Q\ and we can therefore express the length Ti of the line 
joining the final positions of QQ^ in terms of r and I, m, n. Since the direction 
I, m, n is arbitrary, the result gives us the six components of strain. / 

In obtaining the length we must express all the quantities! which 
involve r correctly to the first order, but powers of r above the first may be 
neglected. To obtain the expressions for the coordinates of the final position 
of Q' we note the changes that must be made in the several terms or (13). 
The quantities x, y, z, ... are functions of s only, but the quantities 97 , f 
are functions of x, y, s. We must therefore in (13) replace 

, 3x i. Sz 

X by X -f- ^ y by y + ^ nr, z by z + ^ nr, 


ds 

h by + 


a? by ® + Zr, y by y + mr, 

f by f + |zr + |mr+|nr 

Further the quantities 9x/9s, ... are given by the equations 

and the quantities ... are given by the equations 

^-(l + e)(Z,T-Z, . 

where the coefficients of (1 + e) are the right-hand members of equations (5). 

It follows that the difference of the x-coordinates of the final positions of 
Q and O' is 

r -I- e) Z,n + Zi 1^1 Z + ^ » I -I- (1 e) (Z,T - Z.*') » (® + f) 

+ Z, Z + (n- m -h + (1 + e) _ i,T) » (y -hy) 
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For the differences of the y- and z-coordinates we have similar expressions 
with mi, TO*, TO* and ih, Ji*, n, respectively in place of fj, i*, Since the 
scheme (4) is orthogonal, the result of squaring and adding these ex- 
pressions is 

+ + + f)} j’, ,. .(14) 

and this is We have therefore expressed in the form of a homogeneous 
quadratic function of m, n. 


Now, the strains being small, is nearly equal to r, and we can wu’ite 


= r* (1 -f 2g), 

where e is the extension in the direction Z, m, /i. Further we shall have 


e = Bxxt^ + eyyin^ -f + ^yz^nn + ez^nl 4- e^ylm^ 

where the quantities ... are the six components of strain. The coefficient 
of I in the first line of the expression (14) must be nearly equal to unity, 
and the coefficients of m and n in this line must be nearly zero. Similar 
statements mutatis mutandis hold with regard to the coefficients of Z, m, n in 
the remaining lines. We therefore obtain the following expressions for the 
components of strain : 


and 



_^dv dn) 


.(15) 




^ 


In obtaining the formulae (15) and (16) we have not introduced any 
approximations except such as arise from the consideration that the strains 
are “small,” and, in particular, that e, being the extension of the central-line, 
must be small. But we can see, without introducing any other considerations, 
that the terms of (16), as they stand, are not all of the same order of magni- 
tude. In the first place it is clear that the terms — ry, tx , xy, — k'x must be 
small; in other words, the linear dimensions of the cross-section must be 
small compared with the radius of curvature of the central-line, or with the 
reciprocal of the twist. Such terms as k ’^, tij ,... are small also. We may 
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therefore omit the products of e and these small quantities, and rewrite 
equations (16) in the forms 




M. 

dy 


dri 


+ 'ra! + '^-K^+T^, 


.(17) 


7 )^ 

ez2 = € — KX fcy + 1^ — 4 - icr}. 

Now the position of the origin of x^ y, and that of the principal plane of 
{Xy z\ are unaffected by the displacement (f, S’), and therefore this aijsplace- 

ment is subject to the restrictions: 

(i) Vy ? vanish with x and y for all values of s, 

(ii) drijdx vanishes with x and y for all values of s, ^ 


We conclude that, provided that the strain in the rod is everywhere small, 
the necessary forms of the strain-components are given by equations (15) 
and (17), w'here the functions r), f are subject to the restrictions (i) 
and (ii). 


257. Approximate formulae for the strain. 

We have now to introduce the simplifications which arise from the con- 
sideration that the rod is “thin.** The quantities tj, ^ may be expanded as 
power series in x and y, the coeflScients in the expansions being functions of $; 
and the expansions must be valid for sufiSciently small values of x and y, that 
is to say in a portion of the rod near to the central-line*. There are no 
constant terms in these expansions because 17 , f vanish with x and y. 
Further d^/dx and d^/dy must be small quantities of the order of admissible 
strains, and therefore the coefficients of those terms of f which are linear in 
X and y must be small of this order. It follows that f itself must be small of 
a higher order, viz., that of the product of the small quantity d^/dx and the 
small coordinate x. Similar considerations apply to 77 and As a first step 
in the simplification of (17) we may therefore omit_such terms as ~t? 7 , /c'f. 
When this is done we have the formutef 

dt af ar a^? , dt 

and these with (16) are approximate expressions for the strain-components. 


* The expansions may not be Talid over the whole of a oross- section. The failure of Cauchy’s 
theozy of the torsion of a prism of rectangular cross-section (Introduction, footnote 85) sufficiently 
illustrates this point. But the argument in the text as to the relative order of magnitude of such 
terms as ry and such terms as mj could hardly be affected by the restricted range of validity of the 
expansions. 

t It majf be observed that Saint-Venant’s formulas for the torsion of a prism are included in 
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Again we may observe that similar considerations to those just adduced 
in the case of f apply also in the case of this quantity must be of the 
order of the product of the small quantity d^^jZxds and the small coordinate 
which is the same as the order of the product of the small quantity 0f/3a! 
and the small fraction xjl, where i is a length comparable with (or equal to) 
the length of the rod. Thus, in general, dl^jds is small compared with d^fdx. 
Similar considerations apply to drj/ds and d^/ds*. As a second step in the 
simplification of (17) we may omit d^/ds, drjlds, d^/ds and obtain the formulsef 

, 


— — KX + Ky, 


Again we may observe that in Saint-Venant ’s solutions already cited e 
vanishes, and in some solutions obtained in Chapter XVI e is small compared 
with In many important problems e is small compared with such quan- 
tities as TX or KX. Whenever this is the case we may make a third step in 
the simplification of the formulae (17) by omitting e. They would then read 




; = — /c -h /cy. 


With these we must associate the formulae (15),andin the set of formulaewe may 
suppose, as has been explained, that fare approximately independent of s. 
It appears therefore that the most important strains in a bent and twisted 
rod are (i) extension of the longitudinal filaments related to the curvature of 
the central-line in the manner noted in Article 232 (6), (ii) shearing strains 
of the same kind as those which occur in the torsion problem discussed in 
Chapter XIV, (iii) relative displacement of elements of any cross-section 
parallel to the plane of the section. The last of these strains is approxi- 
mately the same for different cross-sections provided that they are near 
together. 


268. Discussion of the ordinary approximate theory. 

To determine the stress-resultants and stress-couples we require the values 
of the stress-components Xz, Zz- Since 

E 

Zz = 3 2 ^') + + 

the foimulsB (15) and (18) by putting and his formula for bending by terminal load are 

included by putting 

f ~ o-fc xy + i o-a' (x* - 'f), 1? = <r<'xy + J (TK (x2 - y2). 

In each case i must be determined appropriately. 

* The result, so far as d^jds and BtiIBs are concerned, is exemplified by Saint-yenant*8 formula 
just cited. In Saint- Venant’s solutions ^ is 

ri>-~{x+^y^+^bc'+m 

where % and x' s^re the flexure functions, and ^ is the torsion function, for the cross-section. The 
functions x x' small of the order a*x, where a is an appropriate linear dimension of the 
cross-section. In this case is actually independent of s. 
t These are Kirchhoff *8 formula. 
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where E is Young’s modulus and a- is Poisson’s ratio for the material, the 
expression for this stress-component cannot be obtained without finding the 
lateral extensions a**, by the formulas (16), as well as the longi- 

tudinal extension given by the third of (17), (18), (19) or (20). To express 
the stress-components completely we require values for f, 17 , (f, and these 
cannot be found except by solving the equations of equilibrium subject to 
conditions which hold at the cylindrical or prismatic bounding surface of any 
small portion of the rod. If the rod is vibrating, the equations of small 
motion ought to be solved. We may, however, approximate to the/ stress- 
resultants and stress-couples by retracing the steps of the argument in the 
last Article. \ 

When there are no body forces or kinetic reactions, and the initially 
cylindrical bounding surface of the rod is free from traction, the portion 
between any two neighbouring cross-sections is held in equilibrium by the 
tractions on its ends. According to our final approximation, expressed by 
equations (15) and (20), f, 77 , f are independent of s, and, in the portion of the 
rod considered, ac, t also may be regarded as independent of s. This portion 
of the rod. may therefore be regarded as a prism held strained by tractions on 
its ends in such a way that the strain, and therefore also the stress, are the 
same at corresponding points in the intermediate cross-sections. The theorem 
of Article 237 shows that, in such a prism, the stress-components Yy, Xy 
must vanish, and, since is given by the third of (20), we must have 

Further the stress-components must be given by Saint-Venant s 

formul® 

where is the torsion function for the section (Article 216), The stress- 
couples are then given by the fonnul® (12) of Article 255. To this order of 
approximation the stress-resultants vanish. 


dy dx 


■(21) 


When we retain €, as in the formul® (19), no modification is made in the 
formul® for the stress-couples, and the shearing forces still vanish. To the 
expression /cy) in the right-hand member of (21) we must add the 

term — ere, and the tension is given by the formula 

T^Ea>€^ (23) 

where (o is the area of the cross-section. 


When we abandon the supposition that 77 , are independent of s, we 
may obtain a closer approximation by assuming that the strains, instead of 
being uniform along the length of a small portion of the rod, vary uniformly 
along this length. When there are no body forces, and the initially 
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cylindrical boundary is free from traction, the theorem of Article 238 shows 
that the only possible solutions are Saint-Venant’s. The stress-couples and 
the tension are given by the same formulae as before, but the shearing forces 
do not vanish. 

In the general case, in which forces are applied to parts of the rod other 
than the ends, we ought to retain the formulae (1 7) for the strains, and the 
formulae (21) do not hold. We know from the investigations of Chapter XVI 
that the formulae (12) and (23) are not exact, although they may be approxi- 
mately correct. The corrections that ought to be made in them depend upon 
the distribution of the applied forces over the cross-sections. 

From this discussion we may conclude that the formulae (12) and (23) 
yield good approximations to the values of the stress-couples and the tension 
in parts of the rod which are at a distance from any place of loading or 
support, but that, in the neighbourhood of such places, they are of doubtful 
validity. 

Since the equations (10) and (11) combined with the formulae (12) determine all the 
stress-resultants as well as the curvature and twist, the formula (23) determines the 
extension c. 

In ordinary circumstances c is small in comparison with such quantities as ici?, which 
represent the extensions produced in non-central longitudinal filaments by bending. This 
may be seen as follows : — the order of magnitude of T is, in general, the same as that 
of xV, or xV', and this order is, by equations (11), that of dGlds. Hence the order of € is 
that of (iSTo))-*! (a(?/0«). Now k is of the order OlEtoa^, where a is an appropriate linear 
dimension of the cross-sections, and the order of kx is therefore that of 
Thus kx is, in general, a very much larger quantity than c. 

In any problem in which bending, or twisting, is an important feature we may , for a 
first approximation, regard the central-line as unextended. 

The jjotential energy per unit of length of the rod is easily found from equations (21) 
and (22) in the form 

i(x4KS+i5K'24-Cr2) (24) 

If there is no curvature or twist the potential energy is 


258 A. Small displacement. 

When the rod is but slightly deformed we resolve the displacement of a point on the 
eentral-line in fixed directions. Let the axes of x, y, s used in Article 263 be so choren 
that the axis of z is along the vuistrained central-line, and the axes of x and y are « 
to principal axes of a cross-section at its centroid. Let the displacement of a point m the 
central-line resolved in the directions of these fixed axes be «, v, w. Further let 3 den^ 
the cosine of the angle between the axes of x and y. Then the coordinates of the displaced 
positions of two points, initiaUy at a distance 8# apart, differ by the quantities 



SMALL DISPLACEMENT 


396 SMALL DISPLACEMENT [CH. XVIH 

If quantities of the second 0 K*der in Vy Wy are neglected, the extension c of the central* 
line is given by 

dw 
*** ds ‘ 

The coefficients of the orthogonal scheme (4) of Article 253 are given to the same order 
by the equations 

frj— -1, Vfl \ — cfo * 


The component curvatures ic, k and the twist t are given by the formulae (6) of Article 
253, and, to the same order, we have \ 


It appears that all the quantities required to express the deformed state of the rod are 
expressible in terms of w, v, w and /3. The quantity ^ is, to the first order, identical with 
that which in the notation of Article 253 would be denoted by 0 -f or it is the angle 
through which a plane section is rotated around the central-line. 

With the above values of <c, <c', t, the stress-couples are expressed in terms of the dis- 
placement by the aid of equations (12) of Article 255 ; and, with the above value of c, the 
tension is expressed in terms of the displacement by the aid of equation (23) of Article 258, 
Equations (11) of Article 254 become, on omission of terms of the second order in the dis- 
placement, 


-A"'+A'=0, 




+e=o. 


and the first two of these show that N and N' are in general of the first order in the dis- 
placement. Equations (10) of Article 254 become, on omission of terms of the second order, 


-+.r-o, 


- q- VtaOy 


+ Z^0. 


It will be observed that the last of these equations determines T, and thence e and Wy 
while the remaining equations determine m, v and 


269. Rods naturally curved*. 

The rod in the unstressed state may possess both curvature and twist, the 
central-line being a tortuous curve, and the principal axes of the cross-sections 
at their centroids making with the principal normals of this curve angles which 
vary from point to point of the curve. The principal axes of a cross-section 
at its centroid and the tangent of the central-line at this point form a triad of 
orthogonal axes of a:o, y©. the axis of Zq being directed along the tangent. 
We suppose the origin of this triad of axes to move along the curve with unit 
velocity. The components of the angular velocity of the moving triad of 
axes, referred to the instantaneous positions of the axes, will be denoted by 

* The theoiy is substantially due to Clebsch, EUutieitUty § 66. It had been indicated in out- 
line by Kirehhoff, ioc. cit., p. 361. 
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*o> To. Then. * 0 , ki,' are the components of the initial curvature, and To is 
the initial twist. If 1/So is the measure of tortuosity of the central-line at 
any point, and Jtt -/o is the angle which the principal plane of (aio, ^,) at the 
point makes with the principal nonnal of the central-line, we have the formul© 

yi) ~ ~ *0 /*o> To = 1/So + d/i/ds, 

which are analogous to (2) and (3) in Article 253. 

When the rod is further bent and twisted, we may construct at each point 
on the strained central-line a system of “principal torsion-flexure axes,” in the 
same way as in Article 252, so that the axis of ^ is the tangent of the strained 
central-line at the point, and the plane of {x, z) contains the linear element 
which, in the unstressed state, issues from the point and lies along the axis 
of Xo. By means of this system of axes we determine, in the same way as 
before, the components of curvature of the strained central-line and the twist 
of the rod. We shall denote the components of curvature by and the 
twist by Tj. 

The equations of equilibrium can be written down, by the method of 
Article 254, in the forms 

^ W'T, + T«.'-hZ = 0, 
dN' 

^--Tk,^Nt,^Y = 0, .(26) 

and 

^-HK, + Orr + N + K'=^0, .(27) 

as 

The rod could be held straight and prismatic by suitable forces, and, 
according to the ordinary approximation (Article 255), the stress-couples at 
any cross-section would be — The straight prismatic rod 

could be bent and twisted to the state expressed by «i, */, Tj and then, 
according to the same approximation, there would be additional couples 
Aki, Bki, Ct,, The stress-couples in the rod when bent and twisted ^m 
the state expressed by k^, k^, to that expressed by /cj, t, would then be 
given by the formul©* 

G = A(«,-/eo), (?' = 5 (*,' -«(,')• if * (/(ti - T,) (28) 

* The«e formnln, dne to Clobsoh, were obtained also, by a totally different proeeaa, by 
A. B, Baeeet, dmer. J, of Math., vol. 17 (1895). 
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It is clear f^m the discussion in Article 258 that these formulsd can be used with 
greater certainty if the rod is subjected to terminal forces and couples only than if forces 
are applied to it along its length. 

It may be noted that, even when the cross-section of the rod has kinetic symmetry, 
so that A - jS, the dexural couples are not equivalent to a single couple about the binormal 
of the strained central-line unless When this condition is satisfied the 

flexural couple is of amount jB(l/pi-l/po)» where pi and are the radii of curvature of 
the central-line in the stressed and unstressed states. 


The above method of calculating the stress-couples requires the ratios of the thickness 
of the rod to the radius of curvatuie and to the reciprocal of the twist to be small bf the 
order of small strains contemplated in the mathematical theory of Elasticity. UnleiU this 
condition is satisfied the rod cannot be held straight and untwisted without producing in 
it strains which exceed this order. It is, however, not necessary to assume that\ this 
condition is satisfied in order to obtain the formulae (28) as approximately correct formulae 
for the stress-couples. We may apply to the question the method of Article 256, and 
account of the initial curvature and twist by means of the equations 

?ir=53(l -*co'a^+icoy)> 


or 



M\ 


•(m-n 






m 

1 4-y * 


where y stands for We should then find instead of (14) 




+ ' V.'- ” { - (n - i-o) y - T, >) + Ki'f} J 


£■*!)} {(n -To) «iC+r,S}] 


i+y 

(l+*)w, 


+ {(*1 - *n) y~(Ki-Ko)x 


In deducing approximate expressions for the strain-com})onent8 we denote by [y] any 
quantity of the order of the ratio (thickness)/(radius of curvature) or (thickne8s)/(reciprocal 
of twist), whether initial or final, and by [e] any quantity of the order of the strain. Thus, 
T^y and riy are of the order [y]; d^jdx and (ki order [e]. If, in the above 

expression for fj*, we reject all terms of the order of the product [y] [e] as well as all terms 
of the order [e]*, we find instead of (19) the formulae 


gj - (n - Vo) y, ^ 4* (ri - To) d?, = € + (#t 1 - <o) y - («/ - «o') 


From these we could deduce the formulae (28) in the same way as (12) are deduced 
from (19), and they would be subject to the same limitations. 
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PROBLEMS CONCERNING THE EQUILIBRIUM 
OF THIN RODS 

260 . KirchhofTB kinetic analogue. 

We shall begin our study of the applications of the theory of the last 
Chapter with a proof of KirchhofFs theorem*, according to which the 
equations of equilibrium of a thin rod, straight and prismatic when un- 
stressed, and held bent and twisted by forces and couples applied at its ends 
alone, can be identified with the equations of motion of a heavy rigid body 
turning about a fixed point. 

No forces or couples being applied to the rod except at the ends, the 
quantities X, Y, Z and K, K', @ in equations (10) and (11) of Article 264 
vanish. Equations (10) of that Article become 

(iff liN' flT 

^£-N'r+lV = 0, ^-r« + A^T = 0, ^_Ar^' + A^'* = 0,...(l) 

which express the constancy, as regai'ds magnitude and direction, of the 
resultant of N, N', T; and, in fact, this resultant has the same magnitude, 
direction and sense as the force applied to that end of the rod towards which 
s is measured. We denote this force by R. 

Equations (11) of Article 254 become, on substitution firom (12) of 
Article 255, and omission of K, K, 0, 

A^-{B-C)Kr^N', B^-{G-A)tk = -N, G~-(A-B)kh: :0. 

.( 2 ) 

The terms on the right-hand side are equal to the moments about the axes 
of X, y, X of a force equal and opposite to R applied at the point (0, 0, 1). We 
may therefore interpret equations (2) as the equations of motion of a top, 
that is to say of a heavy rigid body turning about a fixed point. In this 
analogy the line of action of the force R (applied at that end of the rod 
towards which s is measured) represents the vertical drawn upwards, s repre- 
sents the time, the magnitude of R represents the weight of the body. A, B, 0 
represent the moments of inertia of the body about principal axes at the fixed 
point, (*, K, t) represents the angular velocity of the body referred to the 
instantaneous position of this triad of axes. The centre of gravity of the 
body is on the C-axis at unit distance from the fixed point; and this axis, 
drawn from the fixed point to the centre of gravity at the instant a, is 
identical, iq direction and sense, with the tangent of the central-line of the 
drawn m the sense in which a increases, at that point Pj of this line 


* a. Kirohhofl, Uxs. ait., p. 881. 
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which is at an arc-distance 5 from one end. The body moves so that its 
principal axes at the fixed point are parallel at the instant 5 to the principal 
torsion-flexure axes of the rod at P,. 

On eliminating N and N' from the third of equations (1) by the aid of 
equations (2), we find the equation 

dT A die Tk , die . . / /V 

-j- + Ak 4 - Bk -j h (-4 — P) TK/C = 0, 

ds ds ds 

or, by the third of (2), 

^ {T + A + Ot-)] = 0, j 

giving the equation T ^\{Aic^ •¥ + Cr^) = const (3) 

This equation is equivalent to the energy-integral of the equations of 
motion of the kinetic analogue. \ 

261. Extension of the theorem of the kinetic analogue to rods 
naturally curved*. 

The theorem may be extended to rods which in the unstressed state have curvature and 
twist, provided that the components of initial curvature ic^, and the initial twist r^, 
defined as in Article 259, are constants. This is the case if, in the unstressed state, the 
rod is straight but not prismatic, in such a way that homologous transverse lines in 
difterent cross-sections lie on a right helicoid ; or if the central-line is an arc of a circle, 
and the rod free from twist ; or if the central-line is a portion of a helix, and the rod has 
such an initial twist that, if simply unbent, it would be prismatic. 

When the rod is bent and twisted by forces and couples applied at its ends only, so that 
the components of curvature and the twist, as defined in Article 259, lx;come K|, k/, ti, the 
stress-resultants N\ T satisfy the equations 

r/ V' dN' dT 

+ + = = 0 (4) 

These equations express the result that A, N\ T are the components, parallel to the 
principal torsion-flexure axes at any section, of a force which is constant in magnitude an<l 
direction. We denote this force, as before, by R. Since the stress- couples at any section 
are A (kj-xo), B{ki \ — tq) we have the equations 

^ ^ («l' - Ko') I"! + C (ri - To) *1' = y, 

^ (kI - Ko) *1' + 5 (*l' - *0') *I 

The kinetic analogue is a rigid body turning about a fixed point and carrying a flywheel 
or gyrostat rotating about an axis flxeti in the body. The centre of gravity of the flywheel 
is at the fixed point. The direction-cosines /, w, n of the axis of the flywheel, referred to 
the principal axes of the body at the point, and the moment of momentum h of the fly- 
wheel about this axis, are given by the equations 

- J xo ~ - Bk^ ^hniy - eVo « /m (6) 

The angular velocity of the rigid body referred to principal axes at the fixed point 
(«i, xj , Ti) and the interpretation of the remaining symbols is the same as before. 

* J, Larmor, London Math, Soe, Proc,, vol. 15 (1884). 
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262. The problem of the elastica*. 

As a first application of the theorem of Article 260 we take the problem 
of determining the forms in which a thin rod, straight and prismatic in the 
unstressed state, can be held by forces and couples applied at its ends only, 
when the rod is bent in a principal plane, so that the central-line becomes a 
plane curve, and there is no twist. The kinetic analogue is then a rigid 
pendulum of weight i2, turning about a fixed horizontal axis. The motion 
of the pendulum is determined completely by the energy-equation and the 
initial conditions. In like manner the figure of the central-line of the rod is 
determined completely by the appropriate form of equation (3) and the 
terminal conditions. 

We take the plane of bending to be that for which the flexural rigidity is 
B. Then tc and r vanish, and the stress-couple is a 
flexural couple Bk\ in the plane of bending. 

The stress-resultants are a tension T and a shearing 
force N, the latter directed towards the centre of 
curvature. Let 6 be the angle which the tangent 
of the central-line at any point, drawn in the sense 
in which s increases, makes with the line of action 
of the force R applied at the end from which s is 
measured (see Fig. 47). Then we have R cos 0, 
and /c' = — dO/ds, and the equation (3) becomes 
— R cos 0 -f I {dOjdsf = const (7) 

In the kinetic analogue B is the moment of 
inertia of the pendulum about the axis of sus- 
pension, and the centre of gravity is at unit 
distance from the axis. The line drawn from J’ig* 47. 

the centre of suspension to the centre of gravity 
at the instant s makes an angle 6 with the vertical drawn downwards. 

E(} nation (7) can be obtained very simply by means of the equations of 
equilibrium. These equations can be expressed in the forms 

T = ~iicos^, N^ — RsmO, ^+Ar = 0, 

from which, by putting G' - - B {dd/ds), we obtain the equation 

B{d^0lds^) + Rsm0^O, ( 8 ) 

ami equation (7) is the first integral of this equation. 

* The problem of the elastica was first solved by Euler. See lutroduction, p. 3. The 
systematic application of the theorem of the kinetic analogue to the problem was worked out by 
Hess, Math. Ann., Bd. ‘25 (1885). Numerous special oases were discussed by h. Saalsohuta, 
Her helaHet 0 Stah, Leipaig, 1880. 

L. E. 
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The shape of the curve, called the elastica, into which the central-line is 
bent, is to be determined by means of equation (7). The results take different 
forms according as there are, or are not, inflexions. At an inflexion ddjds 
vanishes, and the flexural couple vanishes, so that the rod can be held in the 
form of an inflexional elastica by terminal force alone, without couple. The 
end points are then inflexions, and it is clear that all the inflexions lie on the 
line of action of the terminal force R — the line of thrust The kinetic analogue 
of an inflexional elastica is an oscillating pendulum. Since the interval of 
time between two instants when the pendulum is momentarily at rest is a 
constant, equal to half the period of oscillation, the inflexions are sMced 
equally along the central-line of the rod. To hold the rod with its cerijbral- 
line in the form of a non-inflexional elastica terminal couples are required as 
well as terminal forces. The kinetic analogue is a revolving pendulum. \ In 
the particular case where there are no terminal forces the rod is bent into An 
arc of a circle. The kinetic analogue in this case is a rigid body revolving 
about a horizontal axis which passes through its centre of gravity. 

If the central-line of the rod, in the unstressed state, is a circle, and there is no initial 
twist, the kinetic analogue (Article 261) is a pendulum on the axis of which a flywheel is 
symmetrically mounted. The motion of the pendulum is independent of that of the fly- 
wheel, and in like manner the possible figures of the central-line of the rod when further 
bent by terminal forces and couples are the same as for a naturally straight rod. The 
magnitude of the terminal couple alone is altered owing to the initial curvature. 


263. Classification of the forms of the elastica. 

(a) Inflexional elastica. 

Let e be measured from an inflexion, and let a be the value of 0 at the inflexion 
We write equation (7) in the form 

+^(co8a-cosd)=0, .(9) 


To integrate it we introduce Jacobian elliptic functions of an argument u with a modulus 


k which are given by the equations 

u*»8y/{RIB% k^ain^a, (10) 

Then we have 

d0 

^=2i:cn(w-|-ir), sin J^«j{r8n(w+/r), (11) 


where K is the real quarter period of the elliptic functions. To determine the shape of the 
curve, let x, y be the coordinates of a point referred to fixed axes, of which the axis of x 
coincides with the line of thrust. Then we have the equations 

dxjde^coa d, d|y/d^««sin 


and these equations give 

X* ^ EsmK}\ 


.( 12 ) 
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where Ed^mu denotes the elliptic integral of the second kind expressed by the formula 

Ea.mu=ij dn^wrftt, 

and the constants of integration have been determined so that x and y may vanish with 
The inflexions are given by cos cos a, or 8n2(w+ir)=sl, and therefore the arc between 
two consecutive inflexions is 2 •J{BIR) . iT, and the inflexions are spaced equally along the 
axis of X at intervals 

The points at which the tangents are parallel to the line of thrust are given by sin 
or sn (i4 + ) dn =* 0, so that u is an uneven multiple of K. It follows that the curve 

forms a series of hays^ separated by points of inflexion and divided into equal half~hayu by 
the points at which the tangents are parallel to the line of thrust. 

The change of the form of the curve as the angle a increases is shown by Figs. 48 — 66 over- 
leaf. When a > ^ fr, X is negative for small values of and has its numerically greatest negative 
value when u has the smallest positive value which satisfies the equation dn2(w-f 
Let Ui denote this value. The value of u for which x vanishes is given by the equation 
w *= 2 { am Eoxsi K), When u exceeds this value, x is positive, and x has a maximum 

value when u = 2f ~ Ui . Figs. 60 — 52 illustrate cases in which tlk is respectively greater than, 
equal to, and less than | x^*, | . Fig. 53 shows the case in which xj 5:=0 or ^EdmK^K. 
This happens when a = 130® approximately. In this case all the double points and inflexions 
coincide at the origin, and the curve may consist of several exactly equal and similar 
pieces lying one over another. Fig. 64 shows a case in which 2J^am AT < JT, or xjs:<0 ; the 
curve proceeds in the negative direction of the axis of x. The limiting case of this, when 
a=7r, is shown in Fig. 56, in which the rod (of infinite length) forms a single loop, and the 
l^endulum of the kinetic analogue starts close to the position of unstable equilibrium and 
just makes one complete revolution. 

( 6 ) Eon-inJlexionaX elastica. 

When there are no inflexions we write equation (7) in the form 

ii5(jy=^0O85+7?(l+2i^), .(13) 

where k is less than unity, and we introduce Jacobian elliptic functions of modulus k and 
argument ?^, where 

u^k-U^I{RIB) (14) 

Wo measure s from a jwint at which d vanishes. Then we have 

a-iv/©"""- «»*«-““• (“) 

and the coordinates x and y are expressed in terms of u by the equations 

y (I) [(‘ '!) *““]■ 

>Q which the constants of int^pration are chosen so that x vanishes with «, ana the axis 
^ is parallel to the line of action of A, and at such a distance from it that the force H and 
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the couple — B {ddjdt) which must be applied at the ends of the rod are statically equivalent 
to a force R acting along the axis of x. The curve consists of a series of loops lying 
altogether on one side of this axis. The form of the curve is shown in Fig. 66, 



Fig. 56. 


264. Buckling of long thin strut under thrust*. 

The limiting form of the elastica when a is very small is obtained by 
writing d for sin 6 in equation (8). We have then, as first approximations, 

0 = aco& {s^(RIB)\, x = s, y — a\/{B/R) sin ...(17) 

so that the curve is approximately a curve of sines of small amplitude. The 
distance between two consecutive inflexions is ir\J{BjR), It appears therefore 
that a long straight rod can be bent by forces applied at its ends in a direction 
parallel to that of the rod when unstressed, provided that the length I and the 
force R are connected by the inequality 

l^R > tt^B (18) 

If the direction of the rod at one end is constrained to be the same as that 
of the force, the length is half that between consecutive inflexions, and the 
inequality (18) becomes 

m>\ir^B (19) 



h c 

Fig. 67. 

If the ends of the rod are constrained to remain in the same straight line, 
the length is twice that between consecutive inflexions, and the inequality (18) 
becomes 

J?R>4m^B. ( 20 ) 

These three cases are illustrated in Fig. 57. 

^ The theory wee initiated by Bnler. Bee Introduction, p. 3. 
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Any of these results can be obtained very easily without having recourse to the general 
theory of the dmtica. We take the second case, and suppose that a long thin rod is set up 
vertically and loaded at the top with a weight while the lower end is constrained to 
remain vertical^. Let the axes of x and y be the vertical line drawn upwards through the 
lowest point and a horizontal line drawn through the same point in the plane of bending, 
as shown in Fig. 57 h. If the rod is very slightly bent, the equation of equilibrium of the 
portion between any section and the loaded end is, with sufficient approximation, 

-^^+^(yi-y)=o. 

where yi is the displacement of the loaded end. The solution of this equation .which 
satisfies the conditions that y vanishes with x, and that y»yi when x=a/, is 

r sin{(/~x)v/(/e/^)n 
J’ 

and this solution makes d^jdyi vanish with x if co8{^-^(/2/^)}=^0. Hence the least yalue 
of I by which the conditions can be satisfied is J(BIR), \ 

It should be noted that, in the approximate theory here explained, there occurlb an 
indeterminate quantity, a or yi, and the approximate theory cannot be made to yield the 
value of this quantity. For example it cannot be made to determine the terminal deflexion 
in the problem illustrated in Fig. 57 6+. The theory of the elastica leads easily to the 
result that, when this deflexion is small compared with its amount is 



This remark does not invalidate the statement that, when a is small, the elastica is nearly 
identical with a curve of sines. As a matter of fact, if the distance between consecutive 
inflexions and the maximum ordinates of a curve of sines and an elastica are the same, 
and the maximum ordinate is small compared with the distance between consecutive 
inflexions, the curves coincide to a high order of approximation. 

From the above we conclude that, in the case represented by Fig. 57 5, if 
the length is slightly greater than or the load is slightly greater 

than the rod bends under the load, so that the central-line assumes 

the form of one half-bay of a curve of sines of small amplitude. If the length 
of the rod is less than the critical length it simply contracts under the load. 
If the length is greater than the critical length, and the load is truly central 
while the rod is truly cylindrical, the rod may simply contract; but the equi- 
librium of the rod thus contracted is wistahle. To verify this it is merely 
necessary to show that the potential energy of the system in a bent state is 
less than that in the contracted state. 

266 . Computation of the strain-energy of the strut. 

Let the length I be slightly greater than »J{BjR), Let denote the area of the 
cross-section of the rod, and E the Young’s modulus of the material. If the rod simply 
contracts, the amount of the contraction is the loaded end descends through a 

distance RljEiis^ and the loss of potential energy on this account is The potential 

energy of contraction is The potential energy lost in the passage from the 

unstressed state to the simply contracted state is, therefore, 

* We neglect the weight of the rod. The problem of the bending of a vertical rod under it® 
own weight will be considered in Article 276. 

t Of. B, W. Burgees, P^ys. Rev., March, 1917. 
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If the rod is of sufficient length to be deformed into one hgtlf-bay of a curve of the 
ekbstica family we may show that the loss of energy incurred in passing from the unstressed 
state to the bent state exceeds that incurred in passing from the unstressed state to the 
simply contracted state. The deformed rod is, of course, contracted as well as bent, and 
the amount of the contraction at any point is (Rco8B)/Eci>. The length of the deformed 
rod being denoted by l\ we have 

<=") 

Here K is the real quarter-period of elliptic functions of modulus sin Ja, (»/&), and a is the 
small angle which the central-line of the rod at the loaded end makes with the line of 
action of the load. 

The potential energy lost through the descent of the load is e( I -- P cos ^ . The 

fv fv ^ 

potential energy of bending is (dBldsYds^ or R I (cos^-cosa)flfo. The potential 

; 0 jo 

energy of contraction is\Eu> j (R cos BjEtaf ds or \ {R^jEm) {v - j sin ^ B dsj . Hence the 

loss of potential energy incurred in passing from the unstressed state to the bent state is 

l^-l-rcosa-2 sin^^flj^j, 

and the excess of the potential energy in the simply contracted state above that in the 
bent state is 

|^+^'cosa~2 J co8^ci«|-|^^ jz+r- sin^^rf^j. 

In the tenns of this expression which contain the factor R!^IEa>, we may identify I with 
l\ becau.se these terms are already small of the second order in the strain-components. 
Hence the expression may be written 

R^l’i-l' co8a-2 j cosBdsJ J sin^Bds^ (22) 

To evaluate this expre-ssion we have the results expressed by (21) and the result 

P' ,,/2E&mK A 

I cosBds^ll — ^ Ij, 

ft' 

and we require the value of / sin* B ai. 

J 0 

Now sin* sn* (w + A") dn* (u -f E)^ (cn* ?e/dn* «), 

,, f dtt /t* snaenu , 2(l+i^*) f du u 

^ jdn‘«““3F* dn»« it'* JdnH'Si'*’ 

, r da Fsnacna I ( 

dna 

Hence sin* * = J f {1 - - (1 - 2**) (^Eam Jr)/!"}. 

The expression (22) can now be evaluated in the form 
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To determine the sign of this expression we expand the functions of h which occur as far 
as terms in We have 

and the expression becomes 

which is certainly positive for any feasible value of R/E(o*, 

It will be observed that, if the rod is but slightly bent, r is nearly equal to ^ (1 — RIEoa>\ 
and the condition for the existence of an dastica satisfying the terminal conditions is 

r>iws/(BlR), 

so that, in strictness, the condition (19) of Article 264 should be replaced by 

PR>i7rW{l + 2R/Ea>\ 

I being the unstrained length of the strut. Conditions (18) and (20) should be modifi^ 
the same way. The correction is of no practical importance. 

\ 

266. Resistance to buckling. 

The strains developed in the rod, w^hether it is short and simply contracts 
or is long and bends, are supposed to be elastic strains, that is to say such as 
disappear on the removal of the load. For Euler s theory of the buckling of 
a long thin strut, explained in Article 264, to have any practical bearing, it is 
of course necessary that the load required, in accordance with inequalities 
such as (19), to produce bending should be less than that which would produce 
set by crushing. This condition is not satisfied unless the length of the strut 
is great compared with the linear dimensions of the cross-section. In view of 
the lack of precise imformation as to the conditions of safety in general 
(Chapter IV) and of failure by crushing (Article 1 89), a precise estimate of the 
smallest ratio of length to diameter for which this condition would be satisfied 
is not to be expected. 

The practical question of the conditions of failure by buckling of a rod or 
strut under thrust involves some other considerations. When the thrust is not 
truly central, or its direction not precisely that of the rod, the longitudinal 
thrust is accompanied by a bending couple or a transverse load. The contrac- 
tion produced by the thrust B is RjEw. When the thrust is not truly central, 
the bending moment is of the order Re, where c is some linear dimension of 
the cross-section, and the extension of a longitudinal filament due to the 
bending moment is of the order Rd^/B, which may easily be two or three times 
as great, numerically, as the contraction RjEo). The bending moment may, 
therefore, produce failure by buckling under a load less than the crushing 
load. Again, when the line of thrust makes a small angle ^ with the central- 
line, the transverse load iisinyS yields, at a distance comparable with the 
length I of the rod, a bending moment comparable with IR sin and the 

* For a correction of the analysis of this Article, as it appeared in the second edition, the 
Author is indebted to S. Timoschenko, * Sor la stability des syst^mes dlastiques,* Par/s, Ann, det 
ponti et ehnutsSti, 1913 , p. 17 , 
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extension of a longitudinal filament due to this bending moment is comparable 
with IRo sin yS/J?. Thus even a slight deviation of the direction of the load 
from the central-line may produce failure by buckling in a fairly long strut. 
Such causes of failure as are here considered can best be discussed by means 
of Saint-Venant’s theory of bending (Chapter XV)j but, for a reason already 
mentioned, a precise account of the conditions of failure owing to such causes 
is hardly to be expected. 

It is clear that such considerations as are here advanced will be applicable 
to other cases of buckling besides that of the buckling of a rod under thrust. 
The necessity for them was emphasized by E. Lamarle*. His work has been 
discussed critically and appreciatively by K. Pearsonf. In recent years the 
conditions of buckling have been the subject of considerable discussion J. 


267. Elastic stability. 

The possibility of a straight form and a bent form with the same terminal 
load is not in conflict with the theorem of Article 118, because the thin rod 
can, without undergoing strains greater than are contemplated in the mathe- 
matical theory of Elasticity, be deformed in such a way that the relative 
displacements of its parts are not small §. 

The theory of the stability of elastic systems, exemplified in the discussion 
in Articles 264, 265, may be brought into connexion with Poincare’s theory of 
“equilibrium of bifurcation ||.” The form of the rod is determined by the 
extension e at the loaded end and the total curvature a; and these quantities 
depend upon the load R, the length I and flexural rigidity B being regarded as 
constants. We might represent the state of the rod by a point, determined by 
the coordinates e and o, and, as R varies, the point would describe a curve. 
When R is smaller than the critical load, a vanishes, and the equilibrium 
state, defined by e as a function of R, is stable. When R exceeds the critical 
value, a possible state of equilibrium would still be given by a = 0; but there 
is another possible state of equilibrium in which a does not vanish, and in 
this state a and e are determinate functions of R, so that the equilibrium stat^ 
for varying values of R are represented by points of a certain curve. This 
curve issues from that point of the line a = 0 which represents the extension, 
or rather contraction, under the critical load. Poincar6 describes such a point 


* ‘M4m. »ur la flexion du bois,’ ^nn, det travaux publics de Belgique, t. d (1846). 

t Todhunter and PearBon’a History, vol. 1, pp. 678 et seq. a., . » v 

* Eelerenoe may be made to the writings of J. Kiibler, C. J. Kriemto, L. Pran^ m ZeiU^. 
d. Deutsehen Ingenieure, Bd. 44 (1900), of Kiibler and Knemler m ZntKl». f.M^.u. Phys., 
Bde, 46-47 (1900-1802), and the dissertation by Kriemler, ‘ Labile n. stabile Glmchgesnehts. 
fignreir...auf Biegung beanspruohter Stabs... ’ (Karlsruhe, 1902), also to the pa^ by TmsoscheiAo 
cited in Arti^ 266, to that by Southwell to be cited in Article 267 a, and to two papers by 
H. Zinunermann, Berlin Sitsungsberiehte, 1921, pp. 776 and 884. 

§ Of. O. H. Bryan, CanAriti^e Phil. Soe. Proe., vol. 6 (1888). 

11 Acta Mathmaticay t. 7 (1S85). 
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as a “point of bifurcation/^ and he shows that, in general, there is an “exchange 
of stabilities’" at such a point, that is to say, in the present example, the states 
represented by points on the line a = 0, at which e numerically exceeds the 
extension under the critical load, are unstable, and the stability is transferred 
to states represented by points on the curve in which a ft 0. 

267 A. Southwell’s method. 

Another method of investigating problems of elastic stability has been 
proposed by R. V. Southwell*. We may most conveniently explain this 
method in its application to the problem of Article 264, and especially the case 
illustrated in Fig. 57 6. Similar principles are involved in any other application 
of the method, and other examples will be found in Chapters XXIV and 
XXIV A. \ 

We consider the series of configurations in which the rod can be held by 
gradually increasing R. For very small values of R the rod is simply contr^ted. 
We suppose the contracted rod with given R to suffer a very small dis^ace- 
ment, by which it becomes slightly bent. If the value of R is such that the 
slightly bent state can be maintained without altering R, the equilibrium in 
the contracted state is critical, and any further increase in R results in buck- 
ling. The point emphasized by Southwell is that the superior limit to the 
values of R consistent with stability, and the accompanying contraction, are 
relatively considerable. It follows that the simplified methods of Article 2.68 A 
do not avail without modification to determine the small transverse displace- 
ment which can occur if R slightly exceeds this limit. The necessary modifi- 
cation will appear in what follows. 

Let 8i denote the contracted length of a portion of the rod measured from 
the lower end, and, as in Article 258 A, let u, v, 13 specify the displacement 
of the rod from the simply contracted state. Let denote the tension in the 
simply contracted state, and let the value of T in the bent state be expressed 
as To + Then the component curvatures and the twist in this state are 
given by the equations 

d^v , <Pu djS 


*“ dsr "“3^’ '~d8,- 


.(23) 


We omit terms of the second order in u,VyW,^. Then equations (11) of 
Article 254 become ** 


and equations (10) of the same Article become 


'0, 


P I T A 


-dfx . iT 

■ar-"- 


* • On th. pumA thwty ot dwtio iUbUity,’ Phil. Trow. lioy . Soc. (Bet. k), vol 818 (1918). 

B. W, 
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The terminal conditions at the lower end («, * 0) are 

» = 0, . = 0, ^,.0. 1-0, f =0. 

The terminal conditions at the upper end («j = k) are 


0 = 0, O' = o, H^O, N-T,~^0. N'-To^ = 0, T„+T' = -R 

cLsi dsi 

Now — and we have therefore T' = 0. Also we see that we must have 
)9 = 0. The most general possible form for v is 

A , cos W{R/B) + B, sin WiR/B) s,} + C,s, + Du 

where Aj, jBi, Cj, Dj are constants. The terminal conditions require 
Ci = 0, cos{V(iJ/fi)y = 0. 

Similar considerations apply to and the condition that the equilibrium may 
be critical is the same as that previously obtained. 


268. Stability of inflexional elastica. 

When the lower end of the loaded rod is constrained to remain vertical, and the length 
I slightly exceeds ^rr J{BIR\ a possible form of the central-line is a curve of sines of small 
amplitude having two inflexions, as in Fig. 68 h overleaf. Another possible form is an 
elastica illustrated in Fig. 58 c. In general, if n is an integer such that 

i (2/1 + 1) TT > ^ sJiRjB) > i (271 - 1) TT, (24) 

n forms besides the unstable straight form are possible, and they consist respectively of 
1, 3, ... 27i- 1 half-bays of difterent curves of the elastica family. The forms of these curves 
are given respectively by the equations 

K^l^{RIB)x[\, i, ..., 1/(27.-!)] (25) 

We shall show that all these forms except that with the greatest A^, that is the smallest 
number of inflexions, are unstable*. 

Omitting the })ractically unimportant potential energy due to extension or contraction 
of the central- line, we may estimate the loss of potential energy in passing from the 
unstressed state to the bent state in which there are r+1 inflexions, in the same way as in 
Article 265, as 

R[l (1-hcoa a) -2 J cos $ cfa], (26) 

and this is (2r^l)^{BR) (4A,.- 4A,.- (27) 

where Ai* is written for Earn Kr, and the sufl&x r indicates the number (r+ 1) of inflexions. 
We compare the (K)tential energies* of the forms with r-fl and ^-l-l inflexions, s being 
greater than r. Since 

(2r+l)A,«(2a+l)A., (28) 

the potential enei'gy in the form with 1 inflexions is the greater if 
{2$+l) (2A;+ > (2r+ 1) (2A,+ 

* The result is opposed to that of L. Saalschutz, Der heUutete Stab (Leipsig, 1880), but 1 do 
not think that his argument is quite convincing. The result stated in the text agrees with that 
obtained by a different method by J. Larmor, loc* cit,, p, 400. It is supported also by the i&vesti- 
gation of M. Bom, * Uotarmobungen iL d. Stabilitdt d. elastisohao Linia in Hbaiie a* Baum, ixutar 
vemhiadanao OmMbodmgttngen ^ (Din.), Qdttingen, 1906, 
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this condition is 


But, since 


it follows that (1 * 


<**> 


dk 


^ dimini 


diminishes as k increases. Now when «>r, Ky. 


and ; and therefore the inequality (29) is satisfied. 



Fig, 58. 


In the case illustrated in Fig. 58 the three possible forms are (a) the unstable straight 
form, ih) the slightly bent form with two inflexions, (c) the bent form with one inflexion. 
The angle a for the form (c) is given by K=^7r, and it lies between 175'‘ and 176®. 

It may be observed that the conclusion that the stable form is that with a single 
inflexion is not in conflict with Poincard^s theory of the exchange of stabilities at a point 
of bifurcation, because the loci, in the domain of c and a, which represent forms with two 
or more inflexions, do not issue from the locus which represents forms with one inflexion, 
but from the locus a=0, which represents straight forms. 

The instability of forms of the elastica with more than the smallest possible number 
of inflexions between the ends is well known as an exjjerimental fact. Any particular case 
can be investigated in the same way as the s|)ecial case discussed above, in which the 
tangent at one end is, owing to constraint, |)arallel to the line of thrust. An investigation 
of this kind cannot, however, decide the question whether any particular form is stable or 
unstable for displacements in which the centraUline is moved out of its plane. This 
question has not been solved completely. One special case of it will be considered in 
Article 272 («). Other cases are considered by M. Born, loo, dt,^ p. 411. 
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269. Rod bent and twisted by terminal forces and couples. 

We resume now the general problem of Article 260, and express the 
directions of the principal torsion-flexure axes at any point on the strained 
central-line by means of the angles 8, f, ij> defined in Article 253. We 
choose as the fixed direction PjZ in Fig. 46 of that Article the direction of 
the force applied to the rod at the end towards which s is measured. The 
stress-resultants N, N', T are equivalent to a force R in this direction, and 


therefore 

T)=^ R(- ^ind cos(j>, sin0sin</>, cos0) (30) 

Equation (3) of Article 260 becomes 

^ {Ak^ + + Cr^) H- 22 cos 0 = const (31) 


Since the forces applied at the ends of the rod have no moment about the 
line PiZy the sum of the components of the stress-couples about a line drawn 
through the centroid of any section parallel to this line is equal to the corre- 
sponding sum for that terminal section towards which s is measured. We 
have therefore the equation 

— A/c sin ^ cos -h Bk sin 6 sin + Ct cos 6 = const (32) 

The analogue of this equation in the problem of the top expresses the 
constancy of the moment of momentum of the top about a vertical axis 
drawn through the fixed point. 

The equations (31) and (32) are two integrals of the equations (2) of 
Article 260, and, if a third integral could be obtained, ddjds, dyjrjdsy d<f>lds 
would be expressible in terms of By yjr, (f), and the possible forms in which the 
rod could be held might be found. In the general case no third integral is 
known; but, when the two flexural rigidities A and B are equal, the third of 
these equations yields at once the integral 

T = const (33) 

The quantities k, k\ t are expressed in terms of i/r, <j!), ddjdsy,.. by 
equations (8) of Article 253, and the equations (31), (32), (33) can be 
integrated* so as to express ^ as functions of and then the form 

of the central-line is to be determined by means of the equations 

== sin 0 cos yfr, ^ = sin 0 sm i/r, ^ = cos 0, 

where x, y, z are coordinates referred to fixed axes. 

We shall not proceed with this general theory, but shall consider some 
important special cases. 

• See F. Klein u. A. Sommerfeld, Tlteork dei KreueUy Heft 2, Leipzig, 1898, or S. T. 
Whiitakpr, Analytical Dynamics, Cambridge, 1904. 
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270. Rod bent to heUoal form^ 

The steady motion of a symmetrical top, with its axis of figure inclined at 
a constant angle J^r — a to the vertical drawn upwards, is the analogue of a 
certain configuration of a bent and twisted rod for which Putting 

d « — a, and dBjde = 0, we have, by (8) of Article 253, 

ic == - cos a sin 

as 

and, by (31), (32), (33) of Article 269, 

T = const., = const., dyjr/ds = const. 

The curvature of the central-line is constant and equal to cos a (dylr/ds^, and 
the binormal of this curve lies in the plane of (w, y) and makes an angle <f> 
with the axis of x reversed. It follows that is identical with the kngle 
denoted by / in Article 253, and that the measure of tortuosity of the c^rve 
is sin a (dyfrlds). Since the central-line is a curve of constant curvature land 
tortuosity, it is a helix traced on a right circular cylinder. The axis of l^he 
helix is parallel to the line of action of R, and a is the angle which the 
tangent at any point of the helix makes with a plane at right angles to 
this axis. 




c=— -^cosacos^, 


Let r be the radius of the cylinder on which the helix lies. Then the 
curvature Ijp and the measure of tortuosity 1/S are given by the equations 
l/p = cos’ ajr, 1/S = sin a cos ajr (34) 

and we may write 

xs — cos^cos’a/r, *' = sin ^ cos*a/r, d'^/ds = cos a/r, d0/d« = t — sin a cos a/r. 

(35) 

From equations (2) of Article 260 we find 
(N, N ') = ( — cos sin </>) [(7t cos* a/r — 5 sin a cos’ a/r*], 
and then from equations (30) we find 

12 = Ot cos a/r — 5 sin a cos’a/r* (36) 

The terminal force is of the nature of tension or pressure 
according as the right-hand member of (36)i8po8itive or negative. 

(See Fig. 59.) For the force to be of the nature of tension, t 
must exceed jS sin a cos a/Cr. 

The axis of the terminal couple lies in the tangent 4 >lane of 
the cylinder at the end of the central-line, and the components 
of this couple about the binormal and tangent of the helix at 
this point are B cos*a/r and Cr. The components of the same Tig. 69. 
couple about the tangent of the circular section and the generator of the 
cylinder at the same point are, therefore, Br and K, where K is given by the 
equation 

Jff'=C'T8ina + Boo8’a/r. (37) 

* Cf. Kirahhoff, loe. eit., p. 881. 




SPIRAL SPRINGS 


415 


270 , 271 ] 

It follows that the rod can be held so that it has a given twist, and its 
central-line forms a given helix, by a wrench of which the force R and the 
couple K are given by equations (36) and (37), and the axis of the wrench is 
the axis of the helix. The force and couple of the wrench are applied to rigid 
pieces to which the ends of the rod are attached. 

The helical form can be maintained by terminal force alone, without any couple; and 
then the force is of magnitude B cos^ a/r^ sin a, and acts as thrust along the axis of the helix. 
In this case there must be twist of amount - B cos^ a/Cr sin o. The form can be maintained 
also by terminal couple alone, without any force ; and then the couple is of magnitude 
i5cosa/r, and its axis is parallel to the axis of the helix. In this case there must be twist 
of amount B sin a cos a/(7r. 

When the state of the rod is such that, if simply unbent, it would be prismatic, d<^\d% 
vanishes, and the twist of the rod is equal to the measure of tortuosity of the central-line 
(cf. Article 253). To hold the rod so that it has this twist, and the central-line is a given 
helix, a wrench about the axis of the helix is I'equired ; and the force R and couple K of 
the wrench are given by the equations 

A = — ( j5 — (7) sin a cos* a/r*, K=^{B cos* a -f (7 sin* a) cos a/r. 


271. Theory of spiral springs*. 

When the sections of the rod have kinetic symmetry, so that A By and 
the unstressed rod is helical with such initial twist that, if simply unbent, it 
would be prismatic, we may express the initial state by the formulae 


Kq = 0, tco = cos® o/ r, To = sin a cos a/r (38) 

By suitable terminal forces and couples the rod can be held in the state 
expressed by the formulae 

Ki » 0, Ki = cos® Oi/ri , Ti = sin ai cos ajri , (39) 


where r^, «! are the radius and angle of a new helix. The stress-couples at 
any section are then given by the equations 


Q^Q ^^^/ sin tti cos« i sina 


cos a\ 


and the stress-resultants are given by the equations 


JV'=»0, r=JV'tanai, 


^ p cos® Of, /sin cr, cos or, sin a c os a \ ^ ^ sin oti cos /c 

" \ r7^ r / r, \ n 


All the equations of Article 259 are satisfied. The new configuration can 
be maintained by a wrench of which the axis is the axis of the helix, and the 
force R and couple K are given by the equations 



/'sin cos cti 

sin a cos a\ 

sina, 

/COS* 0, 

cos® a\ 

it WB 1/ 

[ r, - 

■ r ) 

' n 

\ rj 

^ r ) 

ir=C8ui «i| 

^sin ttj cos tti sin a cos a'^ 
In r j 

1 + jBc08 0, 

/cos® «! 
\ r, 

cos®a^ 


K40) 


* Cf. Kelvin and Tait, Nat. Phil., Put u., pp. 189 et teq. 
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The theoiy of spiral springs is founded on this result. We take the spring 
in the unstressed state to be determined by the equations (38), so that the 
central-line is a helix of angle a traced on a cylinder of radius r, and the 
principal normals and binormals in the various cross-sections are homologous 
lines of these sections. We take I to be the length of the spring, and h to be 
the length of its projection on the axis of the helix, then the cylindrical 
coordinates r, 0, z of one end being r, 0, 0, those of the other end are r, h, 
where 

X — i]' cos a)/r, A = Z sin a (41) 

We suppose the spring to be deformed by a wrench about the axis of the 
helix, and take the force R and couple K of the wrench to be giten. We 
shall suppose that the central-line of the strained spring becomes al helix of 
angle on a cylinder of radius r^, and that the principal norinals and 
binormals continue to be homologous lines in the cross-sections. iThen R 
and K are expressed in terms of Uj and by the equations (40). Wnen the 
deformation is small we may write r -f tr and a -f* Sa for and «!, and Suppose 
that small changes Sy and SA are made in y and A. We have 

SA ~ (I cos a) 8a, 8% = - [(I sin a)/r] 8a - [(I cos a)/r^] 8r, 
from which 

8a « (8A)/(Z cos a), 8r/r- = — (sin a . 8A -f r cos a . hy)j{lr cos® a). 

„ , sin a cos a . Sr cos 2a ^ 

Hence > — = — sm a cos a -- + oa 

r r 


Bh . 8 y 

= cos a 7 - + sin a , 
Ir I 


and 


, cos® a 


Sr 


= — cos^ a -- 


n • Sa 

2 sin a cos a - 


cosa^ sm a 5.1 

- I 

It follows that the force R and the couple K are expressed in terms o 
Z, r, a, 8A, By by the equations 

cos® a + B sin® o) Sh + {C - B) sin a cos o . 
f ...(42) 

K^y [(C— B) sin 01 cos a . SA + (C sin® a-k-B cos® o) 

If the spring is deformed by axial force alone*, without couple, the axial displacemeii 
hh and the angular displacement are given by the equations 

ih = fr* ) R, dx = ® ~ b) 

* The results for this case were found by Saint- Venant, Paris^ C. J?., t, 17 (1848). A numbe 
of special cases are worked out by Kelvin and Tait, loc. cit^ and also by J. Perry, AppU^^ 
MeehaniCB (London, 1899). The theory has been verified experimentally by J. W. Miller, Phy^ 
Ret?., vol, 14 (1902). The vibrations of a spiral spring, supporting a weight so great that the inertii 
of the spring may be neglected, have been worked out in accordance with the above theory 
L. R. Wilberforoe, Phil Mag. (Ser. 6), vol. 88 (1894). 
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If the oroBS-section of the spring is a circle of radius a, 1/C- l/B is iv/Ewa^, where <r 
Poisson’s ratio and E is Young’s modulus for the material. Hence both bh and 8x are 
litive. In the same case tr is negative, so that the spring is coiled more closely as it 
etches. 

272. Additional restilts. 

(a) Rod subjected to terminal couples. 

When a rod which is straight and prismatic in the unstressed state is held bent and 
istcd by terminal couples, the kinetic analogue is a rigid body moving under no forces, 
e analogue has been worked out in detail by W. Hess*. When the cross-section has 
»etic symmetry so that il=Z?, the equations of equilibrium show that the twist t and 
! curvature (icHit'*)4 are constants, and that, if we put as in Article 253 

tan /=-«'/«, 

m B{dfjds)~{B-C)r. 

follows that the measure of tortuosity of the central-line is CV/i?, and, therefore, that 
s line is a helix traced on a circular cylinder. If we use Euler’s angles </> as in 
tide 253, and take the axis of the helix to be parallel to the axis of z in Fig. 46 of that 
tide, B is constant, and ^ tt - d is the angle a of the helix. The axis of the terminal 
iple is the axis of the helix, and the magnitude of the couple is B cos a/r, as we found 
Fore, r being the radius of the cylinder on which the helix lies. 

(/>) Straight rod with initial twist. 

When the rod in the unstressed state has twist tq and no curvature, and the cross- 
;tion has kinetic symmetry so that A the rod can be held bent so that its central-line 
s the form of a helix (a, r), and twisted so that the twist is ti , by a wrench about the axis 
the helix ; and the force R and couple R of the wrench are found by writing rj - ro for r 
equations (36) and (37) of Article 270. 

(c) Rod bent into circular hoop aivd twisted uniformly. 

When the rod in the unstressed state is straight and prismatic, and the cross-section 
*8 kinetic symmetry, one of the forms in which it can be held by terminal forces and 
uples is that in which the central-line is a circle, and the twist is uniform along the 
iigth. The tension vanishes, and the shearing force at any section is directed towards 
le centre of the circle, and its amount is CV/r, where r is the radius of the circle. 

(rf) Stability of rod subjected to twisting couple and thrust. 

When the rod, supposed to be straight and prismatic in the unstressed state, is held 
visted, but without curvature, by terminal couples, these couples may be of such an 
Qount as could hold the rod bent and twisted. \i A^B the central-line, if it is bent, 
lust be a helix. When the couple K is just great enough to hold the rod bent without 
isplacement of the ends, the central-line just forms one complete turn of the helix, the 
idius r of the helix is vei^ small, and the angle a of the helix is very nearly equal to Jir. 
h have the equations 

K==^Cr"‘Br''^cosa, ^co8a«2irr, 

^here r is the twist, and I the length of the rod. Hence this configuration can be 
wntained if We infer that, under a twisting couple which exceeds 

^ straight twisted rod is unstable. 


Math, inn., Bd. 28 (1884)* 
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d^j 


B 


cPx 
ds^ • 


For the equilibrium of the imrt of the rod contained 
between this section and one end we take moments about axes 
drawn through the centroid of the section parallel to the axes 
of X and y, and we thus obtain the equations 


The complete primitives are 


d^ ds 


. 0 . 


This question of stability may be investigated in a more general manner by 
that the rod is held by terminal thrust R and twisting couple JT in a form in 
central-line is very nearly straight. The kinetic analogue is 
a symmetrical top which moves so that its axis remains 
nearly upright. The problem admits of a simple solution by 
the use of fixed axes of x, y, z, the axis of z coinciding with 
the axes of the applied couples and with the line of thrust. 

The central-line is near to this axis, and meets it at the 
ends. The twist r is constant, and the torsional couple Cr 
can be equated to K with sufficient approximation. The 
fiexural couple is of amount B/p, where p is the radius of 
curvature of the central-line, and its axis is the binormal 
of this curve. The direction -cosines of this binormal can be 
expressed in such forms as 

/dyd^z dzdPy\ 

and therefore the components of the fiexural couple at any 
section about axes parallel to the axes of x and y can be 
expressed with sufficient approximation in the forms 


supposing 
which the 




Fig. 60. 


.(43) 


= Li sin (^1 « + €i) + Za sin + ^a), 

y * Z, cos (^i«+ Cl) -I- Li cos (qiS -f ca), 

where 2 ^, Za, ci, ca are arbitrary constants, and ^i, 92 f'he roots of the equation 


Bf^Kq-R^O. 

The terminal conditions are (i) that the coordinates x and y vanish at the ends and 
(ii) that the axis of the terminal couple coincides with the axis of z. The equations 
(43) show that the second set of conditions are satisfied if the first set are satisfied. WeJ 
have therefore the equations 


Zj sin €1 -f Zj sin ca—O, Zj cos C] 4- Za cos ca ==0, 

and 

Z] sin (^1 / 4- cj) 4* Za sin {q^l 4- €2) •■O, Zi cos (^, ^ -p cj) 4- Za cos (q^l 4- ca) «=0. 

On substituting for Zacosca Zasin ca from the first pair in the second pair, we find the j 
equations 

Z, {sin {q^l + c j) - sin (q^l + c,)} -iO, Zi {cos {qil + Cj) - cos (q^l + ci)} * 0, 
from which it follows that qj and q^l differ by a multiple of 29r. The least length I l>y| 
which the conditions can be satisfied is given by the equation 

2w/^«|9,-yal, 




or 
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The rod subjected to thrust B and twisting couple K is therefore unstable if 

R 

^ 4 ^ + 5 

This condition* includes that obtained above for the case where there is no thrust, and 
also that obtained in (18) of Article 264 for the case where there is no couple. If the rod 
is subjected to tension instead of thrust, R is negative, and thus a sufficient tension will 
render the straight form stable in spite of a large twisting couple. 

(«) Stability of Jlal blade bent in its plane f. 

Let the section of the rod be such that the flexural rigidity B, for bending in one 
principal plane, is large compared with either the flexural rigidity A, for bending in the 
perpendicular plane, or with the torsional rigidity C, This would be the if, for 
example, the cross*section were a rectangle of which one pair of sides is much longer than 



Fig. 61. 

the other pair. Let the rod, built in at one end so as to be horizontal, be bent by a vertical 
transverse load R applied at the other end in the plane of greatest flexural rigidity. We 
shall use the notation of Article 253, and suppose, as in Article 270, that the line of action 
of the load R has the direction and sense of the line jPjz, and we shall take the plane of 
(z, x) to be parallel to the vertical plane containing the central-line in the unstressed state. 
If the length 1^ or the load B, is not too great, while the flexural rigidity B is large, the rod 
will be slightly bent in this plane, in the manner discussed in Chapter XV. But, when the 
length, or load, exceed certain limits, the rod can be held by the terminal force, directed as 
above stated, in a foiiix in which the central-line is bent out of the plane (x, z), and then 
the rod will also be twisted. It will appear that the defect of torsional rigidity is quite as 
influential as that of flexural rigidity in rendering possible this kind of buckling. 

Let 8 be measured fi*om the fixed end of the central-line, and let Xi, y^, Zt be the 
coordinates of the loaded end of this line. Let x, y, z be the coordinates of any point Pj 
on the strained central-line. For the equilibrium of the part of the rod contained between 
the section drawn through Pj and the loaded end we take moments about axes drawn 

* The result is due to A. O. Greenhill, Inst Meek. Engineers^ Proc,^ 1888. 

t Cf. A G. M. Miohell, Phit Mag, (Ser. 6), vol. 48 (1899), and L. Prandtl, ‘Kippersoheinungen* 
(0u«.), Nflmberg, 1899. The problem here solved and other problems, concerning the stability 
of a flat blade n^i^d**** various conditions of loading and support, are considered by various writers, 
among whom may be mentioned S. Timoschenko, loc, city p* 408 and Phil, Mag, (Ser. 6), vol. 48 
1922), p, 1028, M. K. Grober, Phys, ZHUehr,, Bd. 16 (1914), pp. 480 and 889, and J. Prescott, 
Mag, (te. 6), voL 86 (1918), p. 297 and vol. 89 (1920), p. 194. 
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through Pi parallel to the fixed axes. Using the direction-cosines defined hy the scheme (4) 
of Article 253, we have the equations 

- ( A #c -H ^2 + W 4* (yi — y) P «= 0, 

- ( A ic mi -f Pie'»i2 + Crms) ~ (xi - x) P =* 0, 

A#c7ii+P#c'n2+CVn3 ■■0. 

When we substitute for k , k \ r from equations (8) of Article 253, and for Zi, ... from 
equations (7) of the same Article, we have 
AkIi^ Bk Crl^ 

«=[-(A sin* ^-fP cos* sin 1/^4- (A -P) sin<^cos^co8i/rcosd]^+C'cos^sind^ 

+[-(Acos*^ + Psin*<^)cosi/^8indco8d4-(A -P)8in0coB<#>sin^sind+C?cosi^sin^cos^]^, 
A ic mi -f- P k' m 2 4 CV m 3 

■»[(A sin*04Pcos*^)co8^4(A - P)8in0co8 0sin^co8d]^+(7sin>/rsin 

— [(A co8*0-|-Psin*0)sin^sindco8d+(A -P)8in0co8(;^co8^sind- Csin^^sin 
A « T^i -f- Pic^ W2 4 Ws 

*= - (A - P) sin (f> cos </) sin d ^4 (7 cos d ^4(A sin* d co8*<^4 P sin* d sin* (j ) 4 <7008* d) ^ . 




In equations (45) we now approximate by taking A and (7 to be small compared with 
P, and d to be nearly equal to ^yt, while <f} and ^ are small, and also by taking xi to be 
equal to I and x to be equal to a We reject all the obviously unimportant terms in th“ 
expressions for ( A k ^i 4 • • Of * • < • thus find the equations 

Since rfy/<f«=m3«sindsin^a=^ nearly, we deduce from the first and second equations of 
this set the equation 

and from the second and third equations of the same set we deduce the equation 
and, on eliminating d^ff/ds between the two equations last written, we find the equation 


+ f (46) 

This equation can be transformed into BessePs equation by the substitutions 

(47) 

It becomes 

and the primitive is of the form 

i ( 6 ] {I - *)4 ( 48 ) 

where A' and P are constants. 


Now when d^jdi vanishes, and the twisting couple Cr vanishes; hence 
vanishes. This condition requires that A* should vanish. Further, 0 vanishes when 
and thus the critical length is given by the equation •/- j (f)'*0 at f «|PP/V(*4C), or 


sn 1 

2.6 2.4...(2n).6.14...(8n-2) 


» 0 . 
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272, 273] 

The lowest root of this equation for E^I^JAC is 16 nearly, and we infer that the rod bent 
by terminal transverse load in the plane of greatest flexural rigidity is unstable if 
I > y {AC)ijRi^ where y is a number very nearly equal to 2. 

The result has been verified experimentally by A. G. M. Michell and L. Prandtl. It 
should be observed that the rod, if of such a length as that found, will be bent a good deal 
by the load unless B is large compared with A and C, and thus the above method is not 
applicable to the general problem of the stability of the elastica for displacements out of 
its plane. 

273. Rod bent by forces applied along its length. 

When forces and couples are applied to the rod at other points, as well as 
at the ends, and the stress-couples are assumed to be given by the ordinary 
approximations (Article 255), forms are possible in which the rod could not 
be held by terminal forces and couples only. When there are no couples 
except at the ends, the third of equations (11) of Article 254 becomes 

and this equation shows that to hold the rod bent to a given curvature 
without applying couples along its length, a certain rate of variation of 
the twist along the length is requisite. In other words a certain twist, 
indeterminate to a constant pres, is requisite. 

When there are no applied couples except at the ends, and the curvature 
is given, while the twist has the required rate of variation, Hf and N' are 
given by the first two of equations (2) of Article 260. The requisite forces 
J, Yy Z of Article 254 and the tension T are then connected by the three 
equations (10) of that Article. We may therefore impose one additional con- 
dition upon these quantities. For example, we may take Z to be zero, and 
then we learn that a given rod can be held with its central-line in the form 
of a given curve by forces which at each point are directed along a normal to 
the curve, provided that the rod has a suitable twist. 

Similar statements are applicable to the case in which the rod, in the 
unstressed state, has a given curvature and twist. 

As an example* of the application of these remarks we may take the case of a rod 
which in the unstressed state forms a circular hoop of radius with one principal axis of 
each cross-section inclined to the plane of the hoop at an angle / q, the same for all cross- 
sections. We denote by B the flexural rigidity corresponding with this axis. The initial 
state is expressed by the equations 

«o*“^o“*oo8/o, ico'«ro*"‘sin/o, to«0. 

hot the rod be bent into a circular hoop of radius fi, with one principal axis of each 
eroaa-section inclined to the plane of the hoop at an angle /i, the same for all cross-sections, 
^he state of the ixKi is then expressed by the equations 

«j«-.rj-ico8/i, ic/=ri-i8in/i, ti«0. 

Kelvin and Tait, NaU PMU, Part u., pp. 166 et nq. 
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To hold the rod in this state forces must be applied to each section so as to be equivalent 
to a couple about the central-line ; the amount of this couple per unit of length is 

(il sin /i cos/o - B coafi sin/o) - — (4 - U) sin/j cos /i . 

ron fj* 

273 A. Influence of stiflhess on the form of a suspended wire. 

As another example of the equilibrium of a thin rod under forces applied 
along its length, we consider the problem of a wire suspended from two fixed 
points at the same level*. We shall suppose that the wire is stretched taut 
under a high terminal tension, so that its central-line at any point is but 
slightly inclined to the horizontal, and denote the inclination of the tangent 
to the horizontal by Then in the equations (10) and (11) of Article 254 
and (12) of Article 255 we have to put 

n ' 


ir=if' = © = 0, X = — wcoa0, Z = — wainff, F=0, 

where w is the weight of the wire per unit of length. The equations become 

dN rpdd ^ ^ 

-f r j — k;co8^=:0, 
ds ds 

dT .jdd ./in 

ds ds 


Elimination of T and N yields the equation 




which can be integrated in the form 

* 1(^ "Vs + ® "I * ““’"Va ■ “• 

where a is a constant of integration. On putting ^ = 0, we see that a is the 
value of the tension IT at a point where ^ 0, so we shall put for a. The 

equation can be integrated again in the form 

J5 -T? sec 0 + w« = T. tan 
cur 

where no constant need be added if « is measured from a point where ^ - 0. 

If, as was supposed, 0 is eveiywhere small, this equation may be replaced 
by the simpler equation 

T,.0 = -m, 


A. K. Young, Phil. Mag. {Bet. 6), voL 39, 191K« p* 99* 
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and integrated in the form 

d = 0 cosh Xs^- ^ sinh Xs + ^ 
io 

where X is written for V(ro/-B), and a and /8 are arbitrary constants, and then 
a must be put equal to zero because 0 vanishes with s. 

If the ends of the wire at the supports are constrained to be horizontal, and 
the length of the wire between the supports is we have ^ = 0 when ± J/, 
and then 

Josinh^X/ ' 

The length of the wire between the supports exceeds the distance between 
the supports by 

2 (1 -cos^)d6*, 

or approximately 

til I wV ( , sinhX^ V > 

Jo W 

and this is 

“'7 - i 

’ \24. V tonTpa " i6 emWpJ,) ’ 

The first term in this expression gives the excess length calculated by neglect- 
ing the stiffness, and the remaining terms give the correction for stiffness. 


274. Bod bent in one plane by uniform normal pressure. 


We consider next the problem of a rod held bent in a principal plane by 
normal pressure which is uniform along its length. The quantity X of Article 
254 expresses the magnitude of this pressure per unit of length. 


Let F denote the resultant of the shearing force N and the tension T at 
any cross-section, J’,, Fy its components parallel to fixed axes of x and y in 
the plane of the bent central-line. We may obtain two equations of equi- 
librium by resolving all the forces which act upon any portion of the rod 
parallel to the fixed axes. These equations are 


It follows that the origin 0 can be chosen so that we have 

F,^-yX, 

and therefore the magjnitude of F at any point P of the strained central-line 
is rX, where r is the distance OP, and the direction of f is at right angles to 
^P. This result can be expressed in the following form:— Let P, and P* be 
any two points of the strained central-line, and let Pj and Pjbe the resultants 
the shearing force and tension on the cross-sections through P, and P*, 
*■•>6 senses of P, and P, being such that these forces arise from the action of 
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the rest of the rod on the portions between Pi and Pj. From Pj, P, draw 
lines PjO, PgO at right angles to the directions of Fi , P*. We may regard 
the arc Pi Pg as the limit of a polygon of a large number of sides, and this 
polygon as in equilibrium under the flexural couples at its ends, the forces 
Pj, Pg, and a force Xha directed at right angles to any side of the polygon of 
which the length is hs. The forces are at right angles to the sides of the 6gure 
formed by OPi, OPg and this polygon, and are proportional to them; and the 
lengths of OPj and OP* are F^fX and F-JX. The senses in which the lines 
must be drawn are indicated in Fig. 62, where in the right-hand figure OPi Pg 
is shown as a force-polygon*. 



Let r denote the distance OP. Then 

,dr 





dr 


iV = -P^ = -rP' . 

as (is 


The stress-couple G' satisfies the equation 


dG' 

ds 




dr 


Hence we have 

G* = + const. 

In the particular case where the central -line in the unstressed state is a 
straight line or a circle, the curvature 1/p of the curve into which it is bent 
is given by the equation 

Bjp = \Xr^ -h const (49) 

The possible forms of the central-line can be determined from this equation f. 


275. Stability of circular ring under normal pressure. 

When the central-line in the unstressed state is a circle of radius a, and the rod is very 
slightly bent, equation (49) can 1:»e written in the approximate form 

dPu 

* The theory is due to M. L4vy, J, de Math. {LiouvilU), (S4r. S), t. 10 (1884). 
t The complete integration of equation (49) by means of elliptic functions was effected by 
G. H. Halphen, Paris, C. R., t. 98 (1884). See also his TraiU des fonctions elliptiques, Partie 2, 
Ch. 5 (Paris, 1888). The subiect has been investigated further by A. G. Greenhill, Math. Ann., 
Bd. 52 (1899). 
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vrhere 1/m and 6 are the polar coordinates of a point on the central-line referred to 0 as 
origin, and c is a constant. The value of u differs very little from 1/a, and we may there- 
fore put M=l/a-l-{, where { is small, and obtain the approximate equation 


^ it 


Hence f in of the form ^oCO&{nS + y\ where ^nd y are constants, and n is given by the 

equation 

n^^l + Xa^lB. 

Now the function ( must be periodic in $ with period 27r, for, otherwise, the rod would 
not continue to form a complete ring. Hence n must be an integer. If n were 1, the circle 
would be displaced without deformation. The least value of the pressure X by which any 
deformation of the circular form can be produced is obtained by putting wa=2. We infer 
that, if JIT < 3B/a^^ the ring simply contracts under the pressure, but the ring tends to 
collapse if 

X>SB/a^ (50)» 


276. Height consistent with stability f. 

As a further example of the equilibrium of a rod under forces applied along 
its length, we consider the problem of a vertical column, of 
uniform material and cross-section, bent by its own weight. 

Let a long thin rod be set up in a vertical plane so that the x 
lower end is constrained to remain vertical, and suppose the 
length to be so great that the rod bends. Take the origin of 
fixed axes of x and y at the lower end, draw the axis of x 
vertically upwards and the axis of y horizontally in the plane 
of bending. (See Fig. 63.) For the equilibrium of the portion 
of the rod contained between any section and the free end, we 
resolve along the normal to the central-line, and then, since 
the central-line is nearly coincident with the axis of x, we find 
the equation 

I ax 

where W is the weight of the rod. The equation of equilibrium dGjds 4- N^O 
can, therefore, be replaced by the approximate equation 

ig+r' .0, .(51) 

where p is written for dy/dx. The terminal conditions are that dpjdx vanishes 
at X = t and y and p vanish at x = 0. 

Equation (51) can be transformed into Bessel’s equation by the substitutions 





The result U due to M. L6vy, loc. cit, ^ a t* 

t The theory ie due to A. G. Greenhill. Cambridge Phil. Soc. Proe., vol. 4 (1881). It has been 

^iBcnssed critically by 0. Chree, Cambridge Phil Soc. Proc.g vol. 7 (1892). 
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It becomes 



and the primitive is of the form 




where A and IX are constants. 


To make dp/dx vanish at x * i we must have A' = 0, and to make p vanish 
at X = 0 we must have (f ) * 0 at f f i ( WIB)k Hence the critical length 
is given by the equation 


1 ^, 1 

3.2 B + v f 3.6...(3n).2.5...(3n-l) 


= 0 . 


The lowest root of this equation for is 7 . 84 ... , and we infer t^t the 
rod will be bent by its own weight if the length exceeds (2.80...) ly/^/W). 
The numerical value agrees with that obtained by a different method by 
S. Timoschenko, loc. cit, p. 408. ^ 


Greenhill {loc. dt, p. 425) has worked out a number of cases in which the 
rod is of vaiying section, and has applied his results to the explanation of 
the forms and growth of trees. 



CHAPTER XX 


VIBRATIONS OF RODS. PROBLEMS OF DYNAMICAL RESISTANCE 

277. The vibrations of thin rods or bars, straight and prismatic when 
unstressed, fall naturally into three classes : longitudinal, torsional, lateral. 
The “longitudinal vibrations are characterized by the periodic extension 
and contraction of elements of the central -line, and, for this reason, they will 
sometimes be described as “extensional.” The “lateral” vibrations are 
characterized by the periodic bending and straightening of portions of the 
central -line, as points of this line move to and fro at right angles to its unstrained 
direction; for this reason they will sometimes be described as "flexural.” In 
Chapter XII we investigated certain modes of vibration of a circular cylinder. 
Of these modes one class are of strictly torsional type, and other classes are 
effectively of extensional and flexural types when the length of the cylinder is 
large compared with the radius of its cross-section. We have now to explain 
how the theory of such vibrations for a thin rod of any form of cross-section 
can be deduced from the theory of Chapter XVIII. 

In order to apply this theory it is necessary to assume that the ordinary 
approximations described in Articles 255 and 258 hold when the rod is vibrating. 
This assumption may be partially justified by the observation that the equa- 
tions of motion are the same as equations of equilibrium under certain 
body forces — the reversed kinetic reactions. It then amounts to assuming that 
the mode of distribution of these forces is not such as to invalidate seriously 
the approximate equations (21), (22), (23) of Article 258. The assumption 
may be put in another form in the statement that, when the rod vibrates, the 
internal strain in the portion between two neighbouring cross-sections is the 
same as it would be if that portion were in equilibrium under tractions on its 
ends, which produce in it the instantaneous extension, twist and curvature. 
No complete justification of this assumption has been given, but it is supported 
by the results, already cited, which are obtained in the case of a circular 
eylinder. It seems to be legitimate to state that the assumption gives a better 
approximation in the case of the graver modes of vibration, which are the most 
important, than in the case of the modes of greater frequency, and that, for 
the former, the approximation is quite sufficient. 

The various modes of vibration have been investigated so fully by Lord 
^yleigh* that it will be unnecessary here to do more than obtain the equa- 
, tions of vibration. After forming these equations we shall apply them to the 
I 'liscussion of some problems of dynamical resistance. 

• Theory of Sound, Chaptan vn and rax. 
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278. Extensional vibrations. 


Let w be the displacement, parallel to the central-line, of the centroid of 
that cross-section which, in the equilibrium state, is at a distance s from some 
chosen point of the line. Then the extension is dwjds, and the tension is 
Eto (dwjds), where E is Young’s modulus, and <o the area of a cross-section. 
The kinetic reaction, estimated per unit of length of the rod, is pm (d^wjdt^), 
where p is the density of the material. The equation of motion, formed in the 
same way as the equations of equilibrium in Article 254, is 


dhu d^tu 


(1) 


The condition to be satisfied at a free end is dw/os = 0; at a fixi 
vanishes. 


id end w 


If we form the equation of motion by the energy-method (Article 115) we may take 
account of the inertia of the lateral motion* by which the cross-sections are Wtended 
or contracted in their own planes. If x and y are the coordinates of any point in 'a cross- 
section, referred to axes drawn through its centroid, the lateral displacements are 

— (tx {dw/d8\ — cry (bw/ds)^ 


where a is Poisson^s ratio. Hence the kinetic energy per unit of length is 

where K is the radius of gyration of a cross-section about the central-line. The pc^tential 
energy per unit of length is 

and, therefore, the variational equation of motion is 


where the integration with respect to « is taken along the rod. In forming the variations 
we use the identities 


dwcdw . c% 


dt dt 






dwddw dhf\ d f lw 


«u>), 


/d^w^bw d^w . \ d / d^w dbw c^iv ^ A , S / b'^ wbbw d^w . \ 
ds^ct^ /"*0«\c«0f di \0«0^ vs c8^dt 


and, on integrating by parts, and equating to zero the coefficient of bic under the sign of 
double integration, we obtain the eciuation 


P 


l*0^‘^ 


- 




>(2) 


By retaining the term pa^K^d^wfcii^dt^ we should obtain the correction of the velocity 
of wave-propagation which was found by Pochhammer and Chree (Article 201), or the 
correction of the frequency of free vibration which w;i8 calculated by Lord Rayleigh +. 


* The lateral strain is already taken into account when the tension is expressed as the product 
of E and <a (0io/0«). If the longitudinal strain alone were considered the constant that enters iotc 
the expression for the tension would not be E but X-f' 2/i. 
t Theory of Sound, § 167. 
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279. Torsional vibrations. 

Let yjr denote the relative angular displacement of two cross-sections, so 
that dyfrjds is the twist of the rod. The centroids of the sections are not dis- 
placed, but the component displacements of a point in a cross-section parallel 
to axes of x and y, chosen as before, are — ^fry and yjrx. The torsional couple 
is C (dyjrjds), where G is the torsional rigidity. The moment of the kinetic 
reactions about the central-line, estimated per unit of length of the rod, is 
pa>K^ Idt^). The equation of motion, formed in the same way as the third 
of the equations of equilibrium (11) of Article 254, is 

-( 3 ) 

The condition to be satisfied at a free end is d-fjds = 0 ; at a fixed end ^ 
vanishes. 


When we apply the energy-method, we may take account of the inertia of the motion 
by which the cross-sectioTis are deformed into curved aurfaces. Let be the torsion- 
function for the section (Article 216). Then the longitudinal displacement is^(0^/S«), 
and the kinetic energy of the rod per unit of length is 

The potential energy is iC(dylr/cs)^j and the equation of vibration, formed as before, is 



Ry inserting in this equation the values of 0 and J that belong to the section, we 
could obtain an e(iuation of motion of the same form as (2) and could work out a 
correction for the velocity of wave-prupigation and the frequency of any mode of vibration. 
In the case of a circular cylinder there is no coirection and the velocity of propagation is 
that found in Article 2(>0. 


280. Flexural vibrations. 

Let the rod vibrate in a principal plane, which we take to be that of (x, z) 
as defined in Article 252. Let u denote the displacement of the centroid of 
any section at right angles to the unstrained central-line. We may take 
the angle between this line and the tangent of the strained central-line to be 
3w/0s, and the curvature to be The flexural couple 0' is where 

B = Ewk\ k* being the radius of gyration of the cross-section about an axis 
through its centroid at right angles to the plane of bending. The magnitude 
of the kinetic reaction, estimated per unit of length, is, for a first approxima- 
tion, p(o(dhi/dt% and its direction is that of the displacement w. The longitu- 
dinal displacement of any point is - a? (diilds)] and therefore the moment of the 
kinetic reactions, estimated per unit of length, about an axis perpendicular to 
the plane of bending is pwk'^ (d^ujdsdt^)* The equations of vibration formed in 
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the same way as the first of the set of equations (10) and the second of the 
set of equations (11) of Article 254 are 

dN ^ IP ■ xr 11% />i\ 

+ (4) 

and, on eliminating we have the equation of vibration 

^ [de * d^dt*) ~ dn* 

If “rotatory inertia” is neglected we have the approximate equation 

^ .....( 6 ) 

and the shearing force N at any section is — J^o)A?'*9*a/9s*. At a free end 9*w/9«> 
and Vujdf^ vanish, at a clamped end u and dujds vanish, at a “supported” end 
u and d*uld^ vanish, \ 

By retaining the term representing the effect of rotatory inertia we couliji obtain 
a correction of the velocity of wave-propagation, or of the frequency of vibratioh^ of the 
same kind as those previously mentioned*. Another correction, which may be of the 
same degree of importance as this when the section of the rod does not possess kinetic 
symmetry, may be obtained by the energy-method, by taking account of the inertia of the 
motion by which the cross-sections are distorted in their own planes t. The components 
of displacement parallel to axes of s and y in the plane of the cross-section, the axis of x 
being in the plane of bending, are 

and the kinetic energy per unit of length is expressed correctly to terms of the fourth 
order in the linear dimensions of the cross-section by the formula 

where k is the radius of gyration of the cross-section about an axis through its centroid 
drawn in the plane of bending. The term in P) depends on the inertia of the 

motion by which the cross-sections are distorted in their planes, and the term in 
depends on the rotatory inertia. The potential energy is expressed by the formula 

The variational equation of motion is 

In forming the variations we use the identities _ 

d /d^uddu 9®tt. \ 

. d^u d/ c^u 9/ 00tt9*w\ 

F* r“a?F<+ % -arj IT w) 

* Of, Lord Bayleigh, Theory of Soundf g 186. 

t The oroBS-sectioQs are distorted into curved surfaces and inclined obliquely to the strained 
oentril-Une, bat the inertia of ^ese motions would give a much smaller correction. It is shown, 
however, by 8, Timosehenko, PhiL Mag. (Ser, 6), vol, 41, p. 744 and vol 48, p. 125, to be at least 
as ia^ortant as the correction for rotatory inertia. 
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aa well as identities of the types used in Article 278 . The resulting equation of motion is 



Corrections of the energy such as that considered here will, of course, affect the 
terminal conditions at a free, or supported end, as well as the differential equation of 
vibration. Since they rest on the assumption that the internal strain in any small 
portion of the vibrating rod contained between neighbouring cross-sections is the same 
as in a prism in which the right extension, or twist, or curvature is produced by forces 
applied at the ends and holding the prism in equilibrium, they cannot be regarded as very 
rigorously established. I^ord Rayleigh {loc. cit.) calls attention to the increase of im- 
portance of such corrections with the frequency of the vibration. We have already 
remarked that the validity of the fundamental assumi»tion diminishes as the frequency 
rises. 


281. Bod fixed at one end and struck longitudinally at the other*. 

We shall illustrate the application of the theory of vibrations to problems 
of dynamical resistance by solving some problems in which a long thin rod is 
thrown into extensional vibration by shocks or moving loads. 

We take first the problem of a rod fixed at one end and struck at the other 
by a massive body moving in the direction of the length of the rod. We measure 
t from the instant of impact and s from the fixed end, and we denote by I the 
length of the rod, by m the ratio of the mass of the striking body to that of 
the rod, by V the velocity of the body at the instant of impact, by w the longi- 
tudinal displacement, and by a the velocity of propagation of extensional waves 
in the rod. 


The differential equation of extensional vibration is 




,‘ihu 


( 8 ) 


The terminal condition at s = 0 is w = 0. The terminal condition at « b Hs 
the equation of motion of the striking body, or it is 


ml -JT— = — a’ 
dt^ 


dw 


.(9) 


since the pressure at the end is, in the notation of Article 278, -Emidwjda), 
and Eioja* is equal to the mass of the rod per unit of length. The initial 
condition is that, when < = 0, w = 0 for all values of a between 0 and I, 
but a.t a •‘I 

lira {dw/^) =■ — F, (10) 

<»■^o 

since the velocity of the struck end becomes, at the instant of impact, the 
, same as that of the striking body. 

* Ct. J. BouMiueaq, Applieatiom det potenlielt..., pp. 808 el stq., or Saint- Venant in tbe 
Anaotated Olebaoh,’ Note JiiiaU du g 60 and ChangmenU et additUmt. A new and powerful 

I method of solving problems of the kind here diacnssed has been devised by T. J. I’ A. Bromwich, 
tendon, Math. Soe. Proe. (8er. 2), vol. 16 (1916), p. 401, and further developed by him in Phit. 
(Set, 6), vol. 87 (1919>, p. 407. 
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We have to determine w for positive values of t, and for all values of s 
between 0 and I, by means of these equations and conditions. The first step 
is to express the solution of the differential equation (8) in the form 

w=f{at — s) + F{at + 8), (11) 

where / and F denote arbitrary functions. 

The second step is to use the terminal condition at s = 0 to eliminate one 
of the arbitrary functions. This condition gives in fact 

/(at) + f’(at) = 0, 

and we may, therefore, write the solution of equation (8) in the forn^ 

«;=/(o< — s) — /(ot + s) i”(12) 

The third step is to use the initial conditions to determine the function f 
in a certain interval. We think of / as a function of an argument t which 
may be put equal to at — s or at + s when required. Since dwjds and dwjdt 
vanish with t for all values of s between 0 and I we have, 

when />r>0, _/'(-f)-/'(0 = 0, /'(-D-/'(r) = 0. 

Hence it follows that, when l>^>- I, f'(0 vanishes and /(f) is a constant 
which can be taken to be zero; or we have the result 

when f{0 = 0 (13) 

The fourth step is to use the terminal condition (9) at a = 2 to form an 
equation by means of which the value of /(f) as a function of f can be 
determined outside the interval / > f > — /. The required equation, called the 
"continuing equation*,” is 

ml [/" (at - 1) -f" {at + 1)] = /' (at {at + 1), 

or, as it may be written, 

/''(f) + (l/m0/' (?) = /”(?- 2/)-(l/m0/'(f- 21). (14) 

We regi^ this equation in the first instance as an equation to determine 
/' (f). The right-hand member is known, it has in fact been shown to be 
zero, in the interval We may therefore determine the form of 

/'(f) in this interval by integrating the equation (14). The constant of 
integration is to be determined by means of the copdition (10). The function 
/' (^ will then be known in the interval > f > I, and therefore the right- 
hand member of (14) is known in the interval > f > SI. We determine the 
form of /' (f) in this interval by integrating the equation (14), and we deter- 
mine the constant of integration by the condition that there is no discon- 
tinuity in the velocity at s — l after the initial instant. The function /'(?) 
will then be known in the interval 5/ > f > 31. By proceeding in this way 
can determine /' (f) for all values of f which exceed — 1. 

* jirvmoine« of Ssint-Tnuuit. 
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The integral of (14) is always of the fonn 

/' (r) = \f" (f - 2^ - f (f- 2Z)} At . . .(15) 

?here (7 is a constant of integration. When Sl> ^ >l the expression under 
he sign of integration vanishes, and /' (f) is of the form Cfe-fK Now the 
ondition ( 10 ) gives 

a[/'(-i + 0)-/'(« + 0 )]-- V, or /'(Z + 0 )= V/a. 

Hence = V/a, and we have the result 

when SI >^> I, f (f) = ^ 10 ^ 

Ve observe that /' (f) is discontinuous at f = i. 

When 51>^>SI we have 

/" (r - 20 - (l/ml)f'(^- 21) 2 (V/mla) 

nd equation (15) can be written 

/' (?) = Ce-i"^ - 2 ( V/mla) Sl)e-(i-^l”^K 

'he condition of continuity of velocity at s = Z at the instant t = 2l/a gives 
f (I -0) -f (3Z - 0) =/' (I + 0) -/' (SI + 0), 

V V 

If e" 2 /i» _ Ce"®/”*, 

a a 


C = (F/a) (el/"* + 6®/"*). 


lence, when 5 Z > ? > 3 Z, 
... V 


f (?) = ^ + -. 1 - £.(?- 3 Z) e-fe--«)/*»( 


When_ 7 Z > ?> 5 Z we have 

"' ( ?- 20 - - 20 = - + 2e-«-®W’'*/] 

incl equation ( 15 ) can be written 

2F 

The condition of continuity of velocity at 6 = Z at the instant t = 4 Z/a gives 

f ( 3 i ^ 0 ) -/' ( 5 / - 0 ) =/' ( 3 Z -f 0 ) -/' ( 5 Z + 0 ), 

V V AV V 

ir -L e“2/m _ JL. (^-4/m 4. g-2/m\ ^ ^ _ (^-2/iii 4. 1) 

a a ma a 

iving 0 as ^ + ^1 — — ^ . Hence, when 7 Z > f > 5 Z, 

'(?) « Ze-ts-o/mi + rii _ l(?-3Z)U-(f-«W“* 


i(r-50 + :^(?-5We 


_ .5Zvl 


...( 18 ) 
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The function f(X) can be determined by integrating /' (f), and the con- 
stant of integration is to be determined by the condition that there is no 
sudden change in the displacement a.t 8=^1. This condition gives, by putting 
^ s 0, 2//a, . . . such equations as 

0«/(-i + 0)-/(i-l-0), 

- 0) -/(3i - 0) =/(Z -H 0) -/(3Z -I- 0). 
from which, since /(— ^ + 0) and /(l — O) vanish, we find 


f(l + 0) = 0 =/il - 0), f(Sl + 0) -/(3i - 0) 

Hence there is no discontinuity in /(f)> is otherwise evident, sim 
possesses only finite discontinuities separated by intervals in which i 
tinuous. We have therefore merely to integrate /' ($■) in each of the i 
51>^>31, ... and determine the constants of integration 
y(i) = 0 and/ (S’) is continuous. W’e find the following results: 

when3i>f>i, '' 

/(?) = (mlV/a) (1 - ; 

when 51 > ? > 31, 

/(?) = - + !?^|l + 

when 71 > f > 51, 

/(D = ^ {1 - ^ |l (r- 31)} 



,(19) 


The solution expresses the result that, at the instant of impact, a wave of 
compression sets out from the struck end, and travels towards the fixed end. 
where it is reflected. The motion of the striking body generates a continuous 
series of such waves, which advance towards the fixed end, and are reflected 
there. 

In the above solution we have proceeded as if the striking^ body became attached to the 
rod, so that the condition (9) holds for all positive values of t ; but, if the bodies remaiu 
detached, the solution continues to hold so long only as there is positive pressure between 
the rod and the striking body. When, in the above solution, the pressure at becomes 
negative, the impact ceases. This happens when becomes negative. 

So long as 2f>a/>0 this expression is equal to (F/a) which is positive. When 

Al>at>2l, it is 

which vanishes when and this equation can have a root in the! 

interval 4l>cU>2l if 2+e“’*/^<4/»i. Now the equation 2+^"’*/»**4/m has a rootj 
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lying betw^n was l and wi=2, viz. ; 1*73.... Hence, if «i< 1*73, the impact _ at 

an instant in the interval ilja>t> ^Ija^ and this instant is given by the equation 

If wi>l*73 we may in like manner determine whether or no the impact ceases at 
an instant in the interval 6^/a>^>4?/a, and so on. It may be shown also that the 
greatest compression of the rod occurs at the fixed end, and that, if w<5, its value 
is 2(1 F/a, but, if m> 5, its value is approximately equal ^o (l+^/»l)^/a. If the 
problem were treated as a statical problem by neglecting the inertia of the rod, the 
greatest compression would be »Jm{Vja). For further details in regard to this problem 
reference may be made to the authorities cited on p. 431. 

282. Rod free at one end and struck longitudinally at the other*. 

When the end <=^0 is free, dwjds vanishes at this end for all values of ty or we have 
Hence we may put and write instead of (12), 

and, as before, we find that /(f) vanishes in the interval 
The continuing equation is now 

r (0 + (0 = (f- 20 +(l/mO/' (f - 20 

and the discontinuity of /' (f) at f determined by the equation 

a[/(-^+0)+/'(/+0)]= - F, or /(^+0)= - Yja. 

Hence we find the results : 

when 3^>f>0 

r VmJ 

and /(f)- 
when 5^>f >3/, 

Now the extension at is f {at {at- 1), and, until this is 

-(F/a) 

which is negative, so that the pressure remains positive until the instant t^2lla; but, 
immediately after this instant, the extension becomes ( Vja) (2 - 6“^/"*), which is positive, so 
that the pressure vanishes and the impact ceases at the instant that is to say 

after the time taken by a wave of extension to travel over twice the length of the rod. 
The wave generated at the struck end at the instant of impact is a wave of compression ; 
it is refiected at the free end as a wave of extension. The impact ceases when this 
refiected wave reaches the end in contact with the striking body. The state of the rod 
and the velocity of the striking body at this instant are determined by the above formulse. 
The body moves with velocity in the same direction as before the impact; and the 
rod moves in the same direction, the velocity of its centre of mass being mF(l -«-*/»). 
The velocity at any point of the rod is 2 Fj-^^^cosh («/m^), and the extension at any point 
of it is 2 (F/a) sinh («/w0, so that the rod rebounds vibrating. 


Cf. J. Boussinesq, loe, eft*, p. 431. 
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283. Rod loaded suddenly. 


Let a massive body be suddenly attached without velocity to the lower 
end of a rod, which is hanging vertically with its upper end fixed. With a 
notation similar to that in Article 281, we can write down the equation of 
vibration in the form 


d'‘w 

W 


Pw 


( 20 ) 


and the value of w in the equilibrium state is \g8{2l--s)la\ Hence we 


write 

w = \gs (2Z — 5)/a® (21) 

and then w must be of the form 

w' — <f>(at — $)-<f>(at + 8), (2^) 


and, as before, we find that, in the interval I > ^> -ly vanishes. 


The equation of motion of the attached mass is 
/dW\ _ ^ a® /dw\ 

\dt^ mZ V 


which gives the continuing equation 

r (?) + a ■f' <0 •= r (?-«)- h *' <?- 2i) - 1 , 


\ 

(23) 

,(24) 


and the constants of integration are to be determined so that there is no 
discontinuity of velocity or of displacement. We find the following results: 
when 31>^>1, 


<p' (D = - {1 - 


,(25) 


Further the equations by which ^'(f) is determined in this problem can 
be identified with those by which /(f) was determined in Article 281 by 
writing — gja for V, The solution is not restricted to the range of values of t 
within which the tension at the lower end remains one-signed. 


The expression for the extension at any point is 

g{l- s)la^ - <j)' (at - «) - 0' (at + «), 
and, at the fixed end, this is equal to 

(at\ or lgla^+^(glaV)f(at\ 

where / is the function so denoted in Article 281. The maximum value occurs when 
r(cU)^Q. 

Taking ms so that the attached mass Is equal to the mass of the rod, w'e find from 
(16) that f*(cU) does not vanish before t^Zljay but from (17) that it vanishes between 
and t^blla if the equation 

l+«Ml-‘2(f-30/^}-0 
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has a root in the interval 51>C>31. The root is f=i{3+^(l + l/eS)}, or f=i(3-668), 
which is in this interval. The greatest extension at the* fixed end is 

^ {1 + 2e- [ - 1 + {1 + 2 (0-568)}] } , 


or (i^/a*) (1 + or (3-27) The statical strain at the fixed end, when the rod 

supports the attached mass in equilibrium, is Hgja^, and the ratio of the maximum 
dynamical strain to this is 1-63 : 1. This strain occurs at the instant f =(3-568) Ija. 

Taking »i=2, so that the attached mass is twice the mass of the rod, we find from (16) 
that f (at) does not vanish before <=3i/a, but from (17) that it vanishes between <«*3f/a 
and t^Slja if the equation 

l+«{l-(f-3f)/f}=0 

has a root in the interval 5f> The root is f=f(4 + l/e), or (4-368), which is 

in this interval. The greatest extension at the fixed end is 

^ {1 +4e-iP-»») [ - 1 +(i + 1-368) el} , 


or or (^‘04)lgla^. The statical strain in this case is and the 

ratio of the maximum dynamical strain to the statical strain is 1*68 : 1. This strain 
occurs at the instant (4-368) //a. 


Taking 7)1 = 4, so that the attaciied mass is four tim(^ the mass of the rod, we find from 
(17) that /'(a/) does not vanish before but from (18) that it vanishes between 

t — blja and t = ^lla if the equation 

1 - i {(f - 50/^} e4[l - (f - 5f)/f + J (f - e- 0 

has a root in the interval 7l>(>bL The smaller root is f=^6-183), which is in this 
interval. The greatest extension at the fixed end is 


^j^l+8-8e-(f-<»'«|l - 2+i^^®^)eU 


A , l(f-5/)* 

^8 



w'here ( is given by the above equation. The extension in question is therefore 

I? [9+8e-H‘-iM){2e-i_(l-183)}], 


which is found to be {9'IS) The statical strain in this case is b{lgla^\ and the 

ratio of the maximum dynamical strain to the statical strain is 1*84 nearly. This strain 
occurs at the instant ^ = (6*183) //a. 

The noteworthy result is that, even when the attached mass is not a large multiple of 
the mass of the rod, the greatest strain due to sudden loading does not fall far short of the 
theoretical limit, viz. twice the statical strain. ((Jf. Article 84.) The principles to be 
applied to problems involving sudden changes of longitudinal motion have been perhaps 
sutticiently exemplified in this Article and the two preceding. An example of practical 
importance is solved in a paper by J. Perry ‘‘Winding ropes in mines,” PhiL Mag, (Ser. 6), 
vol. 11 (1906), p. 107. 


284. Longitudinal impact of rods. 

The problem of the longitudinal impact of two rods or bars has been 
solved by means of analysis of the same kind as that in Article 281 It is 
slightly more complicated, because different undetermined functions are 
requir^ to express the states of the two bars ; but it is simpler because 
these .functions are themselves simple. The problem can be solved also by 
* Saint* Venant, J* Math. (LiauvilU)^ (S4r. 2), 1. 12 (1867), 
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considering the propagation of waves along the two rods*. The extension € 
and velocity v at the front of an extensional wave travelling along a rod are 
connected by the equation € * — v/a, (Cf. Article 205.) The same relation 
holds at any point of a wave of compression travelling entirely in one direction, 
as is obvious from the formula w=s/(at — «) which characterizes such a wave. 
When a wave of compression travelling along the rod reaches a free end, it is 
reflected; and the nature of the motion and strain in the reflected wave is 
most simply investigated by regarding the rod as produced indefinitely, and 
supposing a wave to travel in the opposite direction along the continuation 
of the rod in such a way that, when the two waves are superposed, there is no 
compression at the end section. It is clear that the velocity propagatea with 
the “image” wave in the continuation of the rod must be the same as that 
propagated with the original wave, and that the extension propagated With 
the “image” wave must be equal numerically to the compression in\ the 
original wavef* \ 

Now let Z, r be the lengths of the rods, supposed to be of the same material 
and cross-section and let F, V' be their velocities, supposed to be in the 
same sense. We shall take I > l\ When the rods come into contact the ends 
at the junction take a common velocity, which is determined by the condition 
that the system consisting of two very small contiguous portions of the rods, 
which have their motions changed in the same very short time, does not. in 
that time, lose or gain momentum. The common velocity must therefore be 
^ (F + F'). Waves set out from the junction and travel along both rods, and 
the velocity of each element of either rod, relative to the rod as a whole, when 
the wave reaches it, is so that the waves are waves of compression, 

and the compression is \ (V^V)la, 

To trace the subsequent state of the shorter rod l\ we think of this rod 
as continued indefinitely beyond the free end, and we reduce it to rest by 
impressing on the whole system a velocity equal and opposite to F'. At the 
instant of impact a positive wave§ starts from the junction and travels along the 
rod; the velocity and compression in this wave are f ( F F') and f ( F#^ F')/a. 
At the same instant a negative “image” wave starts from the section distant 
2V from the junction in the fictitious continuation ofjihe rod; the velocity and 
extension in this “image” wave are and V')f€L After a time 

Vja from the instant of impact both these waves reach the free end, and they 
are then superposed. Any part of the actual rod in which they are superposed 
becomes unstrained and takes the velocity F^ F'. When the reflected wave 

* Cf. Kslvin and Tait, NaU Phil., Part i., pp. 280, 2Sl. 

t Ot Lord Bayleigh, Theory of Sound, vol. 2, 1 267. 

X Saint^Venant. foe. eft., disensses the case of different materiala cmt aeetiona at well. 

I An extensional wave is “positive” or “negative” aoeording as the velocity of the material 
is in the same sense as the velocity of propagation or in the 0 |^K>site eense. 
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reaches the junction, that is to say after a time iVja from the instant of 
impact, the whole of the rod r is moving with the velocity V V\ and is 
unstrained. Hence, superposing the original velocity F', we have the result 
that, after the time taken by an extensional wave to travel over twice the 
length of the shorter rod, this rod is unstrained and is moving with the velocity 
V originally possessed by the longer rod. 

To trace the state of the longer rod I from the beginning of the impact, 
we think of this rod as continued indefinitely beyond its free end, and we 
reduce it to rest by impressing on the whole system a velocity equal and 
opposite to F. At the instant, of impact a positive wave starts from the 
junction and travels along the rod; the velocity and compression in this wave 
are ^ (F'^ F') and ^ ( F^ F')/a. At the same instant a negative “image” wave 
starts from the section distant 21 from the junction in the fictitious continua- 
tion of the rod; the velocity and extension in this “image” wave are 
and J(F^F')/a. After a time 2V/a from the instant of impact the junction 
end becomes free from pressure, and a rear surface of the actual wave is formed. 
Hence, the rod being regarded as continued indefinitely, the wave of compression 
and the “image” wave of extension are both of length 2l\ Immediately after 
the instant 21' /a the junction end becomes unstrained and takes zero velocity. 
Hence, superposing the original velocity F, we see that this end takes actually 
the velocity F, so that the junction ends of the two rods remain in contact 
but without pressure. 

The state of the longer rod I between the instants 211 a and 21/(1 is 
determined by superposing the waves of length 2l\ which started out at the 
instant of impact from the junction end and the section distant 21 from it in 
the fictitious continuaticr of the rod. After a time greater than I/a these 
waves are superposed over a finite length of the rod, terminated at the fi^e 
end, and this part becomes unstrained and takes a velocity the velocity 

- F being supposed, as before, to be impressed on the system. The state of 
the rod at the instant 21/(1 in the case where l>2Vis different from the state 
at the same instant in the case where I < 21'. If I > 2i' the wave of compression 
has passed out of the rod, and the wave of extension occupies a length 2r 
terminated at the junction. The strain in this portion is extension equal to 
i ( F^ V')/a and the velocity in the portion is J ( F^F'), the velocity - F being 
impressed as before. The remainder of the rod is unstrained and has 

fiiiru>mnfiin£r the oricrinal velocity F, vre see that a length 




21’ terminated at the free end has at this instant the velocity FaM no 
iiMuri th. remaiirfer )»s the velocity J(F+r) Midextene.® )/. 

e wave in the rod is now leBected at the junction, so ^t i ecomes 
.e of compression tmvelling away from the junction, tte “ 

l'~F)/oand thevelocityofthejuncBonendbocomes V. Thoends 

.e into eonhmt have now cichanKd velocities, and the rods sepamte. 
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If l< 21' the waves of compression and extension are, at the instant 2i/a, 
superposed over a length equal to 21' — I terminated at the free end, and the 
rest of the rod is occupied hy the wave of extension. The velocity — V being 
impressed as before, the portion of length 21' — I terminated at the free end 
is unstrained and has the velocity V^V', and the remaining portion has 
extension F')/a and velocity F'). Hence, superposing the original 
velocity F, we see that a length 21' — I terminated at the free end has at the 
instant the velocity V' and no strain, and the remainder has the velocity 
i(F+ V') and the extension ^(F^ ^0/^- The wave is reflected at the junction, 
as in the other case, and the junction end takes the velocity V', 

In both cases the rods separate after an interval equal to the time I taken 
by a wave of extension to travel over twice the length of the longer rod\ The 
shorter rod takes the original velocity of the longer, and rebounds without 
strain ; while the longer rebounds in a state of vibration. The centres of inass 
of the two rods move after impact in the same way as if there were a “coefficient 
of restitution” equal to the ratio I' : I, 

284 A. Impact and vibrations. 

Reference has already been made in the Introduction (pp. 25, 26) to the 
suggestion that the phenomena of impact, and, in particular, the existence of 
the Newtonian “coefficient of restitution” might be traced to the presence 
after impact of some energy existing in the form of vibrations of the bodies 
which have come into collision^. The result which has just been obtained 
appeared, at first sight, to corroborate this suggestion; but the difficulty arose 
that the result is not verified by experiment. This difficulty led Voigt f to 
imagine that some special conditions must hold near the ends of two rods 
which impinge longitudinally, or, in other words, that the rods should be 
thought of as separated by a layer of transition, in which the determining 
circumstance is the geometrical character of the terminal surfaces. This 
matter has been further investigated by J. E. Sears:J:. He made an elaborate 
series of experiments on the longitudinal impact of metal rods with rounded 
ends, and constructed a theory, according to which the state of a small portion 
of either rod near the ends that come into contact is determined by Hertz's 
theory of impact (Chapter VIII, supra), while the- state of the remaining 
portions is determined by Saint-Venant’s theory, described in Article 284. 
Sears' theory was confirmed by experiment. Further experiments are described 
by J. E. P. Wagstaff, London, Roy. Soc. Proc. (Ser. A), vol. 105 (1924), p, 544. 

In regard to the general question of vibrations set up in bodies by impact 
reference may be made to Lord Rayleigh, Phil. Mag. (Sen 6), voL 11, 1916, 

* See Kelvin and Tait, Nat. Phil., Part z., §f 802—804. 

t See Introduction, footnote 118. 

t Cambridge Phil. 8oe. Proe„ vol. 14, 1908, p. 257, and Cambridge Phil. Soe. Trans., vol. 21, 
1912, p. 49. 
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p. 283, or Scientific Papers^ vol 4, p. 292. Further experiments on impact are 
described by B. Hopkinson, loc. cit ante, p. 117. 

285. Problems of dynamical resistance involving transverse vibra- 
tion. 

The results obtained in Articles 281—284 illustrate the general character of dynamical 
resistances* Similar methods to those used in those Articles cannot be employed in 
problems that involve transverse vibration for lack of a general functional solution of the 
equation (6) of Article 280*. In such problems the best procedure seems to be to express 
the displacement as the sum of a series of normal functions, and to adjust the constant 
coefficients of the terms of the series so as to satisfy the initial conditions. For examples 
of the application of this method reference may be made to Lord Rayleigh t and Saint- 
Venantf. 

A simplified method of obtaining an approximate solution can sometimes be employed. 
For example, suppose that the problem is that of a rod “supported” at both ends and 
struck by a massive body moving with a given velocity. After the impact let the striking 
body become attached to the rod. At any instant after the instant of impact we may, 
for an approximation, regard the rod as at rest and bent })y a certain transverse load 
applied at the point of impact. It will have, at the point, a certain deflexion, which is 
determined in terms of the load by the result of Article 247 (d). The load is equal to the 
pressure between the rod and the striking body, and the deflexion of the rod at the point 
of impact is equal to the displacement of the striking body from its position at the instant 
of impact. The equation of motion of the striking body, supposed subjected to a force 
equal and opposite to this transverse load, combined with the conditions that, at the 
instant of impact, the body has the prescribed velocity, and is instantaneously at the 
IK)int of impact, are sufficient conditions to determine the displacement of the striking 
body and the pressure between it and the rod at any subsequent instant. In this method, 
sometimes described as Cox^s method^, the deflexion of the rod by the striking body is 
regarded as a statical effect, and thus this method is in a sense an anticipation of Hertz’s 
theory of impact (Article 139). It has already been pointed out that a similar method 
was used also by Willis and Stokes in their treatment of the problem of the travelling 
load 11. 

A somewhat similar method has been employed by Lord Rayleigh^ for an approximate 
determination of the frequency of the gravest mode of transverse vibration of a rod. He 
set out from a general theorem to the effect that the frequency of any dynamical system, 
that would be found by assuming the displacement to be of a specified type, cannot be less 
than the frequency of the gravest mode of vibration of the system. For a rod clamped at 
one end and free at the other, he showed that a good approximation to the frequency may 
be made by assuming the displacement of the rod to be of the same type as if it were 
deflected statically by a transverse load, (K>ncentrated at a distance from the free end 

* Fourier’s solution by means of definite integrals, given in the Bulletin des Sciences h la 
SocUti ^hilomatique^ 1818 (of. Lord Rayleigh, Theory of Sound, vol. 1, § 192), is applied to 
problems of dynamical resistance by J. Boussinesq, Applications des Potentiels, pp. 456 et seq, 

t Theory of Sound, vol. 1, § 168. 

t See the * Annotated Clebsoh,’ Note da § 61. 

8 H. Cox, Cambridge Phil Soc. Trans., vol. 9 (1850), Cf. Todhunter and Pearson’s History, 
^ol. 1, Artiole 1485. 

II See Introduction, p. 26. 

H Theory cf Sound, vol. 1, § 182. 
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equal to one quarter of the length. This method has been the subject of some dis- 
cussion ♦. It has been shown to be applicable to the determination of the frequency of 
the gravest mode of transverse vibration of a rod of variable cross-section f. It has been 
shown also that a method of successive approximation to the various normal functions for 
such a rod, and their frequencies, can be founded upon such solutions as Lord Rayleigh’s 
when these solutions are regarded as first approximations:^. 


286. The whirling of shaftsg. 

A long shaft rotating between bearings remains straight at low speeds, but 
when the speed is high enough the shaft can rotate steadily in a form in which 
the central-line is bent. The shaft is then said to ‘‘whirl.”' Let u be the trans- 
verse displacement of a point on the central-line, ft the angular velocity \vdth 
which the shaft rotates. When the motion is steady the equation of motion, 
formed in the same way as equation (6 ) in Article 280 , is \ 


p£Pu = — Ek*^ 


d*n 


.( 26 ) 


\ 


and the solution of this equation must be adjusted to satisfy appropriate con- 
ditions at the ends of the shaft. We shall consider the case in which the ends 
5 = 0 and s^l are “supported.” The equation is the same as that for a rod 
executing simple harmonic vibrations of period 27r/ft. In order that the 
equation 

d*u 




.( 27 ) 


may have a solution which makes u and d^ujds^ vanish at « = 0 and at Jr = Z, 
the speed of rotation ft must be such that ft/27r is equal to the frequency of 
a normal mode of flexural vibration of the doubly-supported shaft. Thus the 
lowest speed at which whirling takes place is such that ft/27r is equal to the 
frequency of the gravest mode of flexural vibration of such a shaft. If we 
write 

pn^lEk'^^m\ 


* C. A. B. Garrett, Phil. Mag. (Ser. 6), vol. 8 (1904), and 0. Chne, Phil. Mag. (Ser. 6), vol. 9 
(1905). 

t J. Morrow, Phil Mag. (Ser. 6), vol. 10 (1906). Some special CXses of the vibrations of a 
rod of variable section, in which the exact forms of the normal functions can be determined 
in terms of Bessel’s functions, were discussed by Kirchhoff, Berlin MonaUiberichte^ 1879, or Qes. 
Abhandlmgen, p. 889. Other calculable cases of the vibrations of rods of variable section are 
discussed by P. F. Ward, Phil. Mag. (Ser. 6), vol 25 (1918), p, 86, J. W. Nicholson, London, Roy. 
8oe. Proe. (Ser. A), vol 98 (1917), p. 606 and vol 97 (1920), p. 172, and D. M. Wrinoh, London, 
Boy. 8oe. Proe. (Ser. A), vol. 101 (1922), p. 498 and Phil Mag. (Ser. 6), vol 46 (1928), p. 278. 
Nicholson points out that the problem may have some biological interest. It has also an interest 
in its connexion with the ** whirling” of shafts, considered in Article 286 iqfra. 

X A. Bavidofdou, *8ur l’4quation des vibrations transversales des verges dlastiques,’ Paris 
(TMie), 1900. 

I Of. A. G. Qreenhill, Imt. Meeh. Enginem, Proe., 1888. 
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the possible values of m are given by the equation sin mZ = 0, and the smallest 
value of H for which whirling can take place is 

(7r»A7Z«) VWp). 

The above is merely an outline of the explanation of the important phenomenon of 
whirling, in regard to the possibility of which reference may be made to W. J. M. Rankine, 
The Engineer^ vol. 27, 1869, p. 249. The same simple theory for an unloaded shaft under 
various terminal conditions is developed by A. G. Qreenhill {loc. at.). An investigation 
of the nature of the displacement in the rotating and vibrating shaft, combining the method 
of Southwell (}oc. city p. 410) and that of Pochhammer {loc. city p. 287), has been given by 
F. B. Pidduck, LondoUy Math. Soc. Proc. (Ser. 2), vol. 18 (1920), p. 393. The important 
technical problem of a shaft carrying loads, pulleys for example, has been discussed 
theoretically and experimentally by S. Bunkerley, Phil Trans. Bjoy. Soc. (Ser. A), vol. 185 
(1894) and C. Chree, Phil. Mag. (Ser. 6), vol. 7 (1904). It clearly involves the problem of 
determining the frequency of the gravest mode of transverse vibration of the shaft that is 
consistent with the terminal conditions. For further developments in regard to the theory 
reference may be made to R. V. Southwell, Phil. Mag. (Ser. 6), vol. 41 (1921), p. 419 and W. 
L. Cowley and H. Levy, same vol, p. 584. Special cases of loading are treated by H. H. 
Jeffcott, Phil. Mag. (Ser. 6), vol 37 (1919), p. 304 and vol 42 (1921), p. 635, also LondoUy 
Roy. Soc. Proc. (Ser. A), vol. 95 (1919), p. 106, S. Lees, Phil. Mag. (Ser. 6), vol. 37 (1919), 
p. 515 and vol. 45 (1923), p. 689 (with a note by W. M®F. Orr at p. 708), and E. H. Damley, 
Phil. Mag. (Ser. A), vol 41 (1921), p. 81. The vibrations of continuous beams are con- 
sidered by W. L Cowley and H. Levy, LondoUy Roy. Soc. Proc. (Ser. A), vol. 95 (1919), 
p. 440, and the stability of a rotating shaft under end thrust and twisting couple by 
R. V. Southwell, Brit. Assoc. Rep, 1921, p. 345. 
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SMALL DEFORMATION OF NATURALLY CURVED RODS 

287. In the investigations of Chapters XVIII and XIX we have given 
prominence to the consideration of modes of deformation of a thin rod which 
involve large displacements of the central-line and twist that is not small, 
and we have regarded cases in which the displacement of the central-lipe and 
the twist are small as limiting cases. This was the method follows, for 
example, in the theory of spiral springs (Article 271). In such cases the 
formulae for the components of curvature and twist may be calculated, ^ has 
been explained, by treating the central-line as unextended. We cam give 
a systematic account of such modes of deformation as involve small displace- 
ments only by introducing quantities to denote the components of the dis- 
placement of points on the central-line, and subjecting these quantities to a 
condition which expresses that the central-line is not extended*. 

288. Specification of the displacement. 

The small deformation of naturally straight rods has been sufficiently 
investigated already, and we shall therefore suppose that, in the unstressed 
state, the rod has curvature and twist. As in Article 259, we shall use 
a system of axes of y z^, the origin of which moves along the unstrained 
central-line with unit velocity, the axis of z„ being always directed along the 
tangent to this line, and the axes of and being directed along the 
principal axes of the cross-sections at their centroids. We have denoted by 
J w — the angle which the axis of x^ at any point makes with the principal 
normal of the unstrained central-line at the point, and by * 0 ', t# the com- 
ponents of initial curvature and the initial twist. We have the formula 

ACo /^o tan 

The curvature l/po and the tortuosity 1/2, of the central-line are given by the 
formulae 

+ *,'*, l/2» = T„-d/V<ia, 

in which s denotes the arc of the central-line measured from some chosen point 
of it. 

When the rod is slightly deformed, any particle of the central-line under- 
goes a small displacement, the components of which, referred to the axes of 
y»> with origin at the unstrained position P of the particle, will be 

* The theory was partially worked out by Saint-Venant in a series of papers in Paris, C, B-y 
1. 17 (1848), and more folly by J. H. Miohell, Messtnger of Math., vol. 19 (1890). The latter has 
also obtained some exact solutions of the eqoations of eqoilibriom of an elastic solid body bonnded 
by an incomplete tore, and these solutions are confirmatory of the theory when the tore is this. 
See London Math, 8oc* Proc,, toI. 81 (1900), p. 180. 



DISPLACEMENT OF CUBVED BOD 


445 


287 ^ 289 ] 


denoted by w, v, w. The rod will receive a new curvature and twist, defined, 
as in Articles 252 and 259, by means of a moving system of “principal 
torsion-flexure axes/’ We recall the conventions that the axis of z in this 
system is directed along the tangent of the strained central-line at the point 
jPi to which P is displaced, and that the plane of (x, z) is the tangent plane 
at Pi of the surface made up of the aggregate of particles which, in the 
unstressed state, lie in the plane of {x^, Zq) at P. We have denoted the 
components of curvature and the twist of the strained central-line at Pj by 
Ti. When the displacement (u, v, w) of any point of the central-line is 
knowm, the tangent of the strained central-line at any point is known, and it 
is clear that one additional quantity will suffice to determine the orientation 
of the axes of (x, y, z) at Pj relative to the axes of (^o, j/o, at P. We shall 
take this quantity to be the cosine of the angle between the axis of x at Pj 
and the axis of at P, and shall denote it by )8. The relative orientation of 
the two sets of axes may be determined by the orthogonal scheme of trans- 
formation 




yo 


X 

Lx 

M, 

Nx 

y 

Li 

M, 

-V, 

z 

u 




.( 1 ) 


in which, for example, Zj is the cosine of the angle between the axis of x at 
Pi and the axis of Xq at P. We shall express the cosines Zi , . . . , the components 
of curvature /Vj, /c/ and the twist Ti in terms of u, v, w, 


289. Orientation of the principal torsion-flexure axes. 

The direction-cosines Xg, -Jfg, are those of the tangent at Pj to the 
strained central-line referred to the axes of yo» at P, Now the coordinates 
of Pi referred to these axes are identical with the components of displacement 
Vy w. Let F be a point of the unstrained central-line near to P, let Ss be 
the arc PP', and let Sxq, Syo, Szo be the coordinates of P' referred to the axes 
of ^ 0 , 2/o> ^0 at P, also let f be the coordinates of P/, the displaced position 
of P', referred to the same axes. The limits such as lim (^ — u)/Ss are the 

direction-cosines L Let («', v', w’) be the displacement of P' referred to 

the axes of Zt at P', and (W, V', W') the same displacement referred to 
the axes of y., z^ at P. Then 

(f, V, 0 = + U', Sy, -I- V, Szo + W'). 

The limits of ixt/Bs, BytjBs, Bz^/Bs are 0, 0, 1. The limits of («' - u)/8fi, ... are 
du/ds, ... and we have the usual formulae connected with moving axes in such 
forms as 


lim 


U - u 
' Bs 


ds 


— VTb + WK«. 
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Hence we obtain the equatione 

T du . , tr dv »T , du) , 

+ = + iv,» 1 + ...(2) 

The equation L,* + Jf,* + iV,* = 1 leads, when we neglect squares and products 
of u, V, w, to the equation 

dw , ^ 

^ -M«o +»/e, = 0 (3) 

which expresses the condition that the central-line is unextended. In conse- 
quence of this equation we have JV, = 1. ^ 

The direction-cosines of the axes of x, y at Pj, referred to the axes of xl y^, 
at P, are determined by the conditions that is fi and that the scheme of 
transformation (1) is orthogonal and its determinant is 1. These conditions 
give us \ 

A-1. = \ 

X, /9, = W 


These equations might be found otherwise from the formulae (7) of Article 

253 by writing Xi, ... instead of Ij taking d to be small, and putting 0 

for ^ + ir. They mre, of course, correct to the first order in the small quanti- 
ties u, V, w, 0. 


290. CotTature and twist. 

For the calculation of the components of curvature and the twist we have 
the formulae (6) of Article 253, in which «,,... are written for /«,.... In 
those formulae Ij,... denoted direction-cosines of the axes of x, y, z referred to 
fixed mces. Here we have taken X,, ... to denote the direction-cosines of the 
ances of x, y, z at P| referred to the axes of x^, yo> at P. If P is a point 
near to P, so that the aurc PP' = £«, and P/ is the dispUced position of P, we 
may denote by Xi', ... the direction-cosines of the axes of x, y, z at P/ referred 
to the luces of Xt, y«, at P', amd then the limits such as lim (X/ — L^jBa are 

the differential coefScients such as dLijds. Let the fixed axes of reference 
for li , ... be the axes of <c„ y„ x, at P, and let -f ... denote the direction- 
cosines of the axes of x, y, z at P,' referred to these-fixed axes. Then the 
limits such as lim BlijBa are the differential coefiScients such as dX^ldg. It is 

clear that, at P, i, = Xi , . . . but that dlijdz + dLifds , .... We have in fiwst the 
usual formulse connected with moving axes, viz.: 

dlijdz ** dtJjxjdz *4“ , 

d/mijdt » dMJdz — Nik^ + XiT,, 
dnjda =* dNi/ds — X|«,' + 
with similar formulse for dlg/ds , ... and dlt/da 
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In the formulae ( 6 ) of Article 253 we write /Tj, ... for a: put >i, = = 1 , 

replace ••• by the values found for Li , ... in (2) and (4), and substitute the 
values just found for dk/da, .... Rejecting terms of the second order in the 
small quantities u, v, w, 0, we obtain the equations 

I O * dJl/ 3 j- 


+ ToiHj, .(5) 

d0 J. ... 

Tl = T„ + -^ + «oZ/3 +*0 A/ 8, 

in which £3 and Afj are given by the first two of equations ( 2 ). 


291. Simplified formulae. 


The formulas are simplified in the case where /„ = jTr. In this case the 
axis of a!o, which is a principal axis of a cross-section at a point of the 
unstrained central-line, coincides with the principal normal of this curve at 
the point. When this is the case we have 

*0 = 0, /fo' = !//>», To=l/S„, 


L 


3 ’ * 


/Cl = 


/c/ = 


du 
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^dv 
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Cds 

+ 

%>/ 


.( 6 ) 


The condition that the central-line is unextended is 


dw 

ds ”” po ’ 


•(7) 


The measures of curvature and tortuosity and the direction-cosines of the 
principal normal and binormal can be calculated from these formulae or from 
the more general formulae of Article 290. 


292. Problema of equlUbriom. 

The theory is applicable to such problems as the deformation of the links 
of chains* by the pressure of adjacent links, and it may be used also to give 
an account of the behaviour of archesf, the link or the arch being treated as a 

* B. Winkler, Der Civilingmieur, Bd. 4 (1858). Winkler’s memoir is described at lengfii and 
corrected in detail in Todhonter and Pearson’s History, vol. 2, pp. 422 et ttg. 

t M. Bretae, Heekerehes atudytipua *ur la JUxim st la ritUumet iet piiett eourbet, Paris 1854. 
^ aooonnt ot this treatise also is given in Todhnnter and Pearson’s HitUry, vol. 2, pp. S52 st 
H. T. Sddjr, Amer. J. of Math,, vol. 1 (1878), has proposed a graphical method of treatment 
of the problem of arbhes. 
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thin curved rod. The equations of equilibrium have been given in Article 259, 
and we have found in preceding Articles of this chapter expressions for 
all the quantities that occur in terms of the displacement {u, v, w) and 
the angular displacement the quantities w, v, w being themselves connected 
by an equation (3) or (7). Naturally any special problem, such as those men- 
tioned, is of a very technical character, and we shall content ourselves here 
with a slight study of some cases of the bending of a rod in the form of an 
incomplete circular ring. 


(a) Incomplete circular ring bent in its plane. 

Let the unstrained central-line be a circle of radius a, and let 0 be the 
angle between the radius drawn from the centre of the circle to any point on 
it and a chosen radius, then 

po = dsjdd = a. 

The displacement u is directed along the radius drawn inwards, and\^the 
displacement w is directed along the tangent of the circle in the sense in 
which ^increases. We shall suppose that the plane of the circle is a principal 
plane of the rod at any point, and that the flexural rigidity for bending in 
this plane is B. Then v, and l/So vanish, and the condition that the central- 
line is unextended is 

/o\ 

^ =«. .(8) 


The flexural couple G' in the plane of the circle is 

^ ~aAWi" de)’ 


.(9) 


the other flexural couple and the torsional couple vanish. 

Let the rod be bent by forces having components , Z per unit of length 
directed along the radius and tangent at any point. The equations of equili- 
brium obtained from (26) and (27) of Article 259 are 

^ + T-^Xa^0, ^^-N + Za = 0, ^ + Na^0 ( 10 ) 

Hence we find that the shearing force N and the tension T are expressed 
in terms of w by the equations 

„ B /d*w , d^w\ ™ , B /d^w d*w\ 

^—AdS^-^dfh 

and that w satisfies the equation * 

B (d*w d*w dhu\ (dX „\ ,.q\ 

+ 


* Cf. H. Lamb, London Math, Soe, Proe., vol. 19 (1888), p. 865. The reeulte given in the 
text under the numbers (i)— (v) are taken from this paper. For farther investigations oonoerning 
the ineomplete oireular ring referenoe may be made to B. Mayer, ZeiUthr, /. Math, u, Bd. 
61 (1918), p. 246, H. Henoky, ZeiUthr, f. angewandte Math, u. Meek,, Bd. 2 (1921), p. 292, and 
8* Timosebenko, same Journal, Bd. 8 (1922), p. 858. 
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We note the following results : 

(i) When the rod is slightly bent by couples equal to K applied at its ends in its plane, 
the central-line remains circular, but its radius is reduced 
by the fraction KajB of itself. 

(ii) When the ends of the rod are given by ± a, so 
that the line joining them subtends an angle 2a at the 
centre, and the rod is slightly bent by forces equal to R 
acting as tension along this line as in Fig. 64, the displace- 
ment is given by the equations 

w as - (a^RjB) 6 (cos a -f ^ cos d), u ^dwjdB, 

If, as in Fig. 64, the ends of the rod move along the line of action of the forces E, an 
additional displacement, which would be possible in a rigid body, must be superposed on 
this displacement. 

(iii) When the rod is slightly bent by forces equal to /S', applied as shown in Fig. 66 
to rigid pieces attached to its ends and extending across 
the chord of the incomplete ring, the displacement is given 
by the equations 

^ i (a^S/B) 6 sin d, u- cwjdB, 

(iv) When the rod forms a complete circular ring, and 
is slightly bent by normal pressures equal to Xi applied 
at the opposite ends of a diameter, we measure 3 from 
this diameter as shown in Fig. 66, and find for the dis- 
placement at a point on that side of this diameter in which jr>3 >0 

(a^/B) [3 1 IT - ^ (1 ~ cos d - ^ d sin d)], u>adwjd3. 

The displacements are clearly the same at any two 
])oints symmetrically situated on opposite sides of this 
diameter. 

We may deduce the value of u at any point, and we 
may prove that the diameter which coincides with the 
line of thrust is shortened by {(tt*-* - B)/4ir} ( while 
the perpendicular diameter is lengthened by 
{(4-.7r)/2^}(A>3/5)*. 

(v) When the rod forms a complete circular ring of 
weight which is suspended from a point in its circum- 
ference, we measure d from the highest point, and find 
for the displacement at a point for which tt > d > 0 the value 

tt?a« - W (a^jB) (Btr ) ~ ^ {(d - it)* sin d - 4 (d - n) (1 cos d) - tr* sin 3) ; 
the displacement is the same at the corresponding point in the other half of the ring. 

In this case we may prove that the amounts by which the vertical diameter is lengthened 
and the horizontal diameter shortened are the halves of what they would be if the weight 

were concentrated at the lowest point. 

(vi) When the rod forms a complete circular ring which rotates with angular velocity 
« about one diameter t, taken as axis ofy, its central -line describes a surface of revolution of 
which the meridian curve is given by the equations 

xr-«asin 3^^{mi»^a^lB)&in^B^ 
y « a cos d + (mvl^a^jB) (1 — cos® d), 

* These results are due to Saint-Venant, Parts, C. JR., 1. 17 (1848). 

t G, A, V. Pesehka, ZHUehn /. Math. u. Phyi. {Schimileh), Bd. 18 (1868). 






450 


bendiko of incomplete CIBCULAB BINO fOH . XXl 


where m denotes the mass of the ring per unit of length, and ^ is measured fiom the 
diameter about which the ring rotates. This diameter is shortened and the peipendicular 
diameter lengthened by the same amount i 

(b) Incomplete circular ring bent out of its plane* 

As before we take a for the radius of the circle, and specify a point on it 
by an angle d\ and we take the plane 
of the circle to be that principal plane 
of the rod for which the flexural rigidity 
is B* We consider the case where the 
rod is bent by a load W, applied at the 
end ^ » a in a direction at right angles 
to this plane, and is fixed at the end 
^ = 0, so that the tangent at this point 
is fixed in direction, and the transverse 
linear element which, in the unstressed 
state, is directed towards the centre of the 
circle is also fixed in direction*. Then u, v, w, /3, dujdd, dvjdd vanish with 6. 

The stress-resultants N, N\ T at any section are statically equivalent to 
the force TT, of which the direction is parallel to that of the axis of at any 
section, and we have, therefore, 

T^{Wla).{dvld0) (13) 

The equations of moments are, therefore, 

TT 'nr dG' ry /'t a\ 

From the first and third of these, combined with the conditions that G 
and H vanish when 0 = we find 

G = — aTT sin (a - 5), H = aW {1 — cos(a-- ^)} (15) 

Now we have 

®— 

and from these equations and the terminal conditions at ^ : 0 we can obtain 
the equations 
Wa* 

« + a/3 =s - {0 — sin a + sin (o — 6)], ~ 





Wa^ 

C 


{(^ — sin d) — sin o (1 — cos ^)} 


\ ...(17) 


cos (a — ^) - sini^cQsa}. j 

We may prove also that u and w are small of the order v\ 

♦ The pn^lem has been discussed by Ssint-Yenant, Paris, C. R., 1. 17 (1848), and by H. Beflst 
I, de Math, (LumvilU), (84r. 8), t. 8 (1877). The treatment of the incomplete circular ring as s 
thin rod is a 6rst approximation to a tbeoiy of the bending of curred beams. For a discuasion 
of curved beams reference maybe made to J. J. Guest, London, Boy, Sot, Pros, (Ser. A.)i vol* 
lfl8, p.l. 
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293. VibratioxiB of a clrctdar ring. 

We ^all illustrate the application of the theory to vibrations by con- 
sidering the fiee vibrations of a rod which, in the unstressed state, forms a 
circular ring or a portion of such a ring, and we shall restrict our work to the 
case where the cross-section of the ring also is circular. We denote the radius 
of the cross-section by c, and that of the circle formed by the central-line by 
a, and we take the displacement u to be directed along the radius drawn 
towards the centre of the latter circle. The equations of motion, formed as in 
Articles 278 — 280, are 


dN 

de 


and 


'w’ ze 


W 


+ 2’=«j.a-^, -:?7r = wwt — N = ma'^ , 


Zhu 


.(18) 


du \ 

'(1^) 

dif ^ - d>/3 

in which to is the mass of the ring per unit of length, and 

( 20 ) 


30' . ar , , 

-I- Na — Jc*TO . 


being the Young’s modulus and ft the rigidity of the material of the ring. 
The above equations with the condition 


[yield the equations of motion. 



.(8 Us) 


It is clear that the above system of equations falls into two sets. In the 
trst set V and /9 vanish, and the motion is specified by the displacement u or 
these variables being connected by equation (8); in this case we have 
flexural vibrations of the ring in its plane. In the second set u and w vanish, 
M the motion is specified by v or yS, so that we have flexural vibrations in- 
volving both displacement at right angles to the plane of the ring and twist. 

It may be shown in the same way that the vibrations of a curved rod fisdl 
fnto two such classes whenever the central-line of the unstressed rod is a 
>liU)e curve, and its plane is a principal plane of the rod at each point. In 
the central-line is a curve of double curvature there is no such separation 
the modes of vibration into two classes, and the problem becomes extremely 
implicated*. 


* Tibntunu of a rod of which the natoial form ie hdical have been investigated b? 
^ Miohell, foe. eft., 444, and also by the present writer, Cambridge Phil, 8oe. ZVom., 
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(a) Flexural vibrations in the plane of the ring. 

We shall simplify the question by neglecting the “rotatory inertia.” This 
amounts to omitting the right-hand member of the second of equations (19). 
We have then 

EirC^ /dHu ,p d^w dN 


and 


Eirc^ fdhu 




d^w\ 0* / d^w\ 


The normal functions for free vibration are determined by taking w to be 
of the form IT cos + c), where TT is a function of We then have the 
equation ' 

d^w , ^d*w 4may\ . 4may 

de^ d0^ \ Eirc^ } ^ Eit<^ ^ 


The complete primitive is of the form 

TF = 2 (-4k cos n^6 4- sin n^0), 

K^l 

where rij, nj, are the roots of the equation 

— 1)^ = (n* + 1) (4ima*p^l Eirif). 

If the ring is complete n must be an integer, and there are vibrations with 
n wave-lengths to the circumference, n being any integer greater than unity. 
The frequency is then given by the equation * 

^ ima* w»-|-l ‘ > 


When the ring is incomplete the frequency equation is to be obtained b; 
forming the conditions that N, T, O' vanish at the ends. The result is diflScul 
to interpret except in the case where the initial curvature is very slight, o: 
the radius of the central-line is large compared with its length. The pitch is 
then slightly lower than for a straight bar of the same length, material 
cross-section f. 


(6) Flexural vibrations cvt right angles to the pUcne of the ring. 

We shall simplify the problem by neglecting the “rotatory inertia,"' that 
is to say we shall omit the right-hand members of the first and third of equa- 
tions (19); we shall also suppose that the ring is complete. We may thea 
write 

V— F cos (n^ + a) cos ( + e), « jB'cos(w^-|- a)cos(j)t + €), 


* The result is due to B. Hoppe, J.f, Math, {Crelle)^ Bd. 78 (1871)« 
t The question has been discussed very fully by H. Lamb, loe, eit^ p. 448* 
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where V, ff, a, e axe constants, and n is an integer. From the first and third 
of equations (19) and the second of equations (18) we find the equations 


n*(a5'+»’7) + ^n*(aB' + 7) 


4ma*p* y 
Eir(^ ’ 


Jn*(a2i'+7)+(aB'+n»7)=0, 


from which we obtain the frequency equation* 

Ew(S^n\n*-iy 
m’ + l + <r’ 


.( 22 ) 


where <r is Poisson’s ratio for the material, and we have used the relation 
F = 2/a (1 + (t). It is noteworthy that, even in the gravest mode (n = 2), the 
frequency differs extremely little from that given by equation (21) for the 
corresponding mode involving flexure in the plane of the ring. 


(c) Torsional and exteasional vibrations. 


A curved rod possesses also modes of free vibration analogous to the torsional and ex- 
tensional vibrations of a straight rod. For the torsional vibrations of a circular ring we 
take u and w to vanish, and suppose that v is small in comparison with aft then the second 
of equations (18) and the first of equations (19) are satisfied approximately, and the third 
of equations (19) becomes approximately 


0^ (a^) 


EirC^ 
4a 2 ^ 




r a complete circular ring there are vibrations of this type with n wave-lengths to the 
3umference, and the frequency pl2ir is given by the equation 


p^«=^^(l+<r+^*). 
^ ma ^ ' 


.(23) 


len ns=0, the equations of motion can be satisfied exactly by putting t;=0 and taking 
0 be independent of $. The characteristic feature of this mode of vibration is that each 
cular cross-section of the circular ring is turned in its own plane through the same small 
;le H about the central-line, while this line is not displaced t. 


For the extensional modes of vibration of a circular ring we take v and 3 to vanish, 
i suppose that equation (8) does not hold. Then the extension of the central-line is 
^{dwjdB ~ tt), and the tension T is Eirc^a''^ (Sw/0d-tt). The couples (?, JSTand the shearing 
ce N' vanish. The expressions for the couple O' and the shearing force N contain c* as a 
r, while the expression for T contains c* as a factor. We may, therefore, for an approxi- 
ition, omit O' and iF, and neglect the rotatory inertia which gives rise to the right-hand 
imber of the second of equations (19). The equations to be satisfied by 24 and are then 
^ first and third of equations (18), viz. : 

0 % JS'irc* fdw \ 0^t0 Enc^ /dho 0 i 4 \ 


^he result is due to J. H. Miohell, loc. ciu, p. 444, 
t The result that the modes of vibration involving displacements v and p are of two i^Fpe 
recognized by A. B, Basset, London Math. Soe. Proe,, voL 23 (1892), and the frequency of 
^ torsional vibrations was found by him. 
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The displaoemeDt in free vibrations of frequency pjiv is given by equations of the form 
«a(i ain»^+ oosn^) cos 
tp«n(4 cos «^-58in«^) cos (;><+«), 

wbm ?■-=('+»■)• « 

When nsO, v> vanishes and u is independent of $, and the quations of motion are satisfied 
exactly, The ring vibrates radially, so that the central-line forms a circle of periodically 
variable radius, and the cross-sections move without rotation. 

The modes of vibration considered in (e) of this Article are of much higher pitch than 
those considered in (a) and (6), and they would probably be difficult to excite. 



CHAPTER XXII 

THE STRETCHING AND BENDING OF PLATES 


294. Specification of stress in a plate. 

The internal actions between the parts of a thin plate are most appro- 
dately expressed in terms of stress-resultants and stress-couples reckoned 
cross the whole thickness. We take the plate to be of thickness 2A, and on 
he plane midway between the faces, called the “middle plane,” we choose an 
rigin and rectangular axes of x and y, and we draw the axis of z at right 
ngles to this plane so that the axes of x, y, z are a right-handed system. 
,Ve draw any cylindrical surface Q to cut the middle plane in a curve s. The 
dge of the plate is such a surface as C, and the corresponding curve is the 
edge-line.” We draw the normal i/ to s in a chosen sense, and choose the sense 
pf s so that V, 8, z are parallel to the directions of a right-handed system of 
ixes. We consider the action exerted by the part of the plate lying on that 
lide of C towards which v is drawn upon the part lying on the other side. Let 
w be a short length of the curve s, and let two generating lines of C be drawn 
hrough the extremities of Ss to mark out on C an area A. The tractions on 
he area A are statically equivalent to a force at the centroid of A and a 
;ouple. We resolve this force and couple into components directed along v, s, z. 
Ut [T], [S], [HT] denote the components of the force, [J?], [(?], [A] those of 
he couple. When Ss is diminished indefinitely these quantities have zero 
imits, and the limit of [ifJ/Ss also is zero, but [T]lhs,...[Q]jBs maybe finite. 
We denote the limits of [T]/Ss, . . . by T, . . .. Then T, 8, N are the components 
of the stress-resuUavt belonging to the line s, and H, 0 are the components 
of the stress-couple belonging to the same line. IT is a tension, S and N are 
shearing forces Umgential and normal to the middle plane, G is a flexural 
liouple, and H a torsional couple. When the normal y to s is parallel to the 
wis of X, 8 is parallel to the axis of y. In this case we give a suffix 1 to T, ... . 
'Vhen the normal v is parallel to the axis of y, s is parallel to the negative 
•lirection of the axis of «. In this case we give a suffix 2 to T, .... The con* 
vttitiotts in regard to the senses of these forces and couples are illustrated in 
% 68 . 
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For the expression of T, ... we take temporary axes of y\ z which are 
parallel to the directions of i/, z, and denote by XV, . • • the stress-components 
referred to these axes. Then we have the formulas* 



T^r T^dz, fif=r xvd^, 

J -h J -h J 

and, in the two particular cases in which p is parallel respectively to the axes 
of X and y, these formulae become 


X^dz, = Xydz, ^. = j"" ^ X,dz, 

jy, = J — zXydz, 61= j zXxdz, 


and 


8, 


j ^-Xydz, ^ Yydz, X, = j ^ Yxdz, 

Gl=f zYydZ, f zXydz. 

J —h J —“h 

We observe that in accordance with these formulae 

= = 


•( 1 ) 


•( 2 ) 


.(3) 


295. Transformation of stress-resultants and stress-couples. 

When the normal p to the curve s makes angles 6 and Jw - d with the axes] 
of X and y, T, S,... are to be calculated from such formulae as 

T = j''^X'^dz, 

in which the stress-components ZV> ... are to be found from the formulae (9)| 
of Article 49 by putting 

ii**C08^, mi«>sin^, — sin^, msOBCos^, n,»n,ssi,*=ffi, = 0, »,™1. 


* It is Mnuned tttat the plate is but slightly bent. Cf. Article S28 in Chapter XXIV. 
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We find cos® sin® 6^8, sin 2^, 

^f=H7'2~3'i)sin2tf + S,cos2^, 

iV = cos l9 4- sin 6, *(4) 

Q = (?iC 08 ® 4- ffg sin® ^ - j?i sin 16, 
ff=i(<?i-<?2)sin2^ + F,cos2ft 

Instead of resolving the stress-resultants and stress-couples belonging to 
the line s in the directions v, s, z we might resolve them in the directions a?, y, z. 
The components of the stress-resultant would be: 

parallel to T cos 0 — S sin 6, or Ti cos 6 + Si sin 

parallel to y, T sin ^ + 8 cos 6, or sin ^ -i- cos (5) 

parallel to z, Ni cos 6 4- sin 0] ) 

and those of the couple would be: 

about an axis parallel to x,Hcos6-0 sin 6, or Hi cos 0-G^ sin 
about an axis parallel to y, S' sin ^ 4- G cos 6, or Gi cos 0-Hi sin 


296. Equations of equilibrium. 

Let C denote, as before, a cylindrical surface cutting the middle plane at 
right angles in a curve s, which we take to be a simple closed contour. The 
external forces applied to the portion of the plate within C may consist of 
body forces and of surface tractions on the faces {z = h and z^-h) of the 
plate. These external forces are statically equivalent to a single force, acting 
at the centroid P of the volume within G, and a couple. Let [Z'], [7'], [Z'] 
denote the components of the force parallel to the axes of x, y, z, and 
[L'l [M'], [A^'] the components of the couple about the same axes. When 
the area (o within the curve s is diminished indefinitely by contracting 8 
towards P, the limits of [Z'], ... [L'\ ... are zero and the limit of [AT']/® also 
is zero, but the limits of [Z'J/w, ... may be finite. We denote the limits of 
[X']l(o , . . . by Z Then Z', Y\ Z' are the components of the force-resultant 
i'»f the external forces estimated per unit of area of the middle plane, and L\ 
\M' are the components of the couple-resultant of the same forces estimated in 
[the same way. 

The body force per unit of mass is denoted, as usual, by (Z, 7, Z), and the 
density of the material by p. The definitions of X\ Y\ ZI , H, M' are expressed 
analytically by the formulae 

Z^ = | pXdz 

pYdz+{Yz)z-h-iYz)z.-^. 

J —A 

Z « 1* pZdz 4“ {Zi)zmk 

J —A 


■ 0 ) 
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and 


X' =5 I — zpYdz — h {(F,)j,.» + (Fi),.-*}, 
if'-f* zpXdz +A{(X,W4-(J:A-a). 


.( 8 ) 


We equate to zero the force- and couple-resultants of all the forces acting 
on the portion of the plate within the cylindrical surface C. From the formulae 
(5) we have the equations 

J {Ti cos 0 + Si^6)ds + jjx'dwdy = 0, 
j(Tt sin 0 + SiCO8 0)ds-i- Jj Y'dxdy = 0, -(9) 

cos 6-\-Ni sin 0)ds + jj Z'dxdy — 0, 

where the surface-integrals are taken over the area within s, and the line- 
integrals are taken round this curve. From the formulae (5) and (6) we have 
the equations 


J{(fr, cobO — Gt sin 6) + y (,Nx cos 6 -+• Ntsin ^)1 ds +j | (L' -l- yZ') dxdy = 0, 
Jl(Gi cos 0 — Hx sin 0) — x (JV, cos 0 sin 0)}ds+ (M' — xZ') dxdy = 0, 

J [x{Tt sin 0 Sx cos 0) — y (F, cos ^ -I- <Sj sin ^)j ds + jJ(a!F' — yX') dxdy = 0. 


( 10 ) 


Since cos 0 and sin 0 are the direction-cosines of the normal to s referred 
to the axes of x and y, we may transform the line-integrals into surface-inte- 
grals. We thus find from (9) three equations which hold at every point of the 
middle plane, viz. 


dx 




dy 


+ X' = 0, 


8^1 , y, 

dx dy 


0 , 


dx 



Z'^0. ...( 11 ) 


We transform the equations (10) in the same way and simplify the results | 
by using equations (11). The third equation is identically satisfied. We thus j 
find two equations which hold at every point of the-middle plane, viz. 


dHx 

dx 


^3 

dy 


+ N, + L' 



dHx 

~dy 


-Nx + M'=^0. 


( 12 ) 


Equations (11) and (12) are the equations of equilibrium of the plate. 


297. Boimdary-oonditioiui. 

In a thick plate subjected to given forces the tractions specified by X,, Y„ 
where v denotes the normal to the edge, have prescribed values at every 
of the edge. When the plate is thin, the actual distribution of the tractions 
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applied to the edge, regarded as a cylindrical surface, is of no practical import- 
ance. We represent therefore the tractions applied to the edge by their force- 
and couple-resultants, estimated per unit of length of the edge-line, i.e. the 
curve in which the edge cuts the middle surface. It follows from Saint- Venant's 
principle (Article 89) that the effects produced at a distance from the edge by 
two systems of tractions which give rise to the same force- and couple-resul- 
tants, estimated as above, are practically the same. Let these resultants be 
specified by components T, S, N and H, G in the senses previously assigned 
for r, S, N and JST, ff, the normal to the edge-line being drawn outwards. Let 
the stress-resultants and stress-couples belonging to a curve parallel to the 
edge-line, and not very near to it, be calculated in accordance with the 
previously stated conventions, the normal to this curve being drawn towards 
the edge-line; and let limiting values of these quantities be found by bringing 
the parallel curve to coincidence with the edge-line. Let these limiting 
values be denoted by T, S, N and H, It is most necessary to observe 
that the statical equivalence of the applied tractions and the stress-resultants 
and stress-couples at the edge does not require the satisfaction of all the 
equations 

f=T, S«S, iT*N, g = G. 

These five equations are equivalent to the boundary-conditions adopted 
by Poisson*. A system of four boundary-conditions was afterwards obtained 
by Kirchhofff, who set out from a special assumption as to the nature of the 
strain within the plate, and proceeded by the method of variation of the 
energy-function. The meaning of the reduction of the number of conditions 
from five to four was first pointed out by Kelvin and TaitJ. It lien in the 
circumstance that the actual distribution of tractions on the edge which give 
rise to the torsional couple is immaterial. The couple on any finite length 
might be applied by means of tractions directed at right angles to the middle 
plane, and these, when reduced to force- and couple-resultants, estimated per 
unit of length of the edge-line, would be equivalent to a distribution of 
shearing force of the type N instead of torsional couple of the type H. The 
required shearing force is easily found to be— 9H/3s. This result is obtained 
by means of the following theorem of Statics: A line-distribution of couple of 
amount H per unit of length of a plane closed curve s, the axis of the couple 
at any point being normal to the curve, is statically equivalent to a lirie-distri- 
bution of force of amount - dHjdSt the direction of the force at any point being 
at right angles to the plane of the curve. 

* See Intiodiiotion, footnote 36. PoIbsoii’s solations of special problems are not invalidated, 
because in aU of them S vanishes. 

t See Introduction, footnote 125. 

t iVat. Phil, first edition, 1867. The same explanation was given by J. Boossinesq in 1871. 

Introdnotion, footoote 128. 
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The theorem is proved at once by forming the force- and couple-resultants of the line- 
distribution of force - dIfIds, The axis of z being at right angles to the plane of the 
curve, the force at any point is directed parallel to the axis of z, and the force-resultant is 
f dff 

expressed by the integral / “• ^ taken round the closed curve. This integral vanishes. 

The components of the couple-resultant about the axes of x and y are expressed by the 
integrals 1 and jx-^ds taken round the curve. If v denotes the direction of 

the normal to the curve, we have 


^ - y da^ / ^cos (a;, v) ds^ 

and jx^ds» J = j ff cos {y, v) ds, 

the integrations being taken round the curve. The expressions jll cos {x, v\ds and 
jffcosiy^ v)ds are the values of the components of the couple-resultant of ti^e line- 
distribution of couple H, 

The theorem may be illustrated by a figure. We may think of the curve « as a polygon 
of a large number of sides. The couple 
belonging to any side of length is statically 
equivalent to two forces each of magnitude if, 
directed at right angles to the plane of the curve 
in opposite senses, and acting at the ends of the 
side. The couples belonging to the adjacent sides 
may similarly be replaced by pairs of forces of 
magnitude or H-hH as shown in Fig. 69, 

where hH means (dBlds)b8, In the end we are 
left with a force - BB at one end of any side of 
length dtf, or, in the limit, with a line-distribution of force - dB/bz. 


H-5H H H-h5H 



From this theorem it follows that, for the purpose of forming the equations 
of equilibrium of any portion of the plate contained within a cylindrical 
surface C, which cuts the middle surface at right angles in a curve $, the 
torsional couple H may be omitted, provided that the shearing stress-resultant 
N is replaced by N --dHjds*. Now the boundary-conditions are limiting 
forms of the equations of equilibrium for certain short narrow strips of the 
plate; the contour in which the boundary of any one of these strips cuts the 
middle plane consists of a short arc of the edge-line, the two normals to this 
curve at the ends of the arc, and the arc of a curve parallel to the edge-line 
intercepted between these normals. The limit is taken by first bringing the 
parallel curve to coincidence with the edge-line, and then diminishing the 
length of the arc of the edge-line indefinitely. In accordance with the above 


* This result might be used in forming the equations of equilibrium (11) and (12). The line- 
integrals in the third of equations (9) and the first two of equations (10) would be written 

and thm ean be transformed easily into the forms given in (9) and (10). 



AT THE EDGE OF A PLATE 


461 


297 ] 

^eorem we ar^to form these equations by omitting H and H, and replacing 
N and N by i'T — dHjds and N — 9H/0s, The boundary-conditions are thus 
found to be 

T=T, S' = S, F- 95/as = N-9H/9s, ^ = G. 

These four equations are equivalent to the boundary-conditions adopted by 
Kirchhoff. 


In investigating the boundary-conditions by the process just sketched we observe that 
the terms contributed to the equations of equilibrium by the body forces and the tractions 
on the faces of the plate do not merely vanish in the limit, but the quotients of them by 
the length of the short arc of the edge-line which is part of the contour of the strip also 
vanish in the limit when this length is diminished indefinitely. If this arc is denoted by 
ds we have such equations as 

lim^ (ds) j j = b, lim J j (L'-i- yZ') dxdy = 0, 

the integration being taken over the area within the contour of the strip. The equations 
of equilibrium of the strip lead therefore to the equations 


lim (Ss) ^ f (Teas S sin S)ds==^0^ lim (ds) f(T sin ^ + Scos 0) = 0, 

5^=0 J Ss-O J 

lim^ (ds)'^ lim (S.f)”^|^|~6rsin^-f-y^iV'-^^|(f«=:0, ^ ...(13) 

j cos^-jr^iV’-^^l (is=0, 




in which the integrations are taken all round the contour of the strip, and ... denote 
the force- and couple-resultants of the tractions on the edges of the strip, estimated in 
accordance with the conventions laid down in Article 294. We evaluate the contributions 
made to the various line-integrals by the four lines in which the edges of the strip cut 
the middle plane. Since the parallel curve is brought to coincidence with the edge-line, 
the contributions of the short lengths of the two normals to this curve have zero limits; 
and we have to evaluate the contributions of the arcs of the edge-line and of the parallel 
curve. Let vq denote the direction of the normal to the edge-line drawn outwards. The 
contributions of this arc may be estimated as 

[T cos (:p, vq) S cos (y, vq)] ds, {T cos (y, i/^) -f S cos (x, i^o)} 

and |-Gco8(y, |gcos(x, d». 

In evaluating the contributions of the arc of the parallel curve, we observe that the con- 
ventions, in accordance with which the T, ... belonging to this curve are estimated, 
require the normal to the curve to be drawn in the opposite sense to and the curve to 
be described in the opposite sense to the edge-line, but the arc of the curve over which 
we integrate has the same length ds as the arc of the edge-line. In the limit when the 
parallel curve is brought to coincidence with the edge-line we have, in accordance with 
these conventions, 

cos ^ — cos (x, Vo), sin ^ — cos (y, vo). 


and 
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Henoe the contributione of the arc of the paraUel curve may be estimated as 
{- f cos(ar, i.j)+^oo8(y, ko)}^*, {-|»oos(y, v^)-Soos{x, 

and |<?oos(y, v„)+y 8,, |- »co8(x, vo)-a:(- da 

On adding the contributions of the two arcs, dividing by Ss, and equating the resulting 
expressions to zero, we have the boundary-conditions in^the forms previously stated. ^ 

In general we shall omit the bars over the letters T. and write the 
boundaiy-conditions at an edge to which given forces are applied in the form 


r-T, s-s, , e=G. 


.( 14 ) 


T*®' • ".apported^ eage the 

displ^ement w of a point on the middle plane at right angles to this nlane 

of the middle plane n not permitted to vaiy, the displacement (u, v w> of a 
pomt on t e middle plane mnishes, and al«, lishea r Loiing 1: 
direction of the normal to the edge-line. ° 

The effect of the mode of application of the torsional couple may be illustrated 
by ewct solution of the equations of equilibrium of isotropic Lids*. Let the edge 
hue be the rectangle given by .= ±„, ±8. The plate is then an extreme Lampt ^f 

* t ZfZ tw-^'' 1^ A ^ ‘’r the of 

giien by ^ ‘hat the displacement is 

2 : 24 

n=o(i2« + l)3 » v=-ra7i2, w^rxy^ 

"“"P'® ete expressed by the 

V , 2^^ - (-)» oosb.(^-:^ai„(?!L+^® 

-ATyss -2iirz+ur ~ 2 -i — I 2A 

n- „:.o(5iw + l)2 cosh^-^y’^'^ 


ih 






2H 


n=o(2w+l)* 


l^+l)nl • 


cosh 


U 


Tli.h.mlhmion.1 

y nr 4 * 4 -arf«(l)‘ i 

Sto.^.JS'u^w *■? ““V*™*!”” -r. P*»lfel to «» middl. 

plane, and the other half by the tractions X. directed at right angles to the middle plane. 

* Kelvin and Tait, Nat. PMl., Part n.. pp. 267 et ,eq. 
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When the plate is very thin the total torsional couple is approximately equal to 
^firh^by so that the average torsional couple per unit of length of the edge-lines ia 
is approximately equal to ^ftrkK At any point which is not near an edge y* ±6, the state 
of the plate is expressed approximately by the equations 


W sas — — TZXf w=^rxy. 

The traction Xy is nearly equal to - at all points which are not very near to the 
edges y^±h, and the traction is very small at all such points. The distribution of 
traction on the edge a?=a is very nearly equivalent to a constant torsional couple such as 
would be denoted by of amount combined with shearing stress-resultants such 
as would be denoted by iVj , having values which differ appreciably from zero only near 
the corners y= ±6), and equivalent to forces at the corners of amount ^iirh\ At 

a distance from the free edges y^±h which exceeds three or four times the thickness, 
the stress is practically expressed by giving the value to the stress-component Xy 

and zero values to the remaining stress-components. The greater part of the plate is in 
practically the same state as it would be if there were torsional couples, specified by 
ifi=: at all points of the edges ±a, and i? 2 = - J/irA® at all points of the edges 

y=: ±6. Thus the forces at the corners may be replaced by a statically equivalent distri- 
bution of torsional couple on the free edges, without sensibly altering the state of the plate, 
except in a narrow region near these edges. 

Within this region the value of the torsional couple belonging to any line y* const., 
which would be calculated from the exact solution, diminishes rapidly, from - J/litA® to 
zero, as the edge is approached. The rapid diminution of £[2 is accompanied, as we should 
expect from the second of equations (12), by large values of Aj. If we integrate 

across the region, that is to say, if we form the integral j Xidy, taken over a length, equal 

to three or four times the thickness, along any line drawn at right angles to an edge 
^=6 or y= - 6 and terminated at that edge, we find the value of the integral to be very 
nearly equal to ± 


This remark enables us to understand why, in the investigation of equations (14), 

the third of equations (13), viz. lim ds^O^ where the integration is 

taken round the contour of a ‘‘atrip,” as was explained, should not be replaced by the 

equation lim 1 Nds^O^ and also why the latter equation does not lead to the 

_ J _ 

result W=N. When A, ff are calculated from the state of strain which holds at a distance 
from the edge, and equations (14) are established by the method employed above, it is 
implied that no substantial dift'erence will be made in the results if the linear dimensions 
of the strip, instead of being diminished indefinitely, are not reduced below lengths equal 
to three or four times the thickness. When the dimensions of the strip are of this order, 

the contributions made to the integral j Nds by those parts of the contour which are 

normal to the edge-line may not always be negligible ; but, if not, they will be practically 

balanced by the contributions made to J ~-{dH/ds)d8 by the same parts of the contour*. 


208. Relation between the flexural oouplee and the curvature. 

In Article 90 we found a particular solution of the equations of equilibrium 
of an isotropic elastic solid body, which represents the deformation of a plate 

* * Cf. H. Lamb, London Math, Soc, Prcc., vol. 21 (1891), p. 70, 
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slightly bent by couples applied at its edges. To express the result which we 
then found in the notation of Article 294 we proceed as follows: — On the sur- 
face into which the middle plane is bent we draw the principal tangents at any 
point. We denote by Si, $2 the directions of these lines on the unstrained 
middle plane, by jRi, R 2 the radii of curvature of the normal sections of the 
surface drawn through them respectively, by (?/, G 2 the flexural couples be- 
longing to plane sections of the plate which are normal to the middle surface 
and to the lines 6’i, ^2 respectively. We determine the senses of these couples 
by the conventions stated in Article 294 in the same way as if Sj, Sg, z were 
parallel to the axes of a right-handed system. Then, according to Article 90, 
when the plate is bent so that JRj , Rq are constants, and the directions , «« 
are fixed, the stress-resultants and the torsional couples belonging to the prin- 
cipal planes of section vanish, and the flexural couples (?/, G 2 belonging to 
these planes are given by the equations \ 

G/ = - DO/R, + (T/R 2 ), G: = - D{\!R2 + (TjR,), . . A (15) 

where, with the usual notation for elastic constants, 

D = — 0-') = ■+• m)/(^ + 2/i) (16) 

The constant D wnll be called the ** flexural rigidity” of the plate. 

Now let the direction make angles and ^tt -- <^ with the axes of x and 
y. Then, according to (4), Gi, G., Hi are given by the equations 
Gi cos^ -f (?o sin^ (p — Hi sin 2^ = — l)(llRi -f cr/R^), 

Gi sin^ 4- cos- <f> + Hi .sin 20 = — D(l/R 2 + or/Ri)^ 
i{Gj — G.) sin 20 -f cos 20 = 0, 
from which we find 






cos- 0 sin- 0 

r7 b, 

'^sin-’ 0 cos^ 0 




sin*0 cos-0 
R, R, 
/cos^ 0 sin* 0\ 




Again, let w be the displacement of a point on the middle plane in the 
direction of the normal to this plane, and writer 

'~da.^’ ^~df’ '~dx^y ^ 

Then the indicatrix of the surface into which the middle plane is bent is given, 
with sufficient approximation, by the equation 

Kia? + Kty^ + 2Txy = const. ; 

and, when the form on the left is transformed to coordinates f, y, of which the 
axes coincide in direction with the lines «j, it becomes 
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Hence we have the equations 

cos=<#» sm*<^ sin=<f) cos*A „ • o j / 1 1\ 

and the formulae for (jj, G^y become 

(5i = — 2) (/Cl + (r/fg), Org = — i) ifi = i) (1 — cr) T. , ..(18) 
We shall show that the formulae (18), in which /Cj, ^g, t are given by (17), and 
D by (16), are either correct or approximately correct values of the stress- 
couples in a very wide class of problems. We observe here that they are 
equivalent to the statements that the flexural couples belonging to the two 
principal planes of section at any point are given, in terms of the principal 
radii of curvature at the point, by the formulae (15), and that the torsional 
couples belonging to these two principal planes vanish. 

If 8 denotes the direction of the tangent to any curve drawn on the middle plane, and 
V the direction of the normal to this curve, and if 6 denotes the angle between the directions 
V, .r, we find, by substituting from (17) and (18) in (4), the equations 

6= - 1) l^cos-tf + ^ +(1 - a) sni 26 

H—D{ \ -<r) l^siu 6 cos 6 - ^^) + (cos* 6 - sin* 6) • 

We may transform these equations, so as to avoid the reference to fixed axes of ^ and 
by means of the forrnulie 


~ sscoa/9 i — sm 
C8 cy cx 


A ^ • A^ 

- =cos^.--f sin 6 
(V (^x cy 


where p is the radius of curvature of the curve in question. We find 

/* , /DV 1 ewN'i rr r^/-. ^ fd\\\ 

^ p' er)} ’ 

These equations hold whenever the stress-couples arc expressed by the formulsB (18). 

In the problem of Article 90 we found for the potential energy of the plate, 
estimated per unit of area of the middle plane, the formula 

\D l + l] -2(l-<r)-^y . 

fXj -tCn/ ZtjxXgJ 

or, in our present notation, 

I i) [(/C, + Ka)- -2(1-0-) (KiK^ - T*)] (21) 

We shall find that this formula also is correct, or approximately correct, in a 
wide class of problems. 


THEORY OF MODERATELY THICK PLATES. 


299. Method of determining the stress in a platef. 

We proceed to consider some particular solutions of the equations of 
equilibrium of an isotropic elastic solid body, subjected to surface tractions 
only, which are applicable to the problem of a plate deformed by given forces. 

* Cf. Lord Rayleigh, Theory of Soundy vol. 1, § 216. 

t The metliod was worked out briefly, and in a much more general fashion, by J» H. Michell, 
Loiidon Math, 8oc, Pfoc,, vol. 81 (1900), p* 100. 
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These solutions will be obtained by means of the system of equations for the 
determination of the stress-components which were given in Article 92. It 
was there shown that, besides the equations 


dX. dX, dX, _ dX„^dr^ 0F, . dX.dV: 

"577 377 “ “577 "577 377 


da dy dz ’ da dy 
we have the two sets of equations 


* H- <r 8a!* ’ 


Vjy ? 

l + <rdf' 


V% = - 


_1 W 
1 -f <r dz* 


V2F=- V*X = — V*X =- — - (•■>4) 

l-t-«r8y8^’ * l-|-<r8^0a;- 1 + adx. 

where 0 = A* -I- Fy 4- .1 (2.5) 

It was shown also that the function 0 is harmonic, so that V*0 = and tliat 
each of the stress-components satisfies the equation — 0. 

We shall suppose in the first place that the plate is held by forces applied 
at its edge only. Then the faces z=±h are free from traction, or we have 
A* = Fj = iT, = 0 when « = ± A. It follows from the third of equations (22) 
that dZtjbz vanishes &t z = h and a,t z — — h. Hence Zi satisfies the equation 
V*Zz = 0 and the conditions Zi = 0, dZijdz’^O at z = + /(. If the plate had 
no boundaries besides the planes z — ±h, the only possible value for Z^ would 
be zero. We shall take Z^ to vanish *. It then follows from the equations 
s 0, = — (1 + o-)-» (fl&jdz*, that 0 is of the form 0o -I- z&i, where 0# and 

01 are plane harmonic functions of a and y which are independent of z. 

For the determination of we have the equations 


9'&+^-=,o v>x 

dx dy ’ * 1 + <r 8a' 


V=F, = . 


1 d^, 
l+a dy ’ 


and the conditions that Z* = Fj = 0 at ^ = + A. A particular solution is given 
by the equations 

We shall take X, and F, to have these forms. When Xj, Yz, Zz are known 
general formul® can be obtained for Xg, Fy, Xy. 

If0, is a constant, Xz and Yz vanish as well as Zz, and the plate is then in 
a state of “plane stress.” If 0i depends upon x and y the plate is in a state of 
"generalized plane stress” (Article 94). We shall examine separately these 
two cases. 


* J. H. Midiell, 2oe. eit., wUs attention to the analogy of this prooednre to the enstomaTy 
treatment of the oondeneer problem in Eleotroetatios. 
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300. Plane stress. 

When Xz, Yt,Zt vanish throughout the plate there is a state of plane stress. 
We have already determined in Article 145 the most general forms for the 
remaining stress-components and the corresponding displacementa We found 
for @ the expression 

+ (27) 

where ©o is » plane harmonic function of x and y, and /8 is a constant. The 
stress-components Xx, Yy, Xy are derived from a stress-function by the 
formula 

df’ ia?’ dxdy' 


and X has the form X = X« + - 2 J (29) 

where V,v^o = ©o. (30) 

If we introduce a pair of conjugate functions rj of x and y which are such 
that 

9* 0y dy dx’ •( ) 

the most general forms for Xo and Xi can be written 

Xo = +/. Xi = i/3(a!® + y^) + F, (32) 

where / and F are plane harmonic functions. The displacement {u, v, w) is 
then expressed by the formula 

« = ;-(? + ffxz + (x. + ^X.), 

+ J«“^|”)--J^|^(x. + ^Xi). • (33) 

w = - i {Jj8(a:s + y*-p 0-^) + 0-^^] + 

The solution represents two superposed stress-systems, one depending on 
*^o> Xo> and the other on /3, Xf These two systems are independent of each 
other. 

301. Plate stretched by forces in its plane. 

Taking the (0«, Xo) system, we have the displacement given by the equations 

1 , 1 l + o-a^o ) 


+ ^ ga;’ 




9@oN 1+<T0X« 


B 0y 





mn 


mmmmmjkrnB 


[os. Xxit 

where V, is of the form ^ !>*«» hwwionic foactiong, and 

t « are determined by (31). The normal diephoement of the middle pla^e 
viJjsbes, or the plate is not bent The stress » expressed by the formub 


V' 




.(35) 


The stress-resultants T,, S, are expressed by the equatitfos 




+ <T 


A»0, 




<•’«) 


The stress-resultants Ni, iVg, and the stress-couples Gu G^, H^y vanish. The 
equations (11) and (12), in which X', Y', Z\ L\ M' vanish, are obviously 
satisfied by these forms. 

When we transform the expressions for Tj, T^y by means of the equations 
(4), we find that, at a point of the edge-line where the normal makes an 
angle 0 with the axis of x, the tension and shearing-force Ty S are given by 
the equations 

r- (cos-O ^ + sm>» - 2 sin « f ° , *■«.) . 

s. !«. Sms « (i - |j) - CO. S« ( 2 /^. - 1 j ■ 

When these equations are transformed by means of the formulae (19) so as to 
eliminate the reference to fixed axes of a? and y, they become 






.(37) 


31-h<r 


- h^@o 


These expressions are suflBciently general to represent the effects of any forces 
applied to the edge in the plane of the plate*. If the forces are applied by 
means of tractions specified in accordance with equations (35), the solution 
expressed by equations (34) is exact; but, if the applied tractions at the 
edge are distributed in any other way, without ceasing to be equivalent to 


* The case of a circular plate was worked out in detail by Clebsch, Elastieitcit, § 42. 
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resmiwHis of the types T <Sf the s 1 f • 

.uffleienl .pproiin.ti„a'.t'j, poLtS?'"*' «“ * 

8u Ti,, ^ 


we find 


8u ^ 

*^<1 

oy 3x’ 


®= -2?^|!2fo 

and then we have 

2Eh 


oi+.a.. 


® 1-0-2 ?,/('' + *2), 

* ® 1-0.23^ (fl+f2), 

<?!= S2 

m. , ‘^^I-<r2 0^^(*l+f2)- 

*“ ““ "7>' -f •■«> cn ^ t. 

r 

1“- <p2 [(‘1 + €2)2 - 2 (1 - ^) 

., EJ^a r fi -jj 

*i-^t'.5?(>,+..)+..^(„+,j+„_|_,.,^,0 

(irif’ri'ei 0” "” *“*“ *"' •” "*'"' *» ”• 

«( pto. .«» “»iW~*u£“ ” »“ 


v=-l+^ho ,,. 

£ dx' ‘ 


and 


M dy 






(ii) If 00 is constant we have w v H ^ ^ 
then we have ^ ® and we may put xo^iQo and 


«-i^eox, ,o=-|,eo2, 

and „ ■* 

rn,, . ?’.=7'2=e„A, ^,=0. 

8 IS e solution for uniform tension OoA aU round the edge 

«d Z ^'T™ '■ "““•■ ^ '“™ «■*"('•-«. ..d .. ..p p., 

r-lay, v>=.-^xz, 

and ^ 

Ti^Oj T^^2/icut^ Si^O, 

"»» I-™. o„ 1. 


, l-< 
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(iv) By taking the function xo (0 to be of the second degree in x and y, we may 
obtain the most general solution in which the stress-components are independent of x and y, 
or the plate is stretched uniformly. The results may be expressed in terms of the quantities 
fj , C 2 ) w that define the stretching of the middle plane. We should find for the stress* 
components that do not vanish the expressions 

and for the displacement the expressions 


302. Plate bent to a state of plane stress. 

Omitting in equations (33) the terms that depend on @o, Xo> have the 
displacement given by the equations 




E dx' 
E ^by 


.(38) 


w = - y + «r«’) + - Xj . 


E 


^ dy^ ’ 


where ^ has the form Xi = and jPis a plane harmonic function. 

The stress is expressed by the equations 

The stress-resultants vanish, and the stress-couples are given by the 
equations 

9,-ihA. (39) 

The equations (11) and (12), in which X\ Y\ Z\ L\ M' vanish, are obviously 
satisfied by these forms. 

The normal displacement w of the middle plane is given by the equation 




.(40) 


so that the curvature is expressed by the equations 
„ _ ^1 ^ + 'a 

* E^ E da?' ^ E^ E >v*' E dx^' 
From these equations and the equation V,*xi = we find 


^ 1 - <r» 0*Y, 

+ ofr. + 




E da? ' 


E dy* ' 
so that the formulse (18) hold. 

The stress-couples at the edge are expressible in the forms 

<«) 
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and, if the edge is subjected to given forces, Q and dSjds mast have prescribed 
values at the edge. Since %, satisfies the equation = $, the formulee (41) 
for 0 and dHjds are not sufficiently general to permit of the satisfiustion of 
such conditions. It follows that a plate free from any forces, except such as 
are applied at the edge and are statically equivalent to couples, will not be in 
a state of plane stress unless the couples can be expressed by the formulae (41). 

Some particular results are appended. 

(i) When the plate is bent to a state of plane stress the sum of the principal curvatures 
of the surface into which the middle plane is bent is constant. 

(ii) In the same case the potential energy per unit of area of the middle plane is given 
exactly by the formula (21). 

(iii) A jiarticular case will bo found by taking the function F introduced in equations 
(32) to be of the second degree in x and y. Then also is of the second degree in x and y, 
and we may take it to be homogeneous of this degree without altering the expressions for 
the stress-components. In this case w also is homogeneous of the second degree in x and y, 
and Ki, ICO, T are constants. The value of is 

and the stress-components which do not vanish are given by the equations 
F F F 

(iv) This case includes that discussed in Article 90, and becomes, in fact, identical 
with it when the axes of x and y are chosen so that r vanishes, that is to say so as to be 
parallel to the Unas which become lines of curvature of the surface into which the middle 
plane is bent. Another s{Kscial sub-case would be found by taking the plate to be rectangular, 
and the axes of x and y parallel to its edges, and supposing that icj and #C 2 vanish, while r 
is constant. We should then find 

?e=-rys, v— -rzx, w^rxy. 

The stress-resultants and the flexural couples 6^i, 0^ vanish, and the torsional couples Hi 
and Hi are equal to ± /> (1 - fr) r. The result is that a rectangular plate can be held in the 
form of an anticlastic surface w=rxy by torsional couples of amount i)(l - or)r per unit 
of length appUed to its edges in proper senses, or by two pairs of forces directed normally 
to the plate and applied at its cornere*. The two forces of a pair are applied m like senses 
at the ends of a diagonal, and those applied at the ends of the two diagonals have opposite 
senses. The magnitude of each force is 2/) (1 - o-) r. 

303. Oeneralised plane stress. 

When X, vanishes eveiywhere, and X,, F* vanish at we take the 

values of X, and F, to be given by equations (26) of Article 299. To <k- 
termine X„ F,. Xy we have the first two of equations (22) and (28), tto 
third of equations (24), and equation (25), in which X* vanishes, J* and F, 
are taken to be given by (26), and 0 has the form e,+«0i. the functions 

H. Lamb, London Math Soe, Proc, , vol. 21 (1891), p* 70. 
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00 and 0, being plane harmonic functions of x, y and independent of z. The 
stress depending upon 0# has been determined in Article 300, and we shall 
omit 0#. We have therefore the equations 

_ /V , BYt ^ 901 _ /j 

dx dy 1 + (T dx ’ dx dy 1 + <r dy ’ 

^==0. = ^ ^ = 0, 

l + oro®* "l + <roy* ‘'1 + 0 - dxoy 


df 

Z,+ F, = ^@.. 

From the first two of these equations we find 

z 




.(42) 

.(43) 


f 0 • Y == @ 4- 

^ dy^' ^ 1 4 - <r ^ ^ dxdy' 

where x i® ^ function of x^y, z\ and the last equation of (42) giv^s 

‘ 1 + 0 - ' 

The remaining equations of (42) can now be transformed into the forms 
3» 


df 


,) = o. 


dxdy \dz^ 1 + o- 

9V_2_-jr 

i +<r‘ 

of X and y, and we may take it to be zero without altering the values of 
X*, Yy, Xy. We therefore write 


These equations show that the expression “ ^0i is a linear function 


where 


ViV = -T-^«- 


.(44) 


l + «r 


.(45) 


If we introduce two conjugate functions f,, i/i oix,y which are such that 

dx dy dy dx' ^ ^ 

we may express Xi' the form 

1 /r 

.(17) 




2(l + <r) 

where X, is a plane harmonic function. Thus the form of x'> and therewith 
also that of Xg, Xy, Yy, is completely determined. 

The displacement is determined by the equations of the types 


du 1 


/ TT 


ir dw ,dv 2(l +_ff)^,. 
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in which Z, vanishes, and F* are given by (26), and Z*, F„, Xg by (43). 
The resulting forms for u, v, w are 

w= ^[(l + <r)Xi' + (^‘-i<r^»)@,]. 

304. Plate bent to a state of generalized plane stress. 

The normal displacement w of the middle plane is given by the equation 

w = i{A^@, + (l + a)x;} (49) 

and, since Vj*©, = 0, we have by (45) 

V,‘w = 0 (60) 

where V,* denotes the operator d*ldx* + d*ldy* + 23*/8a:®3y>, and then 

+ 

The stress-components are given by the equations 


- 1 “7* + 3v“ iT^ - H2 - ^) ^} w 


= - 1-17 LiT-cr + r- - H2 - V,»WJ , 
[iTS ™ 1‘’' - K2 - -> *‘1 ’ ■»] . 

F,— 2-^:r^gyV,w. z, 0. 

(52) 

The stress-resultants and stress-couples are given by the equations 

r,=n*-Si=o, 

if.— if.— bIv.'w, 

„ r>/^w . df‘vi\ , 8-f<r n, 3* 

10 3y*^‘ • .(53) 

Equations (11) and (12) in which X', T, Z, L', M' vanish are obviously 
satisfied by these forms. 
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The stress-resultants and stress-couples belonging to any curve s of which 
the normal is p can be expressed in the forms 


T^S^O, iV = -2)^V,«w. 

OP 

e — + + + ...(64) 

where p' denotes the radius of curvature of the curve. At i boundary to 
which given forces and couples are applied G and N’-dHms have given 
values. The solution is sufficiently general to admit of the Wisfaction of 
such boundary-conditions. The solution expressed by (48) is\ exact if the 
applied tractions at the edges are distributed in accordance with (52), in 
which w satisfies (50); but, if they are distributed otherwise, wit^iout ceasing 
to be equivalent to resultants of the types A", G, if, the solution represents 
the state of the plate with sufficient approximation at all points which are 
not close to the edge. 


The potential energy per unit of area can be shown to be 

8 + 0 - ^,2 C^wd^Vi^Vr 027 ^ 2^1 

10 L0JP* ^ 0y* 0y2 dxdy ca?0y J 




272+64^ + 6<r* 
420(l-<r) 


mi 

\_ <3x* 0^ \ 6x<}y / J 


.(55) 


The results here obtained include those found in Article 302 by putting 
©,s=)3. Equations (53) show that the stress-couples are not expressed by 
the formulae (18) unless the sum of the principal curvatures is a constant or 
a linear function of x and y. In like manner the formula (21) is not verified 
unless the sum of the principal curvatures is constant; but these formulae 
yield approximate expressions for the stress-couples and the potential energy 
when h is small. 


The theory which has been given in Article 301 and in this Article consists 
rather in the specification of forms of exact solutions of the equations of 
equilibrium than in the determination of complete solutions of these equations. 
The forms contain a number of unknown functions, and the complete solutions 
are to be obtained by adjusting these functions so as to satisfy certain 
differential equations such as (50) and certain boundary-conditions. These 
forms can represent the state of strain that would be produced in a plate 
of any shape by any forces applied to the edge, in so far as these forces are 
exinressed adequately by a line-distribution of fcnne, specified 1^ components, 
T, S, N ~ dH/9s, and a line-distribution of flexural couple Q. 
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305. Circular plate loaded at its centre*. 

The problem of the circular plate supported or clamped at the edge and loaded at the 
centre may serve as an example of the theory just given. If a is the radius of the plate, 
and r denotes the distance of any point from the centre, we may take w to be a function 
of r only, and to be given by the equation 

/c2 1 0\ W , a , 

+ 

where A are constants, and then we have on any circle of radius r 



and the resultant shearing force on the part of the plate within the circle is W, Hence W 
is the load at the centre of the plate. The complete primitive of (56) is 

W / a \ 

w log - + j -I- 4 ^ r® -f -5 + C log r , 

where B and C are constants of integration. If the plate is complete up to the centre, 
C must vanish, and we take therefore the solution 

The flexural coiiiile G at any circle r=a is given by the equation 

^ (1 + <^) ^ ^ (1 - - 2^.: ^ ~ i ^ ^ • 


We may now determine the constants A and B. If the plate is supported at the edge, 
so that w and G vanish at r^a, we find 

<”> 

and the central deflexion, which is* the value of - w at r— 0, is 


W 

SttZ) 



If the plate is clamped at the edge, so that w and cw/cr vanish at r«a, we have 

w=g^*^|^r*log“-i(a2-J-*)J, (58) 

and the central deflexion is Wa^jl^nD. If the plate is very thin the central deflexion is 
greater when it is supported at the edge than when it is clamped at the edge in the ratio 
(3+or) : (1 4* o*), which is 13 : 5 when cr= J . 


306. Plate in a state of stress which is uniform, or varies uniformly, 
over its plane. 

When the stress in a plate is the same at all points of any plane parallel to the faces 
of the plate the stress-components are independent of x and y, and the stress-equations of 
equilibrium become 

^»-0 ^*=0 


If the faces of the plate are free from traction it follows that .A^g, Ti, , ^g vanish, or the plate 
is in a state of plane stress. The most general state of stress, independent of x and y, 
which be maintained in a cylindrical or prismatic body by tractions over its curved 
surface can be obtained by adding the solutions given in (iv) of Article 301 and (iii) of 
♦ Besnlts equivalent to those obtained here were given by Saint-Venant in the ‘ Annotated 
Clebsc^,* Kate du g 45. 
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302. In these oases the stress is uniform over the cross-sections of the cylinder or 

When the stress-components are linear functions of a,- and y the stress varies uniformlv 

^ible states of stress m a pnsm when the ends are free from traction, there are no 
body foi^, and the stress-components are linear functions of and y. For this purnose 
we should express all the stmss-comimnents in such forms a.s ^ ^ ^ 

eqi^tionrwhich th ’ of When we introduce these forms into the various 
Sn w !/ a^d to satisfy, tbe terms of these equations which 

the^luatC indei,endent of and y must sej^ately satisfy 

We take first the stress-equations of equilibrium. The equation 

^ ?y ?z ’ 1 

combined with the conditions that Y, vanishes at ±A, gives us the equations 

-V-0. AV'=o, ^ 

and in like manner we have the equations 

F/=o, i;"=o, ^2‘"’+AV-biV'=o. 

It follows that A'* and F* are independent of .v and y. The third of the stress-equations 

va^Zs eveTXw^*^^'^*^’ ±^')’ 

sinct®«“i«® f + e'- e", e(«) are functions of and, 

since e IS an harmonic function, they must Ihi linear functions of The equation 

. takes the form bKYJ?z^ ^comimt, so that dKYjdz’^^O. Since Z, satisfies 

thm eqimtion and vanishes at +A, it mu.st conUin a fivctor, and since it is 

iLtLid r‘ *” 

from*iillT a f' generators parallel to the axis of x is free 

SSfirll *'^**°“ tbe most general type of stress which 

under the x stress-comiionents are linear functions of x and y is included 

functiot ff Taidt ^ T *" ^*^5010 303 by taking e, and ef to be linear 

introdu^ fnlf 1-^ and restacting the auxiliary plane harmonic functions /and F. 
mti^uced in equations (32) and (47) to be of degree not higher than the third. 

cateeoJS^th ^ f *" “ P^*® included in this 

wtegory, the str^comiwnents are expressible in terms of the quantities *, ® which 

“H" r'L"' - '■ 

sunace into which this plane is bent, by the formuhe 

// 

Aggwm ^ CrK2)zi , 

^ 1 ~ 0*2 + - (iCif-f 

i -^i~ ay (*>+*»)> 


..( 59 ) 
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The stress-resultants and stress-couples are expressed by the formulse 

(f 1 + (Tfg), ^2= j _ "2 (€2 + o-ei)» 

JVj= ~i)^(Ki-HK2), JV2= 

““*^(^l + ®rfC2), br'2= ~ (iC2-f crifi), = (1 - or) r, 

and the potential energy pei* unit of area is 

1£h 

1 _ o-ii 1-^'* “ 2 ( 1 - (t) (f, «a - J j 

+ i-^[(''l+*s)“‘-2(l -0 -)(kiK2-T®)] 




( 60 ) 


,( 61 ) 


307. Plate bent by pressure uniform over a face. 


So far we have been discussing plates deformed by forces applied at the 
edges; we now consider plates bent by forces transverse to the initial position 
of the middle plane. The procedure will be similar to that explained in 
Article 299. We first find a particular solution of the equation satisfied by Z^, 
adapted to satisfy the special conditions which hold at the faces z-±h, then 
find particular solutions of the equations satisfied by and Fj, also adapted 
to satisfy the special conditions which hold at the faces, and then deduce 
general forniulie for X^, Yy, Xy. 

When the face z = h is subjected to uniform pressure p, we have V*Zg = 0 
everywhere, 0Z,/?^ = O at z = h and z = -h, Z^^ — p at z = h, Zi = 0 at 
z = — h. A particular solution is 

Z^ = \h~^p {2 + h f {z~2h) — \ Ir'^p ( 2 ® — - 2A®), (62) 

and we take this to be the value of Zi. To determine 0 we have the equations 
V»0 = O, ^ldz- = -%{l + o-)hr^pz, 


of which the most general solution has the form 


© = _ J ( 1 + 0 -) h-^pz^ + g (1 + ff) Ir^pz (a;= + if) + ^@i + 0„, 

where 0i and @„ are plane harmonic functions. We may omit the terms 
^0, and @0 because the stress-systems that would be calculated fiura them 
have been found already. We take therefore for 0 the form 

0 = — J (1 + <r) -f 1(1 + <r) h~*pz (®* + y“) (63) 


To determine Xy and Yz we have the equations 

dXz dYz^Sp,^ ,,, . r7*y__^ V»F=- 

and the conditions that Xz and F, vanish atz = k and atz=—k. 
solution is 

Xz = I (h’‘ - «») x, Yz = I A-’p (/r - z‘) y,... 
and, as in Article 299, we take Xz and F* to have these valuea 


Zpy 
4A» ’ 

A particular 
(64) 
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To determine Yy, we have the equations 

das di/ 4i¥ ’ dx dy 4/i’ ’ 

V»Jr, = V^Yy = - \h-*pz, V«Xj, = 0, 

Xj. Fy « i A~*p [- (2 4- <r) <2* + 3^ {^(1 4 cr) (a;® + j/*) + A*} 4* 2A*]J 

To satisfy the first two of these equations we take X®, F^, Xy to have the 
forms 

X- = (ip® 4- 1/®) 4- Y — ('a?® 4 v^) 4 X = -^ 

where x niust satisfy the equation ^ 

^ f -» (1 -) f («^ + !/•> + f f + 4 

and ihen the remaining equations of (65) show that 


'A* 


must be a linear function of a? and y. As in previous Articles, this function 
may be taken to be zero without altering X^, Yy or Xy, and therefore x ^^ust 
have the form 


2 4 or 2^ cr p2\ ^ , pz^ , ^ „ 

80 A» -Ji>2+«x» +x»> 

where ;i^/' and Xo' functions of a? and y which satisfy the equations 


^.*x " = - 1 (1 - «■) I (^ + y’) + i f . V, V' = ip; (66) 

and we may take for the particular solutions 

Xi' = -|(l-o')^(^ + y‘)* + V\r|(a:* + y’).| 

Xo" = ip(«^+y*). J 

More general integrals of the equations (66) need not be taken because the 
arbitrary plane harmonic functions that inightHbe added to the solutions (67) 
give rise to stress-systems of the types alre^y discussed. 

The expressions which we have now found for X*, Fy, Xy are 
Xx = ip-¥ %p +y®+ A*)- (1 - <r)p |j (a* + 8y*)- ® g 

1 «=*iP + fPp(a* + y* + /t*)-/3(l-<r)p|-,(3a« + y*)-® 

= A (!-«•) P^aijr. 


,..( 68 ) 
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applied to one face 


The stress-com^nents being given by (62), (64) and (68), the corresponding 
displacement is given by the formulae 

“ “ ^ ^ — 0-) «* — — 2A* — 1(1 — «r) ^ (a!» 4- 

^ ^ ~ - I (1 - 0-) ^ (a^ + y^)], 

^ ^ ^-jf^i[(l+‘^)^-6A*^*-8A’«+3(A®-or^»)(a^‘+y»)-|(l-cr)(a!=+y*)*]J 

(69) 

It is noteworthy that when the displacement is expressed by these formula 
the middle plane is slightly stretched. We have, in fact, when « =*0, 

3w_3t)_, p dv du 

dx dy dx'^dy~^' 

The stress-resultants and stress-couples are given by the formulae 

Ti = ^ph, T^^\ph, /S, = 0, 

N^^\px, Nz = ^py, 

^ {(3 -1- <t) ir“ -I- (1 -t- 3ff) y»j + ph\ 

6, = {(1 + 3(r) + (3 + <r) f] -H ph\ 

These forms obviously satisfy equations (11) and (12) in which A", Y',L',M' 
vanish and Z' is replaced by —p. 

The middle plane is bent into the surface expressed by the equation 

. v .. .. I . , 8h* \ 


(7i) 


and we find (?, = — D (*1 + xk,) + ph\ 

ZV — (T) 

- I){k3 + <r«i) + ph-, 

F,»D(l-<r)T. 

The formulae (18) are not exactly verified, but they are approximately correct 
when h is small. 


308. Plate bent by pressure varying uniformly over a face. 

Before proceeding with the discussion of particular illustrations of the 
solution obtained in Article 307 we extend the results to the case where the 
pressure mi the face exposed to pressure is a linear function of x and y. It 
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will be sufficient to take the case where p is replaced by j)#®. By the process 
already employed we find for Z^, 0, Xz, Yz the expressions 


%{z^-^hrz-2h% 

- ^*)(3^ + f) + i^,(h^-z^){2h'^-z% 


(72) 


and thence we obtain, in the same way as before, the formulae 

= lel - (6 + <r) + i (5 + a) + 1(1 + a) y% \ 

yy = ^3[8^’-(2 + 3‘r)z»+{|(l + 5tr)^+f(l + *r)y“}4 ...(7S) 




The displacement is then given by the formulae 

^32 ^ + yO + y“) + 5 ^ g (3-^“ + y“) ^ 

® ^2h^xy + --g ^ zxy {x‘ + y") - ^ a;yz- ^ (74) 

— — ^axz^ {x^ + y^) — ^ ^ 


1 + 0- Pn 

'W 


The middle plane is slightly stretched in a direction at right angles to that 
along which the pressure varies. We have, in fact, when z — 0, 





^+?“=o 

dx^dy • 


The stress-resultants and stress-couples are given by the formulae 


Ti = 0 , Ti ^pthx, Si — 0, 

-^i = ij’«(3®*+y*)+fTrM*. 

= ^Po [i (5 -f- <t) a? -»- (1 + <r) «y* + 1 ( 14 - <r) A*®], 
(^2 = ^Po [i (1 + 5<r) a!» + (1 -(• <r) ajy’ - ^ (2 -(• 3<r) h’x], 
■ffi - tVp* [- i ( 1 - «■) (3**y + y) + 1 (2 - a) hy]. 


( 75 ) 
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These fonns obviously satisfy equations (11) and (12) in which X', Y', L', M' 
are put equal to zero and Z' is put equal to —PdX. 

The middle plane is bent into the surface expressed by the equation 

w = - i § ® + i + 3y=)j (76) 

and we find 0^==- D{«i + aK^) + ^ - Po}i% 

= ~ 1) (*j + <r/c,) + 4^ ^ p^h^x, 

8 + 0 - 


40 

The formulae (18) are approximately correct when h is small. 


are approximate!) 

309. Circular plate bent by uniform pressure and supported at the edge. 

Wlicii a plate whose edge-line is a given curve is slightly bent by pressure, which is 
iiniforiii, or varies uniformly, over one face, the stress-system is to lie obtained by com- 
pounding with the solution obtained in Article 307 or 308 solutions of the types discussed 
in Articles 301 and 302 or 303, and adjusting the latter so that the boundary-conditions 
may be satistied. We shall discuss the case of a clamped edge presently. When the edge 
IS sup}K)rted, the boundary -conditions which hold at the edge-line are 

w=0, 6'=0, (77) 

Let the plate bo subjected to uniform normal pressure p and supported at the edge, 
and let the edge-line be a circle r — a. The solution given in (71) yields the following 
values for w, Cr, T, S at r=f7 : 

The solution given in (ii) of Article 301 yields the values 

w— 0, 6^—0, S^O 

when 00 is put ecpial to ip. The solution given in Article 302 yields zero values for T 
and and it may be adjusted to yield constant values for w and G at r=a by putting 
+7) where y is a constant. These values are 
l-(r0a^.l-¥cr 

.f , . + . Z-(r .A 3(l~cr)/>aY^ + <^ ^ + + 

If we put “*+ -20 >= 2A3 “ + ioj’ 

the values of w and 0 at r = «, as given by the solution.s in Article 302 and in Article 307, 

, become identical. 

We may now combine the three solutions so as to satisfy the conditions (77) at r=(i. 
We tind the following expressions for the components of displacement 

i <r - --^1 ~ i {(3 + ir) a* - (1 + <r) r*} + 4% I (2 + 9(r - <r») - J - (2 + 
i.r-?i\;‘^\i!(3+«r)««-(l+<r)r*} + A|(2+9<r-e^)-J^3(2+a-.r«) 


px 


|wUere 





,(78) 

(78) 
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The stress-resultants and stress-couples at the edge vanish with the exception of which 
is equal to ^pa. 

The middle plane is bent into the surface expressed by the equation (79), and the 
right-hand member of this equation with its sign changed is the deflexion at any point. 
The comparison of this result with (67) of Article 305 shows that, when the plate is thin, 
the central deflexion due to uniformly distributed load is the same as for a load concen- 
trated at the centre and equal to J(6-l-(r)/(3-f o-) of the total distributed load. 

The middle plane is stretched uniformly, and the amount of the extension of any linear 
element of it is ^crp/E, This is half the amount by which the middle plane would be 
stretched if one face of the plate were supported on a smooth rigid plane and the other 
were subjected to the pressure p, I 

Linear fllaments of the plate which are at right angles to its faces in the unstressed 
state do not remain straight or normal to the middle plane. The curved lines into which 
they are deformed are of the type expressed by the equation 

£r=6;’o+£r,*+i73*», \ 

where !7 is the radiatl displacement, and Uq, Ui, are given by the for^uhe 

IT _ 2+<r-<r’* 

8 “ ■ 

These lines are of the same form as those found in Article 95 for the deformed shapes of 
the initially vertical filaments of a narrow rectangular beam bent by a vertical load. The 
central tangents to these lines cut the surface into which the middle plane is bent at an 
angle 

^ir — f (1 +<r)/w/A'A. 

310 . Plate bent by uniform presBure and clamped at the edge. 

Let (u, V, w) be the displacement of any point of the middle plane. 
When the plate is clamped at the edge the conditions which must be satisfied 
at the edge-line are 

u = 0, v = 0, w = 0, 9w/3v = 0, (80) 

V denoting the direction of the normal to the edge-line. We seek to satisf) 
these conditions by a synthesis of the solutions in Articles 301, 303 and 307. 
We have _ 

.1 - (1 + i(l -b <r)py] . 

In these expressions ^ and if are conjugate functions of ot and y which are| 
related to a plane harmonic function 0o by the equations 

dtt’^dy *’ 9y*" dot’ 

and ^ where / is a plane harmonic function. The] 
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functions 0, and / must be adjusted sa tkof j 

line. One wav of satisfvintr th ‘ edge- 

If put ^ it •» t»ke a to bu oourti^t. 


.^^-n t_ il + o- 
l-ffP' 


we shall have 






and then u and v vanish for all values of it and y. 

We may show that this is the only wav of sati«fvin„ ok 
we put ^ ^ * satisfying the conditions. For this purpose 

:at:'ran7 

that if if and F vanish at Te WdZ ^ 

we have ^ everywhere. Since V,S;jo=>=eo 


and we have also 
Since we have 

and we have also 
It follows that 


0F\ 

dx dy 

3y ix ^\dx~ dy)‘ 

l-v0*V0x ■*■ dy)~ioy\fix~^)'‘^> 
— L1/?£ aF\,.^/ar zu\ „ 

1 - V 0y 1,0X ^ dyj^^dx \dx ~ ~dy ) =°- 


and this cannot vanish unless 

du dv ^dr dl7 „ 

^ + ^=t0,andgj-^-0. 

e^MnA."tw* ^ ^ conjugate functions of « and y which vanish at the 

go linOi they would therefore vanish everywhere. 

The form of w is given by the equation 

+A’e,- ^ ( 81 ) 

where 0, is a plane harmonic function and V.^ - - ^ 0,. Any solution 
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of the equation — p can be thrown into this form. To determine w 

we have the equation 

and the boundary-conditions, viz.: 

w = 0 and 3w/3i/ = 0 

at the edge-line. There is only one value of w which satisfies these con- 
ditions. When w is known @i is given by the equation 

V,*w = ^ _ (1 - - 1 + y.) + 1 j , . . .(82) 

and X\ is given by (81). 

As an example we may take the case of a circular plate of radius o. \ The deflexion w 
is given by the equation 

.(83) 

where r denotes distance from the centre. The central deflexion is one quarter of that 
which would be produced by the same total load concentrated at the centre (Article 305). 

Another example is afforded by an elliptic plate* of which the boundary is given by 
the equation 1 . It may be shown easily that 


w = 





.(84) 


In the ease of the circular plate equations (82) and (83) show that 01 is iconstant, and 
it is therefore convenient to use the solution in the form given in Article 302 instead of 
Article 303. We have 


w= - ^ ^1+ A (1 +0-) ^3 {AV - i (1 - 


where comparing this form with (82) we see that 

= (1 - "■)?-. (1 + <^)[®*- 1 - 5 J - 

The complete expressions for the components of displacement are then given by the 
equations 

where w is given by (83). In this case the middle plane is bent without extension. Linear 
elements of the plate which, in the unstressed state, are normal to the middle plane do 
not remain straight, nor do they cut at right angles the surface into which the middle plane 
is bent. 


.(85) 


310 c. Additional deflexion due to the mode of fixing the edge. 

In the above it is assumed that the edge is so fixed that no inclination of the tangent 
plane to the middle surface (at a point on the edge) to the initial middle plane is possible. 
Just as in Article 230, other modes of fixing are possible, and any other mode of fixing 
introduces an additional deflexion. We may exemplify this matter in the case of the 
circular plate bent by uniform pressure and clamped at the edge. 

* Thib result was communicated to the Author by Prof. G. H. Bryau. 
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Let U denote the radial displacemeut at any point. The condition of clamping has 
been taken to be 0w/0r=O at r=a, but it might be taken to be dU/dz=0 at «-0, r=a. 
This condition would mean that the central tangents to linear filaments of the cylindrical 
bounding surface, which are initially normal to the middle plane, would remain normal to 
the initial position of the middle plane. We should then have to find w to satisfy 
DVx^w* and to vanish] at r»a, and adjust it so that we may also have dUJdz^O at 
^0, r=a. Now throughout the theory it has been assumed that the stress-component 
n is proportional to A* - and is otherwise independent of «, and the only form for ri at 
r=a which is of this type, and yields the right resultant 7ra‘p for the whole plate, is given 
by the equation 

as was found in equations (64). Further the stress-comi)onent rz is connected with the 
displacement by the formula 

^ £ fd U ow\ 

’^“"2(1 +(r) V 02 dr)' 

Hence the condition we have now to express, viz. : that 0^7/92=0 at 2 = 0 , /•« a, is equiva- 
lent to the condition that, at r=a, 

0w __ 3 (1 -1- 0 -) pa 
0r'"~ 4tEh 

We should therefore have, instead of (83), 

where the added term is the additional deflexion due to the mode of fixing. 


311. Plate bent by uniformly varying pressure and clamped at 
the edge. 

We seek to satisfy the conditions (80) at the edge-line by a synthesis of the 
solutions in Articles 301, 303 and 308. For u and v we have the forms 


V - J [l - (1 + »)^ + J (1 + ■')»*!'] , 

in which the unknown functions must be chosen so that u and v vanish at 
the edge-line. We may show in the same way as in Article 310 that these 
conditions cannot be satisfied in more than one way. The unknown functions 
depend upon the shape of the edge-line. 

When this line is a circle or an ellipse the conditions may be satisfied by assuming for 


Xo the forms 

where aj, y\ are constants. For a circle of radius a we should find 

3po(l+<^) ^ Po (34-5or) + 

6-2(r ’ 


and thence 
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F<w an dlipse given by the equation we should find 

(l+<r)(a»+26»)po {a*(l+3(r)+26«(l+«r)}j9» 

* Sa*(l-<r)+46» * 4{2rt*(l-o-)+46*} ’ 

and thence v=0 

«r (1 + «r) 

2a* (1-0-)+ 4^’ 

In these cases the middle plane is slightly extended. 


Again the form of w is given by the equation 


w=;|[(l + <r)Xi' + Aie.]-i^ + . ...(86) 

so that w satisfies the equation 


1 

li 

\ 

\ 

\ 

and the conditions 

II 

p 

II 

P 

at the edge-line. These conditions determine w. When 
given by the equation 

w is known, ©i 


] (87) 

and Xi i® given by (86). 


For the circle we have 




(88) 

and for the ellipse* we have 



(89) 


312. Plate bent by its own weight. 

When the plane of the plate is horizontal, and the plate is bent by its own 
weigbc, the solution is to be obtained by superposing two stress-systems. In 
one of these stress-systems all the stress-components except vanish, and Zt 
is gp(z + h), the axis of z being drawn vertically upwards. The corresponding 
displacement is given by the equations 

u™ — vgp(z + h)xlE, v=- ergp{z + h)glE, ws»Jyp{z* + 2Az + <r(a!*-J-y*)|/.ff. 

(90) 

In the second stress-system there is pressure 2gph on the lace zmh of the 
|date, and the solution is to be obtained from that in Article 307 by writing 
2gfA for p. The surface into which the middle plane is bent is expressed by 
the equation 



* nMmNrattwueomiBaaiestedtothsAoaiorbjrPKtf. O.H. Bijru. 
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and the stress-couples are given by the equations 


a/c^) 4- 

J?!— D(1 — <r) T. 


24 + 23<r + 3<r* 
30(1 -<r) 


9ph\ 


24+23cr4-3<7» 

30(1-0-) 




The formulae (18) are approximately correct when h is small 
To satisfy the boundary-conditions in a plate of any assigned shape, sup- 
ported in any specified way, we must compound with the solution here indicated 
solutions of the types discussed in Articles 301 and 303, and adjust the latter 
solutions so as to satisfy these conditions. 


312 c. Note on the theory of moderately thick plates. 

The theory which has been explained in Articles 299—312 is of the same type as 
Saint-Venant’s theory of the bending of a cantilever by terminal load (Chapter XV), and 
the extension (Chapter XVI) of that theory to include bending of a beam by uniform load, 
inasmuch as it proceeds from a particular assumption in regard to the nature of the 
stress-system, and, as a consequence, has to assume that the forces applied to the edge to 
maintain the conditions of “supj)ort” or “clamping” are distributed over the edge surface 
in a particular way. For example, at any place on the edge, the shearing stress of type 
A', varies according to a parabolic law from one face to the other. It is, of course, un- 
likely that the forces actually applied to the edge of a plate should be distributed in this 
way, but this defect of the theory is not likely to be serious, the discrepancy between the 
calculated and actual displacements l)eing of the nature of local perturbations. Among 
the consequences of the theory would l>e the existence of a deflexion analogous to what is 
called in the theory of lieams the “additional deflexion due to shear.” This is exemplified 
in Article 310 c. 


The theor}^ has here been develoi)ed, after Micbell, from special assumptions in regard 
to the stress-components Z,, AT,, I',, combined with the stress-equations of equilibrium, 
and with the equations which ensure the existence of a displacement properly connected 
with the stress-system. An entirely different method, applicable to circular plates of 
variable thickness, is given in a paper by G. D. Birkhoff, Phil. Mag, (Ser. 6), vol. 43 (1922), 
p. 953, and has been developed further by C. A. Garabedian, Amer. Math. Soc. Trans.^ 
vol. 25 (1923), p, 343, and shown by him to lead to the results obtained for circular plates 
in Articles 309 and 310 above. He has also shown how the method can be extended so as 
to apply to the problem of a rectangular plate, bent by uniform pressure and supported at 
the edge, jPam, C. A, t. 178 (1924), p. 619. The solution for a thick rectangular plate, 
bent by concentrated pressure at the centre of one face and supported at the edge, has 
been obtained by Mesnager, Pam, C. A, t. 164 (1917), p. 721, by a method which is 
entirely different from that which has been developed above and from that adopted by 
Birkhoff and Garabedian. 


Approximate theory of thin plates. 

313. Bending of a thin plate by transverse forces. 

There is an approximate theory of the bending of a thin plate by transverse 
forces* analogous to the theory of the bending and twisting of thin roda J ust 
as the theoiy of thin rods rests on 'approximate expressions for the flexural 

* See Intro luotion, pp. 87—29. 



488 


APPROXIMATE THEORY 


[CH, XXII 


and torsional couples in terms of the components of curvature and the twist, 
so the theory of thin plates rests on approximate expressions for the stress- 
couples in terms of the quantities that define the curvature of the bent middle 
surface. These expressions were found in equations (18) of Article 298 by a 
discussion of the special problem of the bending of a plate by couples applied 
to its edges, and the proposal to utilise them in other problems requires justifi- 
cation. This is provided to a certain extent by the remark that a number of 
special problems of the bending of plates by transverse forces have been solved 
in Articles 302 — 12, and in all of them the formulae (18) connecting the stress- 
couples with the curvature of the bent middle surface are eitner exact, or else 
are approximately correct when the thickness of the plate is\small compared 
with its other linear dimensions*. A general justification onlthe same lines 
as that of the corresponding theory for rods (Article 258) will be given in 
Article 329 of Chapter XXIV. 

In a thin plane plate slightly bent by transverse forces the stress-couples are, 
according to this theory, expressed by the formulae (18) in terms of quantities 
defining the curvature of the middle surface, and these quantities are con- 
nected with the transverse displacement of a point on this surface by the 
formulae (17). In a plate so bent the appropriate equations of equilibrium are 

dx dy dx dy dx dy 

By eliminating Ny and iVa from these we obtain the equation 

j. _ 9 4. 7' - n 

dxdy ’ 

and by substituting from (17) and (18) in this equation we find the equation 

DV*w^Z' (92) 

The stress-couples 0, H at the edge arc given in accon lance with (17) and 
(18) by the formula! 

n n A. /'9’w 1 9w rr . 5 /aw 

To find an expression for the shearing force N in the direction of the normal 
to the plane of the plate we observe that 

A ^ fdGa dHi\ 

and then on substituting from (17) and (18) we find the formula 


OP 


To determine the normal displacement w of the middle plane we have 
the differential equation (92) and the boundary-conditions which hold at the 

* A very elaborate investigation of exact solutions for varione distributions of load has been 
given by J. Doogall, Edinburgh Roy, 8oc, Tram.t vol. 41 (1904), and confirms the approximate 
theory. 
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edge of the plate. At a clamped edge w and dwfdv vanish, at a supported 
edge w and Q vanish, at an edge to which given forces are applied N ^ dHjds 
and G have given values. 

The same differential equation and the same boundary-conditions would 
be obtained by the energy method by assuming the formula (21) for the 
potential energy estimated per unit of area of the middle plane 

In all the solutions which we have found the differential equation (92) is 
correct whether the formulae (18) and (21) are exactly or only approximately 
correctf. The solutiona that would be obtained by the approximate method 
described in this Article differ from the exact solutions that would be 
obtained by the methods described in previous Articles only by very small 
amounts depending on the small corrections that ought to be made in the 
formulsB (18) for the stress-couples. In general the form of the bent plate is 
determined with sufficient approximation by the method of this Article. 

There is a theory of the existence of solutions of equation (92), in which Z' is a given 
function of a: and y, subject to special conditions at the edge of the plate. The case where 
the edge is clamped has been chiefly considered. For this theory reference may be made 
to J. Hfidamard, ParxSy par divers sav%nts, t. 23, 1908, A. Korn, Parky Anti» jtc, worm. 

(S^r. 3), t. 25, 1908, and G. Lauricella, Acta math.y t. 32, 1909. 

With a view to estimating the strength of a plate to resist bending we may anticipate 
another result of the approximate theory of Chapter XXIV. It is there shown that, if the 
axis of X is along the tangent to that line of curvature for which the curvatiu*e of the middle 
surface is greatest, the tensile stress Xg. is approximately equal to 

Zz 

where Gi denotes the corresponding flexural couple, and the greatest tensile stress in the 
plate is accordingly equal to the numerical value of ^Ir'^Gy where G is the greatest value 
of the flexural stress-couple. 

It is customary to state :j; that the approximate theory is only valid so long as the 
transverse displacement is small compared with the thickness of the plate. This matter 
will 1)6 discussed further in Chapter XXIV a. 


314. IllustrationB of the approximate theory. 

(a) Circular plate loaded symmetrically § . 

When a circular plate of radius a supports a load Z' per unit of area which is a function 
of the distance r from the centre of the circle, equation (92) becomes 




the direction of the displacement w l)eing the same as that of the load Z\ 
record the results in a series of cases. 


We shall 


* The process of variation is worked out by Lord Rayleigh, Theory of Sounds § 215. 

t A more general form which includes (92) in the special cases previously discussed is given 
by J. H. Michell, loc, cit., p. 465. 

X Cf. Kelvin and Tait, NaU PhiU, Part n, § 682. 

§ The general form of the solution and the special solutions (i) — (iv) were given by Poisson in 
his memoir of 1828, See Introduction, footnote 36. Solutions equivalent to those in (v) and (vi) 
were given by Saint* Venant in the ‘Annotated Clebsch,’ Note du% 45. 
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(i) When the total load W is distributed uniformly and the plate is supported at 
the edge 

(ii) When the total load IF is distributed uniformly and the plate is clamped at the 

edge 

(iii) When the load W is concentrated at the centre and the plate is supported at 
the edge 

(iv) When the load IF is concentrated at the centre and the platc^is clamped at the 

edge 

\ 

(v) When the total load W is distributed uniformly round a circle of radius b and 
the plate is supported at the edge, w takes different forms according as r> or <b. 
We find 


W 


^-(r*+J*)log 

[-(r*+6*)log 


“ + (^_ 62 ) + 


(3+(r)a»-(l-<r)6* 


2(l+(r)a2 




a (3 + £r) a® — (1 — O') 6* 

—2 (1+0-) a® 




(vi) When the total load W is distributed uniformly round a circle of radius b and 
the plate is clamped at the edge, we find 




(b) Application of the method of inversion*. 

The solutions given in (iii) and (iv) of (a), or in Article 305, show that, in the 
neighbourhood of a point where pressure P is applied, the displacement w in the direction 
of the pressure is of the form (P/8Tri))r21ogr-|-f, where ( is an analytic function of 
X and p which has no singularities at or near the point, and r denotes distance from the 
point. 

Since w satisfies the equation Vi*w«0 at all points at which there is no load we may 
apply the method of inversion explained in Article 164. Let (/ bo any point in the plane 
of the plate, P any point of the plate, P' the point inverse to P when (Jf is the centre of 
inversion, x\ y' the coordinates of P\ H' the distance of P' from O', w' the function of x\f 
into which w is transformed by the inversion. Then P'*w' satisfies the equation 

Vi'*(/2'V)a=0, where denotes the operator * 

It is clear that, if w and dw/dv vanish at any bounding curve, JR'^w' and 0(/Z'*w')/0v 
vanish at the transformed boundary, ¥ denoting the direction of the normal to this 
boundary. 


L a Miehell, London Moth. Soc. Proe., voL 84 (1902), p. 228. 
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We apply this method to the problem of a circular plate clamped at the edge and 
loaded at one point 0. Let O' be the 
inverse point of 0 with respect to the 
circle, 0 the centre of the circle, and a 
its radius, also let c be the distance of 
0 from 0. The solution for the plate 
clamped at the edge and supporting a 
load W at C is 



where r denotes the distance of any 
point P from 0. Now invert from 0' 
with constant of inversion equal to 

The circle inverts into itself, G inverts into 0, P inverts into P' so that, if 
OF^Rmdi (yF^R\ we have 

R^ F 
r a^lc * 


Hence is 


BnD 


a*m, cR' 
log- 


iPlog 


It follows that the displacement w of a circular plate of radius a clamped at the edge 
and sui)porting a load H" at a point 0 distant c from the centre is given by the equation 

'“> 

where R denotes the distance of any point of the plate from 0, and R' denotes the distance 
of the same point from the point O', inverse to 0 with respect to the circle. 

We may j)a98 to a limit by increasing a indefinitely. Then the plate is clamped along 
a straight edge and is loaded at a point 0. If O' is the optical image of 0 in the straight 
edge, the displacement in the direction of the load is given by the equation 

,.(96) 

where JR, F denote the distances of any point of the plate from the points 0 and O'. 

The contour lines in these two cases are drawn by Michell {loc, ciu), 

(<?) Rectangular plate, 

(i) Variable preesure. Two parallel edges supported. 

Let the edges of the plate be given by a;«0, a:«2a, y=0, ye26, the two former being 

supported. Let the pressure Z' be expanded in a double trigonometric series* in the form 

- , mirx . niry 

r=22Z..8iii 

phere m and » are integers. Then a particular solution of the equation (92) is 
16 - sin(mTra?/2a)8in(n7ry/26) 

w= mV+n*/6‘+ 2m*a*/«*6’ ‘ 

I This solution satisfies the boundary-conditions at the edges and ^aaSa, and, if all 
four edges are supported, it satisfies the boundary-conditions at the edges y«0 and y=26 
'wellt. 

* The imthod was initiated by Navier. Bee Todhnnter and Pearson’s Hiitory, vol. 1, p. 187. 
t This ease is further disoussed by Saint- Venant in the ‘Annotated Olebsdi,’ Note du 1 78. 
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When the edges y=0 and y=26 are not supported, we denote the above value of w by 
■Wi, and seek to satisfy the conditions by assuming that w=Wj+W 2 , where W 2 must satisfy 
the equation Vi^W 2=0 at all points within the rectangle, the same conditions as Wi at a?=0 
and ^aa:2a, and such conditions as may bo imposed on Wj +W 2 by the boundary-conditions 
at and y«26. It is appropriate to assume for W 2 the form* 


w,=sr„8m'2- 

where is a function of y but not of x. Then satisfies the equation 

mV 

dy^ 2a^ dy'^ ^ 16a* ’ 

and the complete primitive is of the form 

where Afn\ BJ are undetermined constants which can be adjusted to satisfy the 

boundary-conditions at y—0 and y—2bi. The special case where the edges y—0 and 
y=2b are free includes the theory of a thin plank, bent by uniform load and supported at 
its ends (cf. Article 244 8upra\ and it also includes the theory of a rectangular plate bent 
by concentrated pressure at its centre and supported at two parallel edges— an appiratus 
by means of which it has been proposed to measure elastic constants}. 

(ii) Uniform preaure. Supported edges. 

The important special problem of a rectangular plate, bent by uniform pressure applied 
to one face, and having its four edges supported, may bo solved by a diflerent method S 
We shall take the edges of the plate to be given by ^«±a and ±6, and denote the 
pressure applied to one face by p. Then the deflexion w is to be found to satisfy tht 
equation II 

i)Vi*w=p 

at all points within the rectangle, and the conditions 

w=0, Vi2w=0 at 0 ?= ±a, y=±h. 

We put 

then X is * plane biharraonic function, which vanishes at the edgas, and also satisfies the 
conditions 

at a?«±a, Vi2;^=2(a2-a;*) at y-±h. 

It is clear that x must be an even function of x and of y. 

The most general form of a plane biharmonic function in xU+Uy where U and u ai 
plane harmonic functions. An equally general form is where V and v are plan 
harmonic functions, but this form is included in the other if U and V are conjugate 

* This step was suggested by M. L4vy, ParUy C. R., t. 129 (1899). 

+ A number of cases have been worked oat by E. Estanave, * Contribution k T^tude d 
rdqnilibre 41astique d’nne plaque...’ {Thhe)y Paris, 1900. 

X A. £. E. Tutton, Phil. Tram, Roy. Soc, (Ser. A), vol 202 (1903). 
g H. Heneky, *l>6r Spannungszustand in rechteckigen Flatten ’ (Dm.) Darmstadt, published 
by B. Oldenbourg, Mfincben 0 . Berlin, 1913. 

ii The sense of w is now taken to be that in which the pressure acts, or the face subjected 
pressure to be fs - A 
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functions. For problems connected with a rectangle, and vanishing values of the functions 
at the boundary, the natural forms to assume for even biharmonic functions are 
Xn{x)coB{nnyl2b) and (^) cos (w7ra;/2a), 
where n is an uneven positive integer, and 


An (a?)=a smh cosh ~ j?cosh sinh , 

We assume that x can be expressed in the form 

where n is uneven, the An and Bn arc constants to be determined, and the factors -1, 


arc suggested by a little experience of the analysis. Then we have 
^i*X=5(^n’r<i*cosh^cosh^cos’||^-+5„»i''‘cosh^co8h^cos -^ j . 
Now we found in Article 221 (c) that, when 6>y> — ?>, 




Hence we have 


62-^2 ^32^2^ -*3 2 H~5sin(|%7r)C0s{n7ry/26). 
n-l 


. 64 . nir ^^n'nh 

A, = -r--,sin ~ -sech^-— 
rr^7i‘* 2 2a 


„ 64 , ntr , 'nna 

“®‘' ‘ IF' 


and we find that the deflexion is expressed by the formula 


. P 
" 87 ) 


r 2 2^/;<> - 


nirX 


64 * (a^ . nit JnCv) 

sm i T/-' tr“ 

2 c*o.sh-(/i7ro/2a) 2a 


-. AW_ -cos ^11. 

w* 2 cosh‘'^(n7rtK/26) ' 26 |J 


(iii) Uniform prmure. Clamped edges. 

One of the most important of the special problems of Elasticity is that presented by 
a thin rectangular plate, l)cnt by uniform pressuie, and fixed at its edges so that no 
displacement or inclination is produced at the edges by the applied pressure. 

With the notation of (ii) above, the analytical problem is to find a function w of 4? and 
y to satisfy the equation Z)Vi^w=p within the rectangle bounded by 4 := +a, y= +6, and 
the special conditions 

w=0, ftt x=±a-, w=0 and =0 at y-±6. 

’ cx fy 

No theoretically complete solution of this problem has been obtained, and recourse 
has been had, on the one hand, to experimental methods* of studying the problem, and, 
on the other hand, to methods of approximate numerical solution. Of these it is proper 
to notice first Jie metho<l invented by W. Ritzt. 

Rite observed that the analytical problem is the same as that of determining w so as 
to render stationary the integral 

* Befarenoe may be made to W. J. Crawford, Bdinimrgh Boy. Soc. Proe., vol. 32 (1912), p. 848, 

oui B. C. htky/s, London, Init. Civil Engineen, Proe., 1 ^ 2 . _ 

t J.f. Math. (Crelle), Bd. 135 (1909), p. 1, reprinted in Get. Werke Walther Rxtz.PmB, 1911, 
P. 192, 
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taken over the area of the rectangle, D and p being constants, and w and its normal 
derivative vanishing at the edges. He proposed to assume for w an expression of the form 
(^) (y)» where (x) and % (y) are functions which, with their normal derivatives, 

vanish at the appropriate edges, and the are constants. Suitable forms for the t«’s and 
v’s are furnished by the normal functions of a doubly clamped bar*. The constants 
are to be determined by performing the integrations, retaining only a finite number of 
terms in the resulting double series, and rendering the function expressed by the finite 
series stationary by equating to zero its derivative with respect to any a^n* In this way 
approximate values are obtained for these coefficients, and the approximation is improved 
by retaining a larger number of terms of the series. It will be observed that the series, 
when differentiated term by term, does not satisfy the differential e^quation for w, but 
proof was given that it must tend, as the number of terms increases iddefinitely, to be an 
expression for a function which does satisfy this equation. \ 

The method of Ritz has been worked out in detail for a square plate by C. G. Knott t, and 
also, as it appears, in a Paris thesis by M. Paschoud | , and it has been a^mlied to numerous 
problems of Elasticity by S. Timoschenko§, but for the special problem of the clamped 
rectangular plate, bent by uniform pressure, a simpler method of approximate numerical 
solution has been devised by H. Hencky (loc. cit.^ p. 492 mpra). To this we proceed. 

As in (ii) above, we may put 

where x ^ ^ biharmonic function, even in both x and y, vanishing dix^^a and y >>>6, and 
satisfying the conditions 

^=2a(6*— y*) at ^=a, and ^=26(a*--j?2) at y«6, 
and we may assume for x the formula 

where [x) and (y) stand for the functions so denoted in (ii) above, and the summation 
refers to uneven integral values of n. Then the boundary-conditions yield two equations, 
which may be written 


and 


. 86^ • Mn/i. i^nira . nna .-niraN nrry) . 


w mi 


8a3 

■ TT* 


* The problem has been disoussed also by H. Hesnager, Pam, C, P., 1. 183 (1916), p. 661 
who employed forms for t<„,, different firom those used by Bltz. His numerical result for the 
oentral deflexion of a square plate does not agree with that found by the method of Bitz, and also 
by the method of Henoky, to be explained presently, 
t Pdifiburph Pep. Soc, Prw., vol. 82 (1912), p. 890. 

t See a memoir by Ifesnager in Paris, Ann, A, Pontt et Chamties (S4r. 9), t. 81 (1916), p. 819 
§ Sec^ in partkrolar, the papers oited on pp. 828 and 845 stipra and also Phil, 6), 

vol 47 (19l4iv P-1095. 
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where m, like v, is uneven, and the first equation holds in the interval h>y> and 
the second holds in the interval a > > - a. 


Now we may assume that the function expressed by the first series in the first equation 
can be expanded in a series of cosines of uneven multiples of Try/26, and that the coeiiioients 
may be determined, as in Article 221 (c), by multiplying by cos (n7ry/26), and integrating 
term by term with respect to y between the limits - h and 6, and we may make similar 
assumptions with regard to the first series in the second equation. Performing the 
integrations, and utilising the result of Art. 221 (c) in I’egard to the expansion of 
we find two equations which, after a little reduction, are found to be 


and 


^ . mir 

1 sin — 

m=l 


i _i_ • (wn'a/6)+sinh(w7ra/6) ,, 

2 2 16a ' 


. nn nrra^ (wTr6/a)+sinh(n7r6/a) ^ ^ n ^ 

2 iet» coshS(«^2a) 

Approximate numeiical solutions of these equations can be obtained by assuming that 
all coefficients with suffixes greater than some fixed number can be neglected. Then it is 
soon found that increasing this number does not afieot the coefficients with small suffixes. 
Hencky worked out some of the numerical details in the case of a square plate (6*=a), and 
in that of a plate for which 6/as=sl‘5. The case where h is very great compared with a can, 
of course, be solved completely. 

The most interesting quantities to calculate are the central deflexion, or the value of w 

02 w 

at a? « 0, y » 0, and the greatest flexural couple, or the numerical value of D at ar = a, y »0. 


The places of greatest weakness are the middle points of the long sides, and the maximum 
flexural couple is an index of the strength, or rather the weakness, of the plate* Some 
numerical values are given below. 

A formula for w was given long ago by Grashof* in the form 

p (a* (6^ - 

~ ~a*+b* ■’ 


where the notation is that of this Article. The formula, though devoid of theoretical 
foundation, has often been treated with respect. 

In the Table below, compiled partly from Hencky’s results, will be found the values, 
answering to certain values of 6/a, of the central deflexion, as a multiple of pa^jHDf and 
the maximum flexural couple as a multiple of pa^. According to Qrashof *s formula these 
multiples would be the same, and their values calculated from this formula are appended 
to the Table in the column marked 0, 


6/a 

(central deflexion) -r(paV®I^) 

(max. couple) •^pa^ 

G 

1 

oa62t 



1-6 

0*281 



2 

0*329 

0-33t 


00 

0*333 

0*333 

0*333 


* Thiorii der Eloitieitfit und Festigkeit^ Berlin, 1878. 

t This figure is obtained independently of Hencky’a arithmetic from the work in the papers 
by Knott and Fasohoud already cited. 

J It Is difficult to get the figure in ffie third decimal place owing to slow convergence of the 
series. 
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It will be seen that Grashof’s formula leads to a serious over-estimate of the strength 
of a plate which is at all nearly square. Another result which emerges is that the re- 
iistanoe to bending by uniform pressure of a clamped rectangular plate, whose length is 
more than twice its breadth, is practically the same as if its length were infinite. 


In Honcky’s Dissertation the problems of a rectangular plate, supported or clamped at 
the edges, and subject to concentrated pressure at its centre, are also discussed. 

It may be mentioned here that problems of equilibrium, similar to those considered 
above for circular, elliptic, and rectangular boundaries, but concerned with such forms as 
half an ellipse bounded by the transverse axis, have been discussed by Bj Qalerkin*, and 
the problems for a sector of a circle, by the same writer t. 

(d) Transverse vibrations of plates. 

The equation of vibration is obtained at once from (92) by substituting for Z' the 


\ 


0^W 

expression - 2/)A . We have 

^ __ 2pAc'‘'^w 

ry* D cf 

When the plate vibrates in a normal mode w is of the form W cos(p^-l-f), where W is 
a function of x and y which satisfies the equation 


.(96) 


dx* dy^ cx^cy^ Ek^ ’ 

and the possible values of p are to be determined by adapting the solution of this 
equation to satisfy the boundary-conditions. From the fonn of the coefficient of W in 
the right-hand member of this equation it appears that the frequencies are proportional to 
the thickness, and inversely proportional to the square of the linear dimension of the 
area within the edge-line. 


The theory of those modes of transverse vibration of a circular plate in which the 
displacement is a function of distance from the centre was made out by Poisson J, and 
the numerical determination of the frequencies of the graver modes of vibration was 
effected by him. In this case the boundary-conditions which he adopted become identical 
with KirchhoflPs boundary-conditions because the torsional couple H belonging to any 
circle concentric with the edge-line vanishes. The general theory of the transverse 
vibrations of a circular plate was obtained subsequently by Kirchhoff§, who gave a full 
numerical discussion of the results. The problem has also been discussed very fully by 
Lord Rayleighll. The complete analytical solution of the problem of free vibrations of a 
square or rectangular plate has not yet been made qut, but an approximate method of 
solution has been devised by W. Ritzf. The case of elliptic plates has been considered by 
E, Mathieu** and A. Barthd^mytt. 


* Messenger ofMath,f vol. 62 (1923), p. 99. 

t Pans, C, R., 1. 178 (1924), p. 919. 

t In the memoir of 1628 cited in the Introduction, footnote 86. 

§ J. /. Math, (CrelU), Bd. 40 (1860), or Oes, Ahhandlungen, p, 287, or VorUsungen Uber math. 
Physik, Meehanik, Yorlesong 80. 

ti Theory of Sound, vol. 1, Chapter t. 

If Awl Phys. (4te Folge), Bd. 28, 1909, p. 787, or Gm, Werke Walther Ritz, p. 266. See also 
Lord Bayleigh, Phil, Mag, {Bet, 6), vol. 22, 1911, p. 226, or Scient\/ic Papers, vol. 6, p. 47. 

J, de Math, {liouville), (S6r. 2), 1. 14 (1869). 
tt ToulmeMim, de VAead,, t. 9 (1877), 
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The vibrations of a spinning disk have been discussed by H. Lamb and R. V. South* 
well*, and further by R. V. Southwell t, who has also pointed out the consequences of the 
theory in regard to the design of high-speed disks t. 

(e) Extensional vibrations of plates. 

We may in like manner investigate those vibrations of a plate which involve no 
transverse displacement of points of the middle plane, by taking the stress-resultants 
Tu ^ 2 ? to be given by the approximate formulae, [cf. (iv) of Article 301], 

2Eh ^Eh (dy au\ ^ Eh /0u^av\ 

or the potential energy per unit of area of the middle plane to be given by the formula 
The equations of motion are 


da: dy 


9 




95t ar^ .. 

0*V p(l-(r2)0*u 

'ai0v~ E 


in-Ti— + — 4 - 4n+^'i 

" vx'^ dy^ ^ dxdy E dt‘^ ‘ 

At a free edge the stress-resultants denoted by T, *S' vanish. The form of the equations 
shows that there is a complete separation of modes of vibration involving transverse 
displacement, or flexure, from those involving displacement in the plane of the plate, or 
extension, and that the frequencies of the latter modes are independent of the thickness, 
while those of the former are proportional to the thickness §. 

The equations of vibration (97) may be expressed very simply in terms of the areal 
dilatation A and the rotation sr, these quantities being defined analytically by the 
equations 

CU 0V 0V oil fQo\ 


cu w 


^ cy oil 
^“55 dy’ 


dy'^^^^'^^dx"^' E dr 


The equations take the forms 

0A' 0^*r l--<r202u SA , l-<r*0*v 

.s a«*- ^ 

These forms can be transformed readily to any suitable curvilinear coordinates. 

Consider more particularly the case of a plate with a circular edge-line. It is 
appropriate to use plane polar coordinates f, 0 with origin at the centre of the circle. 
Let IT, r be the projections of the displacement of a point on the middle plane upon the 
radius vector and a line at right angles to the radius vector. Then we have 

n=UcoB3- Fsind, v= L’sintf-H Fcos^ (100) 




ar V idu 
Br r r atf ’ 


* lAmdon Roy. Soc. Proc. (Ser. A), vol. 99 (1921). p. 272. 
t London Roy. Soc. Proc. (Ser. A), vol. 101 (1922), p. 138. 

5 obtained by Poisson and Cauidiy. see Introducti^. foob 

notes 86 and 124 Poisson investigated also the symmetrical radial ^ 

obtaining a frequency equation equivalent to (107), and evaluating the frequencies of the graver 

modes of this type. 
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and the stras8*reBaItant8 belonging to any cirole rai const, are T, S, where 


Tm- 


1 


„ Mh 

"ar F.i0£n 


[r od)J 


Jf—r+rSSi 


,.( 102 ) 


The equations of vibration give 

(. 0 ,, 

We put 

UtB U^cos nBooBpt^ r«= sin ntf cos (104) 

where and Vf^ are functions of r, and we write 

ic2*p (1 - a^) flE, ic'2=2p (1 +<r) p^jE, (105) 

Then A' is of the form il'*/„(icr)cosndcosp^, and sr is of the form miuB co^pt^ 

where A* and B* are constants, and denotes Bessel’s function of order n. \ The forms of 
V and V are given by the equations 

(106) 

and with these forms we have 

A'= - (kv) cos nB cos pty 2m=^BKUn (kV) sin nB cos pL 

We can have free vibrations in which V vanishes and U is indei)endent of B; the 
frequency equation is 

dJi (tea) 


iT-[. 


dr r 


cos pt, F=s - nA 




- + ?Ji(Ka)s 

da a ' 


'0, 


.(107) 


a being the radius of the edge-line. We can also have free vibrations in which V vanishes 
and V is independent of B\ the frequency equation is 

dJ,{K'a) ^Jj{K'a) 

da a 

These two modes of symmetrical vibration appear to be the homologues of certain 
modes of vibration of a complete thin spherical shell (cf. Article 335 infra). The mode in 
which U vanishes and V is independent of 6 is the homologue of the modes in which there 
is no displacement parallel to the radius of the sphere. The mode in which V vanishes 
and V is independent of B seems to be the homologue of the quicker modes of symmetrical 
vibration of a sphere in which there is no rotation about the radius of the sphere. 

In the remaining modes of extensional vibration of the plate the motion is compounded 
of two : one characterized by the absence of areal dilatation, and the other by the absence 
of rotation about the normal to the plane of the plata The frequency equation is to be 
formed by eliminating the ratio A : B between the equations 
”1 -<rA/li(«a) 


IdJ^Wa) IjA 
da 


'a)]-0, 


(1(») 

These modes of vibration seem not to be of sufficient physical importance to make it worth 
while to attempt to calculate the roots numerically. 



CHAPTER XXIII 

INEXTENSIONAL DEFORMATION OP CURVED PLATES OR SHELLS 

315. A CURVED plate or shell may be described geometrically by means of 
its middle surface, its edge-line, and its thickness. We shall take the thick- 
ness to be constant and denote it by 2h, so that any normal to the middle 
surface is cut by the faces in two points distant h from the middle surface on 
opposite sides of it. We shall suppose that the edge of the plate cuts the 
middle surface at right angles; the curve of intersection is the edge-line. The 
case in which the plate or shell is open, so that there is an edge, is much more 
important than the case of a closed shell, because an open shell, or a plane 
plate with an edge, can be bent into an appreciably different shape without 
producing in it strains which are too large to be dealt with by the mathe- 
matical theory of Elasticity. 

The like possibility of large changes of shape accompanied by very small 
strains was recognized in Chapter XVIII as an essential feature of the be- 
haviour of a thin rod ; but there is an important difference between the theoiy 
of rods and that of plates arising from a certain geometrical restriction. The 
extension of any linear element of the middle surface of a strained plate or 
shell, like the extension of the central-line of a strained rod, must be small. In 
the case of a rod this condition does not restrict in any way the shape of the 
strained central-line; and this shape may be determined, as in Chapters XIX 
and XXI, by taking the central-line to be unextended. But, in the case of the 
shell, the condition that no line on the middle surface is altered in length 
restricts the strained middle surface to a certain family of surfaces, viz. those 
which are applicable upon the unstrained middle surface*. In the particular 
case of a plane plate, the strained middle surface must, if the displacement is 
inextensional, be a developable surface. Since the middle surface can undergo 
but a slight extension, the strained middle surface can differ but slightly from 
one of the surfaces applicable upon the unstrained middle surface ; in other 
words, it must be derivable from such a surface by a displacement which is 
everywhere small. 

316. Change of curvature in inextensional deformation. 

We begin with the case in which the middle surfece is deformed without 
extension by a displacement which is everywhere small. Let the equations 
of the lines of curvature of the unstrained surface be expressed in the forms 

* For the literature of the Aeory of eurfaoes applicable one on another we may refer to the 
Article by A. Voea, * Abbildong und Abwickelung aweier Flachen anf einander’ in Eney. d. math. 
IHii., m. D 6a. 
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a = const, and /3 =» const., where a and are functions of position on the sur- 
face, and let JSi, denote the principal radii of curvature of the surface at a 
point, jBj being the radius of curvature of that section drawn through the 
normal at the point which contains the tangent at the point to a curve of the 
family /9 (along which a is variable). When the shell is strained without ex- 
tension of the middle surface, the curves a = const, and /8 = const, become two 
families of curves drawn on the strained middle surface, which cut at right 
angles, but are not in general lines of curvature of the deformed surface. The 
curvature of this surface can be determined by its principal radii of curvature, 
and by the angles at which its lines of curvature cut the curves a and yS. 

1111 ' 

Let ^ ^ ^ principal curvatures kt any point. 

Since the surface is bent without stretching, the measure of ^urvature is 
unaltered*, or we have \ 




I 

RJ R,B 


or, correctly to the first order in 8 ^ and 8 ^ 

0. .(1) 

jlC2 -tCi Ja>2 

Again let be the angle at which the line of curvature associated with 
the principal curvature ^ ^ cuts the curve y8 = const, on the deformed 

surface, and let Ri\ R 2 be the radii of curvature of normal sections of this 
surfiace drawn through the tangents to the curves yS = const, and a = const. 
In general ^|r must be small, and iij', R^ can differ but little from jB,, 
The indicatrix of the surface, referred to axes of x and y which coincide with 
these tangents, is given by the equation 

tan const. 

Referred to axes of f and 7 ) which coincide with the tangents to the lines of 
curvature, the equation of the indicatrix is 




and therefore we have 


jpy ’p ' 

xt) xC| jXj JlVi JX2 


* The theorem is due to Gaues, ^Pisquieitionee generales oiroa anperficiee eorvae,’ O'dttingen 
Cmm, Ree., t. 6 (1828), or Werke^ Bd. 4, p. 217. Of. Salmoo, Geometry of three dtmenitoni, 4th 
ediUos, p. 855. 
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The bending of the surface is determined by the three quantities «i, t 
defined by the equations 



The curvature 1/iJ' of the normal section drawn through that tangent 
line of the strained middle surface which makes an angle co with the curve 
= const, is given by the equation 

1 cos* ft) sin* ft) . 

— R ' — R^ ^ ^ 

and the curvature 1 / jR of the corresponding normal section of the unstrained 
middle surface is given by the equation 

1 cos* ft) sin* ft) 

R '' ~:Rr ■ 

so that the change of curvature in this normal section is given by the equation 

^ cos* ft) H- /Cj sin* ft) + 2 t sin ft) cos ft) (4) 

We shall refer to Ki, acj, t as the changes of curvature. 

In general, if R^ ^ JJa, equations (2) give, correctly to the first order, 

*■ "*■ I ^2 

^ ^li ® p — ^2» ^ ■+* 

-Hnj jLt2 Jtt2 J^l 

For example, in the case of a cylinder, or any developable surface, if the lines 
13 ^ const, are the generators, Ki vanishes, and tan 2ylr =« — 2TiJ2. 

The case of a sphere is somewhat exceptional because of the indeterminate- 
ness of the lines of curvature. In this case, putting iJi == JBa, we find from (1) 

and then we have, correctly to the first order, 

/Cl ^2 =5 0, tan 2y^ « 2t/(/Cx - k^) — t//Ci , 
and, correctly to the second order, 


8 « - /C1/C2+ T* = /Cl* + T*, 

but Kx and are not equal to unless t = 0, and is not small 

unless T is small compared with Ki. 

The result that, in the case of a cylinder slightly deformed without extension, 
or there is no change of curvature in normal sections containing the generators, has been 
noted by Lord Rayleigh as “the principle upon which metal is corrugated.” He h^ also 
applied the result expressed here as /ci//Z 2 +/c 2 /Ri =0 to the explanation of the behaviour of 
Bourdon^s gauge*. 

* London Roy, 80 c. Proc., vol. 45(1889). p. 105. or Scientific Fapere, vol, 8, p. 217. Additional 
i^eferenoes to papers dealing with Bourdon’s gauge are given by Th. v. K4rm4n in Ency. d, math. 
Bd. rr„ Art. 27, p. 855. 
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317. Typical flexural strain. 


We imagine a state of strain in the shell which is such that, while no line 
on the middle surface is altered in length, the linear elements initially normal 
to the unstrained middle surface remain straight, become normal to the 
strained middle surface, and suffer no extension or contraction. We express 
the components of strain in this state with reference to axes of a?, y, z, which 
are directed along the tangents to the curves ^ and a at a point Pj on the 
strained middle surface and the normal to this surface at P,. Let P be the 
point of the unstrained middle surface of which Pi is the displs^ed position, 
and let Bs be an element of arc of a curve s, drawn on the unstrained surface, 
and issuing from P; also let R be the radius of curvature of the\ normal sec- 
tion of this surface drawn through the tangent to s at P. The normals to the 
middle surface at points of s meet a surface parallel to the middle surface, 
and at a small distance z from it, in a corresponding curve, and th^ length of 
the corresponding element of arc of this curve is approximately equal to 
{(jB — ^)/i2} When the surface is bent so that R is changed into R\ and 
z and Ss are unaltered, this length becomes {{R — z)lR} 8s approximately. 
Hence the extension f of the element in question is 


/R — z R — z\ jR — z 
VR'^’^ R )/~~R^^ 


or, approximately, 


Let the tangent to 5 at P cut the curve ^ at P at an angle m. The direction 
of the corresponding curve on the parallel surface is nearly the same; and the 
extension of the element of arc of this curve can be expressed as 
e** cos* -f sin* o) 4- sin cc> cos w. 

Equating the two expressions for this extension, and using (4), we find 
cos* -f ^yy sin* ci> -I- sin o) cos o) — -3 (/Cj cos* a> + sin* a> -f 2 t sin o) cos w), 
and therefore ~ ^*y = — 2zr. 

In the imagined state of strain e», Syz. vanish. With this strain we may 
compound any strain by which the linear elements initially normal to the 
unstrained middle surface become extended, or curved, or inclined to the 
strained middle surface. The most important case is that in which there is no 
traction on any surface parallel to the middle surface. In this case the stress- 
components denoted by Zz vanish, andiiie strain-components etx, eyz* 

are given by the equations 


0 , )} {Sxx + ^yv)f 

where <r is Poisson's ratio for the material, supposed isotropic. In this state 
of strain the linear elements initially normal to the unstrained middle surface 


* Near a point on tbe middle surface the equation of this surface can be taken to be 
and tbe coordinates of the point in which the normal at (f, if) meets the 
parallel surface can be shown, by forming the equations of the normal, to be approximately 
(1 s/JS]) and in' (1 - Putting (*ss5i . cos w, Vsd# . sin w, and neglecting and 
we obtain Uie reeult stated in the text 

f Of. Lord Rayleigh, Theory of Sounds 2nd edition, p. 411. 
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remain straight, become normal to the strained middle surface, and suffer a 
certain extension specified by the value of written above. It is clear that 
this extension can have very little effect* in modifying the expressions for 
may therefore take as approximate expressions for the 

strain-components 

eyy^--ZK2, ...( 5 ) 

This state of strain may be described as the typical flexural strain. 

The corresponding stress-components are 
'y E 

I _ + « (*2 + <r/ici), 

-^2= Fj;=ZjasO, 

where E is YoOng s modulus for the material. The strain-energy-function 
takes the form 

Ez^ 

i 1 _ o-- ^ - 2 (1 - 0-) {k^K2 - T^)]. 

The potential energy of bending, estimated per unit of area of the middle 
surface, is obtained by integrating this expression with respect to z between 
the limits — h and h, the thickness of the shell being 2ii. The result can be 
written 

i E [(^1 + - 2 (1 - (7) (/Cl - T*)], (6) 

where D is the “flexural rigidity” |M7(1 —o*®). In the case of a cylinder, 
or any developable surface, this expression becomes {/C 2 “+ 2 (1 — cr)T^}. 

In the case of a sphere it becomes or » where p 

is the rigidity of the material f. 

318. Method of calculating the changes of curvature. 

The conditions which must be satisfied by the displacement in order that 
the middle surface may suffer no extension may be found by a straightforward 
method. Let A Sot be the element of arc of a curve j3 — const, between two 
curves a and a + Sa, BSj3 the element of arc of a curve a « const, between two 
curves /3 and ^4-5/9; also let x\ y\ z* be the coordinates of a point on the 
strained middle surface referred to any suitable axes. We form expressions 
for y , in terms of the coordinates of the point before strain and of any 
suitable components of displacement. Since curves on the middle surface retain 

* It will be seen in the more complete investigation of Article S27 below that such ejects are 

not entirely negligible. , 

t Theee are the expressions used by Lord Rayleigh, Tfieory o/ Sound, 2nd edition, 
Chapter Xa. 
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their lengths^ and cut at the same angles after strain as before strain, we must 
have 


1 

A 






da d/3 9a 3/8 9a 9/8 


These equations give us three partial differential equations connecting the 
components of displacement. 

The changes of curvature also may be calculated by a fairly stmightforward 
method. The direction-cosines I, m,n of the normal drawn in a specified sense 
to the strained middle surface can be expressed in such forms a^ 

7- X A- 

'^-ABKdadff dadfij^ 

and the ambiguous sign can always be determined. The equat\ons of the 
normal are 


x X y z — z 
I m n ^ 


and, if («, y, z) is a centre of principal curvature, we have 
u? = a?' 4- lfi\ y = y' -I- =5 / -f np\ 

where p is the corresponding principal radius of curvature; p is estimated as 
positive when the normal {I, m, n) is drawn from {x\ y\ z) towards (a?, y, z). 
If (a + 5a, /3 4- 5/3) is a point on the surface near to {x\ y\ z) on that line of 
curvature through {x\ y\ z) for which the radius of curvature is p\ the quanti- 
ties X, y, z, p are unaltered, to the first order in 5a, 5/8, by changing a into 
a 4- 5a and /3 into /3 4- 5/3. The quantity we have already called tan is one 
of the two values of the ratio BSfijA 5a. Hence tan and p are determined 
by the equations 



These three equations are really equivalent to only two, for it follows from 
the mode of formation of the expressions for /, m, n, and from the equation 
P 4- -h »* = 1, that, when we multiply the left-hand members by I, m, n and 
add the results, the sum vanishes identically. By eliminating the ratio 5tt/5^ 
from two of these equations we form an equation for /:)\and the values of lip 

4-8 by eliminating p from two of the equations we 

form an equation for 5/8/5a, which determines tan 


1 . Si 1 A ^ 

are^4-5^and-^ 

jCV| Xti 
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We shall exemplify these methods in the cases of cylindrical and spherical shells. In 
more difi&cult cases, or when there is extension as well as change of curvature, it is advisable 
to use a more powerful method. One such method will be given later ; others have been 
given by H. Lamb^ and Lord Rayleigh t. The results for cylindrical and spherical shells 
may, of course, be obtained by the general methods ; but these cases are so important that 
it seems to be worth while to show how they may be investigated by an analysis which 
presents no difficulties beyond the manipulation of some rather long expressions. The 
results in these cases were obtained by Lord Rayleigh I . 

319. Inextensional deformation of a cylindrical shell. 

(a) Formulae for the displacement 

When the middle surface is a circular cylinder of radius a, we take the 
quantities a and at any point to be respectively the distance along the 
generator drawn through the point, measured from a fixed circular section, 
and the angle between the axial plane 
containing the point and a fixed axial 
plane; and we write x and ^ in place of k, 

a and We resolve the displacement 

of the point into components: u along the / /J \ 

generator, v along the tangent to the cir- / ^ / \ 

cular section, along the normal to the i “ [f\ \ 

surface drawn inwards. The coordinates 1 / 1 

x\ y\ z of the corresponding point on the \ / 

strained middle surface are given by the \/ / 

equations 

a?' « d? -f M, y (a ~ w) cos - V sin Pig. 71. 

/ « (a — w) sin + v cos 

The conditions that the displacement may be inextensional are 

dx dx df gs 0 

dx dx dx d<f> 


On writing down the equations 
dx ^ , du dy dw 

dx ^ dx* 0a? * dx 


dv , , dz 

^ ~ sin 9 , ^ =* ■ 


dw , . , dv , 

.^8m^ + g-C 08 «^. 


8a?' du 

h4> d4> 






* London Math, Soe. Proc., vol. 21 (1891), p. 119. 

t Theory of Somd^ 2nd edition, vol. 1, Chapter X a. , , se, 4 

t LoMom Math. 8oe. Proe., rcl. 18 (1888), or Scientyic 
<dted on p. #01 See riso Th»ory Sound, 9nd .ditioo, toI. 1, Ohapw X*. 
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we see that these conditions are, to the first order mu,v,iu, 

0« „ dv 0t» 19m - 

0® ’ ^~d(f>’ ad(f>~ ‘ ^ 

These equations show that u is independent of a, and v and w are linear 
functions of ®. 

If the edge-line consists of two circles ® = const., u, v, w must be periodic 
in <f> with period 27r, and the most general possible forms are 

U = -%^BnBVa{n^ + fin), V = 'Z [An cos {ntf> + On) + B„x COB {n<j> + Bn)], \ 

w = — 2 n [An sin (n<^ + ««) + BnX sin {n<f> + /8„)], 

.( 8 ) 

where An, Bn, «n, Bn *^re constants, and the summations refe^ to different 
integral values of n. 

(6) Changes of curvature. \ 

The direction-cosines I, m, n of the normal to the strained middle surface 
drawn inwards are 

,1 fdy df _ 0£ ^'\ 

~a\dxd<f> 0®^/’"“ 

We write down the values of dx'Idx ,.,. , simplified by using (7), in the forms 
dx' , 0«' 10M . , dw , dz' 10U . 9'“' • . 

a.'*’ a,-— 


dw ad<f) 
dx' du dy' 


— asm 


dz' 


dx 


d<f> d(f> ' 

and we find, to the first order in % v, w, 
, dw 
‘—Si- 




, 1 / 0M)\ . . • i 1 / . 9w\ , 

-coB<l> + -[v + ^jBm<f>. n^-Bm<f,--\^v + ^Jco 8 <p. 

The principal radii of curvature and the directions of the lines of curvature 
are given by the equations 

1 /dx' dj/ dj/ 1 /dx' dm dl dy' dm dx' dy dl \ 

9 ^ 9 a? d<f>) ^ p\dxd<f> ^ dx d^ dx dif dx d(f>) 

dl dm 9 m 9 i _ ^ 

^ dx d(f> dx d<l> 

A 9 y' 9 /^ /?. / 9 a;' 0 m dy' dl\ 

5,5. /0®' 0Tn 0ni 0®' dy ' ^ 0Z ^'\ « 

* * \0® 0«^ 0® 0^ 0®0^ 0®0^J 

For the purpose of calculating the coe 65 cients in these equations we write 
down the values of dljdx, .... simplifying them slightly by means of ( 7 ) and by 
the observation that v and w are linear functions of ®. We have 


0 ® 


dm sin^ 9 
0® a dx 


h%)- 


d^) 


^*^oinA[i I I tif^l I i^V 

3^ dxd<P’ d<^ a\d^* /) a \ 9^/* 
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We know beforehand that, when terms of the second order in «, v, are 
neglected, one value of l/p' is zero and the other is 1 /a 4 * / 1 C 9 ; also the value 
of aB<f>/Bw is tan yfr, and tan 2 'i|r - 2 aT. We can now write down the above 

equations for p and &c/S^ in the forms (correct to the first order in % v, tu) 



The former of these gives, to the first order in m, v, w, 


1 /a% ^ \ 


.(9) 


and the latter gives, to the same order, 


or 


tan2^ = -2l(. + g-), 

IS/ dw\ 

^ ads\ d(f>)* 


.( 10 ) 


With the values of u, v, w given in ( 8 ) these results become 

/Cg 3 ” [ilnsin(^<#>-l“a«) + -Bna^sin(w<^-i-^n)], 

a 

T = - 2^ ?^B„C08(n^ + )8n). 


.( 11 ) 


320. Inezteiudoixal deformation of a spherical shell. 

(a) Forimdce for the displacement. 

When the middle surface is a sphere of radius a we take the coordinates 
a and /8 to be ordinary spherical polar coordinates, and write $, ^ for a, fi. 
The displacement is specified by components u along the tangent to 
the meridian in the direction of increase of 0, v along the tangent 
to the parallel in the direction of 
increase of w along the normal 
to the sur&ce drawn inwards. The 
Cartesian coordinates of a point on 
the strained middle surface are given 
by the equations 
« (a - w) 8 in ^cos ^ 

+ tt cos ^ cos ^ sin 

y' *(a-«;)8infl8in^ 

+ M cos sin ^ + »co 8 
*' •» (o - w) cos - « sin A 



Fig. 72. 
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The conditions that the displacement may be inextensional are 


lU-'W -JL_ r/'?iY+r¥V4./'?!:VT 
a LVa^/ ^ \de) ^ [dej J osin ^ Va^j . 


=1, 


We write down the equations 


do/ 

dff 

¥ 

de’ 

a/ 




COS^ • 


/dw \ . 
-(^^-hwjsm 

[(a_ «, + |^)cos 0 -(g + u) sin 0 ^ 

% = -{a-w + ^^Bin0-(^^ + uym0. 


, dv. 
cos ^ ^ sm 


dd 

. . , a» . 

sin^ + ^cos^, 


and 

dx^ 


dv 


sin ^ + 
cos <{> + 


du - dw . X 

cos 5 — w - sin ^ 

o(p d(p 

du ^ dw . 

, ^ cos a — V — . - sm 9 
0<p 


cos <f>, 
sin <f>^ 


= (a — w) sin ^ + w cos ^ ^ 

/ B'U 

= (a - sin ^ + Ii COS ^ H- ^ j 

0/ 0w . . 9i/; 

a<^“ 

The conditions that the displacement may be inextensional are, to the first 
order in u, v, w, 


du . ^ a , at) 

w = ^ , w sm 0 = M COS 0 + ^ , 


dw . 


• /% OV - / OU * c/w . /* 

sin ^ ^ + cos 0 coaB—v — ^smO 
or, as they may be written, 


^ + sin ^ ^ 


du . „ dw . 
,8* ”"‘'+8*'"'’ 


). 0 . 


■— ' 0— ^ _ 

dd’ 0^8in^ d^sind’ a^sin^ 


9 m • a a t) n /in 
+ sin ^57,rnr-2 = 0. ...(12 


3 ^ sin ^ 

The last two of these equations show that w/sin 6 and w/sin 6 are conjuga^.: 
functions of log (tan \ 0 ) and <f). 

If the edge-line consists of two circles of latitude, u, v, w must be periodic 
in with period 2 ir, and the most general possible forms for them are 

r 0 0 ~ ' 

« «■ sin ^2 An tan” ^ cos («^ -f a„) + -B„ cot”^ cos (n^ + 

6 9 

t; = sin ^ 2 An tan” ^ sin (n^ + a„) — 5 „ cot” ^ sin (n^ + fin) 


Wi 


0 


...( 13 ) 


(n -H cos An tan" 5COS (n^ + o») 


.0 


— (« — cos 0 ) Bn cot" g COS (n^ + ) 8 ») 

•Jr ^ 

wha:e ./!», a«, fin are constants, and the summations refer to dififerent in- 

tegral values of ». 
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If in the formulsB (13) we put 91=0, we find displacements of the type 
cosa, vsssiljjSindsino, t^^sdocos^cosa, 

the terms in B being of the same tjrpe. The components of this displacement in the 
directions of x\ y\ ^ are 

— -4o sin a sin $ sin 0, Aq sin a sin 0 cos — Aq cos a, 

and this displacement is compounded of a translation — o iJi the direction of the fl-yia 

of / and a rotation o sin a about this axis. 

If in the formula) (13) we put n=l, we find displacements of the types 

(1 ■"COS^)co8 (<^-|-a), (1 -cosd)8in((/)+a), w=i4isindcos(0+a), 

and 

w-A(I+cosd)cos(<^+^), i»--i?i(l+cos(9)sin(0+/3), - J?isindcos(0+/3). 

The former is equivalent to a translation (-.djcosa, ^isino, 0) and a rotation 
(sin a, cos a, 0) ; and the latter is equivalent to a translation {Bi cos ft - Bi sin ft 0) 
and a rotation Bia~^ (sin j3, cos ft 0). 

It appears from what has just been said that all the displacements obtained 
from (lo) by putting n = 0 or 1 are possible in a rigid body, and the terms 
for which n has these values may be omitted from the summations. Similar 
results can be proved in the case of cylindrical shells. 

If the edge- line consists of one circle of latitude, and the pole ^ = 0 is in- 
cluded, we must omit from (13) the terms in cot" 0, {n> 1), for these terms 
become infinite at the pole. If the sphere is complete the terms in tan" J 0, 
(?i > 1), must be omitted also; that is to say no inextensional displacements 
are possible in a complete spherical shell except such as are possible in a rigid 
body*. 


(6) Changes of curvature. 

We form next expressions for the direction-cosines i, m, n of the normal 
to the deformed surface, by means of such formulae as 
. 1 /dy dz' dz dy'\ ^ 

* a* sin 0 \9<^ d0 d^dBJ' 

and for this purpose we first write down the expressions for dx'/d0y . simplified 
by means of equations (12). We have 

^ » a cos ^ cos ^ j sin ^ cos - gjg sm 
^ « acos^sint/)- ^ -h w) sin^ 8in</> + ^co8 0, 


a sin ^ + w j cos 0, 

-asin 0Bm^^ ^jcos^, 

a sin cos cos 0 - v - sin 0^ sin (f>, 


dz' du . a 

* Thii molt U in aooorfanoe with the theorem that s dosed snrbee cannot be bent wifliont 
stretching. This theorem is due to J. H. Jdlett, Dublin Say. IrUh Aead. Tram., vol. 22 (1866). 
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Hence we have, to the first order in u, v, w, 

i— Bill «oo. * - 1 g + «) coe « o» ♦ + i (.+ 5 ^^) .in ^ 

m— Bin »Bin^- + «) CO. » Bin ♦ - i (»+ BOB 

n = - COS i ^ sin 6. 

Exactly as in the case of the cylinder, the principal curvatures and the direc. 
tions of the lines of curvature are determined by the compatible jequations 

Idl .. . dl 


de 


® s<^ + p' 8^ + ^ a(^) = 0, 


(dv> , \ 

^ 1 / . 1 0u;\ 

Va? + “)- 

a\ Bin a d<f>J 


and we therefore write down the following equations, in which ^e put for 


H 

de 

dm 

dfi 


— ^1 + cos d sin ^ + X sin 0 sin ^ cos 


1 + ^ ) sin ^ + X cos 


and 


dd~ 

|^= (sin^ + Xcos ^ + sin COS0 — F^co8<^, 

— ^sin 0 + Xco8 d + coa<f>- (^^(xm0— sin <f>. 




■aind 


ax 


Our procedure in this case must be a little difierent from that adopted 
in the case of the cylinder because, to the first order, the sum and product 
of the principal curvatures are unaltered by the strain. We therefore begin 
by finding the equation for tan or sin 0B<f>IB0. This equation may be 
written - 

tan‘^a«\^m tan'^amX ^y' tan'^ay'\^2 t&ti-kfrdl\ 

W*" Bine 

and, by direct substitution of the values written above for dafjdB,..., it is 
found to be 


i^a» aF\ . tanV** 


(de 0F\ 

Vag~®^j 


CO0^ + 


sinff \ 

^x 


sin 9 - -d COB r 


a 




^008^ — c—g^sin^^l sin (?> 0 . 
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Now we have 
d0~°'d$’‘~dd\Bm0^, 




0d(l>J* 

1 ^ 
0^ sin 0<^® 


jthe last line, use has been made of the equations (12). But, since 
nnd u satisfies the equation obtained by eliminating v from the 
B^ird of (12), viz.: 


dhL . ^.dhi . ^ ^du 

+ sin* ^ ^ - sm ^ cos 0 gg + w * 0, 


it follows that 

10%, . ^dw 1 0 

sin^^ ^ 3^ “ sin’ ^ 00 


0^ (~®‘“‘^3'l + sin 0cos0|-«)+cot0 ^ , 


■ 00* 

Hence the equation for tan yfr becomes 

, ^ . 0/1 dw\ Ifd^w 


One of the equations for determining p is 

|8^ + ^8^+p'g80 + |s^)=O. 

a (l + |f)s in0 + Zcos0 + gtaDt 
^ sin0 + Jrco80 + ^^|^ + cot0^jtan^ 

1 /0*w \ tan “^Ir 0 / 1 dw\ 

“1 + 51^+”']+- a-00U700^j 

But, using the notation of Article 316, we have 

1 - 1 « /tj cos* >fr + /cg sin* + T sin 2^ 
p a 

* Ki (cos 2f + sin 2f tan 2i(r) 
«/CiSec2f. 
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With the values of u, v, w given in (13) we now find 


_ 1_ 

a* d0 Vsin ^0^/ ' 


(14) 


I *S — 2 


'-X 


n* — n 
o*sin’^ 


w—n 


0 0 ~ 

An tan** 2 cos {n<f> + a*) - Bn cot** ^ cos {n<f> + j8») , 


' o’ sin* 0 

321. Ineztensional vibrations. 


0 0 

An, tan" 2 sin (n<^ + an) + Bn cot" ^ sin (n<^ 4* /9n) 


.(16) 


If we assume that the state of strain in a vibrating shell is that which has 
been described in Article 317 as the typical flexural strain, we ^^may calculate 
the frequency of vibration by forming expressions for the kinetic and potential 
energies*. We illustrate this method in the cases of cylindrical and spherical 
shells. 


(i) Cylindrical shells. 

The kinetic energy, estimated per unit of area of the middle surface, is 


, [ (duV (dv\^ 


where p is the density of the material, and u, v, w are given by (;8), in which 
the coefficients An, Bn are to be regarded as functions of t The kinetic 
energy T of the vibrating shell is obtained by integrating this expression 
over the area of the middle surface. If the ends of the shell are given by 
^ as 4 we find 


T. i-rpalKt [(1 + »■) (^)’ + + lU + «’) p} f^*)’ 


....(16) 


The potential energy of bending, estimated per unit of area of the middle 
sur&ce, is 

il>[*,* + 2(l-ff) T*], 

where ** and t are given by (11). The potential energy V of the vibrating 
shell is obtained by integrating this expression over the area of the middle 
surface. We find 

Dirll + 2 (1 - ir) a*} B„*] (17) 

it* 

The coefficients An, B„ in the expressions (8) for the displacement may be 
regarded as generalized coordinates, and the expressions for T and V show 
that they are “principal coordinates,” so that the various modes of vibration 
specified by different il’s or fi’s are executed independently of each other. 


* The theory of inexteneional vibrations is doe to Lord Bsyleigh, London Math. Soc. Proc., 
vol. IS (1881), or Scientific Pa/pen^ vol. 1, p. 661, and London Roy. Soc. Proc.^ vol. 46 (1889), 
p. 106, or Scientific Papen^ voL 8, p. 217. See also Theory of Sounds second edition, vol 1, 
Chapter X a. A disoossioii of the conditions tor the existenoe of practically inextensional modes 
of vibration will be given in Chapter XXIV iitfra. 
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thin shell 

The vibrations in which all f-ha »> 

dhnensional and lake place in p “* T «e two- 

"kfeh i, sin 

penod 2.r/p, p i, 4«ir°"' “» «“» "iSk « 

^ ” 2i)*ai ~lrjrr~ ' a~ir~~ ’ **<"‘-i>' 

Tke vibrations in »hi* .11 ,K “’ + 1 W 

three-dimensional. The tvn^ * ^ ^ of the a tr • l 

_ „ by the equations 

“---^„sina^, v = xB„co8n<f>, w^-rucB • a 

and the frequency W2,r it. • l 

^ y i’/2’r IS given by the equation 
If either a or lla is at .11 i ! I + 3aVak(„2^, (19) 

ssine of n are nearly ‘k' ‘»o «fp belonging to the «,me 

(ii) Spherical shell. 

!ffi ‘"‘h'e pole“^ = o 

o.on. il. vanish, ne kinetic eneig, r'isgi,: ‘hVtWcttiln’ 
?jrfa5i8|MA»(v^^«)^th!re Per unit of area of the middle 

“ “7 

I^-f^M-g2|n»(n=-l)M„»rtan=»|-i?l]. .5,, 

I" • pHncip.1 mode the tp^ „ ,|h«|o„ , 

w — .4 n sin (9 tan” g COS ‘ ^ 


^nsin^tan'*|sinM^, 


w = (n + cos tan" I cos n^, 


' 2 

^ ~ “s* Ik* 



514 INEXTBNSIONAL VIBRATIONS OF A THIN SHELL [OH. XXin 


in which An is proportional to a simple harmonic function of the time. The 
frequency pn/Sir is given by the equation 

X 8in^I28iii*5+(co8tf+n)*}tan'*|dtfj 

In this expression n may be any integer greater than unity. 


The integrations can always be performed. We have 


r tan*"-* - 

Jo^ 2 sin*d «— 1 


tan*" 5 tan **'^*5 


J*sind{2sin*d+(cosd+»)*}tan*"^rfd= j [(n-l)*+2{^+l)^?-j?*]di:, 

and the second of these can be evaluated for any integral value of n. \In the case of a 
hemisphere (a«=iir) Lord Rayleigh (foe. cit.) finds the frequencies p,, ps, pt for n=2, 3, 4 
to be given by 


In the case of a aaucei* of 120® (a— Jtt) he finds 

y-Sv/(5 


In the case of a verj small aperture in a nearly complete sphere (a=*»r nearly) the 
frequency calculated from the above formula* is given approximately by 

3 p (ir-a)< 


Of. H. Lamb, loc, p. 505. 
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GENERAL THEORY OP THIN PLATES AND SHELLS 


322. Pormulee relating to the curvature of surfaces. 

For the investigations in the last Chapter the elements of the theory of the 
curvature of surfeces are adequate. For the purpose of developing a more 
general method of treatment of the problem of curved plates or shells we shall 
require some further results of this theory. It seems best to begin by obtaining 
these results. 


Let a, denote any two parameters by means of which the position of 
a point on a surface can be expressed, so that the equations « = const., 
^ = const., represent families of curves traced on the surface. Let ^ be the 
angle between the tangents of these curves at any points X ^ ^ general 
a function of a and /3. The linear element ds of any curve traced on the surfiwje 
is given by the formula 


(cUy = (day + & (d/9)- + 2AB cos xdadj3, (1) 

where A and B are, in general, functions of a, 0. Let a right-handed system 
of moving axes of «, y, z be constructed so that the origin is at a point («, 0) 
of the surface, the axis of « is the normal to the surface at the origin, drawn 
in a chosen sense, the axis of x is the tangent to the curve 0 = const, which 
passes through the origin, drawn in the sense of increase of a, and the axis of 
y is tangential to the surface, and at right angles to the axis of x*. When 
the origin of this triad of axes moves over the surface the directions of the 
axes change. If t represents the time, the components of velocity of the origin 
are 


da j^d0 


d0 . 




dt 


parallel to the instantaneous positions of the axes of x, y, z. The components 
af the angular velocity of the system of axes, referred to these same directions, 
can be expressed in the forms 


Pi 





da , d0 


n 


da d0 


in which the quantities p,, ... are functions of o and 0. 

The quantities pi, ... are connected with each other and with A, B, % by 
the systems of equations (2) and (3) below. These results may be obtained 
as follows: 


* When the cams e^oonet end |S soonst. out et right angles we suppose that the parameters 
a and (3, an4 u,, positito sense of the normal to the surface, are so chosen that the direettons in 
which a and /» inoreaw and this normal are the directions of a right-handed system of axes. 
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Let Xy tfy z denote the coordinates of a fixed point referred to the moving axes. Then 
Xy^yZ are functions of a and jS, and the conditions that the point remains fixed while the 
axes move are the three equations 

dx da , dx dfi ( da ^ dff\ f da ^ d^\ , a da j.d^ 


da dt 0/3 

da dt dp dt ^ 

^ ^ ^ <i/3 

da dt ^ 0/3 


/ da dp\ /da dp\ ^ d>P . 

*)+^' ("• ^+'’* n) di 

dp f da dp\ / da dp\ ^ 

Since these hold for all values of dajdt and dpjdty we have the six equatj^ons 


dx 

dx 


^-A+riy-qiZ, 


da 

dy 




-^cosx+rgy-^a^, -5sinx+/32«“^2^, 


dz 

0a 

Vi \ 


The conditions of compatibility of these equations are three equatioijis of the form 
^ (^) ~ ^ (^) * forming the differential coefficients, we may use the above 

expressions for dx/doy .... The results must hold for all values of Xy z. 


The process just sketched leads to the equations^ 

3Pi 3P2 

3^8 - ■ 


and 


ay? 

da 


da 

^2 

da 


’•riP2 rjpj 






1 fdA 
Bsinx 
1 /dB 


(dA 


dB\ 
' daj 
dA' 


J.sin5fV9o 


| + |8inx = |co8x. 


•( 2 ) 


.(3) 


To expre88 the curvature of the surface we form the equations of the 
normal at (« + So, + 3/9) referred to the "axes of x, y, z at (a, /9). The 
direction-cosines of the normal are, with sufficient approximation, (gfjSa+jjS^), 
— (p,3a + pa3/8), 1, and the equations «k, 

x — (ABa + BB0 cos y) ^ y — BBfi sin x ^ 

{qM + qtB0) “-(j9,8«+/),8/8)“^’ 

It follows that the lines of curvature are given by the differential equation 

^Pi (<*«)* + 5 (j>8 cos X + ?* sin x) (d^Y + |-4p* + JS ( cos x +?i sin x)} dad^ *0, 

(4) 

* Ths Mts of oqiutkms (8) and (8) were obtained by U. Coduzi, Pari$, Him.. .par di^ 
AOzantA, t. 27 (ISM). 
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and that the principal radii of curvature are the roots of the equation 
if (pi?» -Ml) ~ i* ~ ^ iPi cos X + sin %)) + ilB sin x * 0. . . .(5) 

From these results the equation of the indicatrix of the surface is easily found 
to be 

"S " A + ^ = const ( 6 ) 

The measure of curvature is given by (5) and the third of (2) in the form 

ABsmX\^P 

323. Simplified formolaB relating to the curvature of surfaces. 

When the curves a = const, and = const, are lines of curvature on the 
surface the formulae are simplified very much. In this case the axes of x and y 
are the principal tangents at a point, the axis of z being the normal at the 
point. We have 

X = i'>r. Pi = 0. 9s = 0 (7) 

and the roots of equation (5) are - A/ 5 , and JJ/pj. We shall write 

1 9! 7 

i;""A’ ik~B’ 

so that Ri, R, are the radii of curvature of normal sections of the surface 
drawn through those tangent lines which are axes of x, y at any point. We 
have also 

1 9A 1 9B 


AB _ s/iafiN 

0oU 9a/ 


. i (B\ 195 ( 10 ) 

fa\Rr Wo.' ^B\RJ RW 

324, TUTtawainm aud cuTvatuTe of the middle surface of a plate 
or shell. 

In general we shall regard the middle surface in the unstressed state 
as a curved surface, and take the curves 0 = const, and 5 = const, to^ the 
lines of curvature. In the case of a plane plate 0 and B “ ordmary 
Cartesian coordinates, or they may be curvilinear orthogonal coorfmatea In 
the case of a sphere a and /3 could be taken to be ordinary sphen,^ p<Jr 
xwidinates. Equations (7)-(10) hold in the unstressed state. When the 
Wte is deformed the curves that were lines of curvature become two fern lies 
' curves, traced on the strained middle surface, which cut eadi other at an 
^‘gle that may differ slightly from a right angle. We denote the “gj® ^ X 
»d its cosme by w. a^d we denote by e, and c. the e^^enmons of 
Wents which, in the unstressed state, lie along the curves const, and 
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as const. The quantities a and may be r^^arded as parameters which 
determine a point of the strained middle surface, and the formula for the 
linear element is 

{dsy = il* (1 + e,)* (day + 5* (1 + eg)* (di3y + 2AB (1 + ej) (1 + e,) vtdeLdfi. 

As in Article 322, we may construct a system of moving orthogonal axes of 
X, y, z with the origin on the strained middle surface, the axis of z along the 
normal at the origin to this surface, and the axis of x along the tangent at the 
origin to a curve B const. The components of velocity of the Origin parallel 
to the instantaneous positions of the axes of x and y are 


A(1 +€i)^ + 5(1 + 62) sr — 


dt' 


5 (1 + e,) sin % 


The components of angular velocity of the triad of axes referrei^ to these same 
directions will be denoted by 

da . ,dB ^>da .dfi .da^^.dB 




dt- it*’’’ »■ 


Then in equations (2) and (3) we must replace A by A (1 + e,). jB by jB (1 + e™), 
r, bypj', pi', ... rj'. The directions of the lines of curvature of the 
strained middle surface, the values of the sum and product of the principal 
curvatures, and the equation of the indicatrix are found by making similar 
changes in the formulae (4) — (6). 

If we retain first powers only of e, , ^ 2 , w, equations (3) give 


.( 11 ) 


The indicatrix of the strained middle sur&ce is given, to the same order 01 
approximation, by the formula 

(1 -e,)-^«r y + 2^(l -eOiry^const. 

If Ri\ denote the radii of curvature of normal sections of the strained 
middle snrfiice drawn through the axes of x and y at any point, and the 
angle which one of the lines of curvature of this surface drawn through the 
point makes with the axis of x at the point, we have, to the same order. 



1 

aA 

038* 

cr BB 

^2 

aA 

A 

acj 

n' 

“ B 

dB 

da 

^BVa'^ 

B 

dB' 

‘ B 



1 

dB 


V aA 


dB 

B 

a«j 


A 

da 


~AW~ 

A 

Ba^ A 

aa' 

B 

4= 



A^ *B 

• 





tan2^ — — ^(1 — J 


..( 12 ) 
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It is clear from these formulae that, when the extension is known, the state 
of the strained middle surface as regards curvature is defined by the quantities 

P^IB, pHA. 

We shall write 5=’- (13> 

and shall refer to t as the "changes of curvature.” In the particular 
cases of a plane plate which becomes slightly bent, and a shell which under- 
goes a small inextensional displacement, these quantities become identical with 
those which were denoted by the same letters in Chapters XXII and XXIII. 
The measure of curvature is given by the formula 
I ~€ i ~€2 

AB \d0 da)^ 

where r/, are given by the first two of (11). When there is no extension 
the values of r/, for the deformed surface are identical with those of rj, 
for the unstrained surface, and the measure of curvature is unaltered by the 
strain (Gauss’s theorem). The sum of the principal curvatures, being equal 
to IjRi + IjRi, can be found from the formulae (12). 

325. Method of calculating the extension and the changes of 
curvature. 

To calculate ... pi', ... in terms of the coordinates of a point on the 
strained middle surface, or of the displacement of a point on the unstrained 
middle surface, we introduce a scheme of nine direction-cosines expressing 
the directions of the moving axes of x, y, z at any point relative to fixed axes 
of X, y, z. Let the scheme be 



^ \ 

y 

z 


ii * 

mi 

Wi 

y 

k 

% 

rii 


1 

1 

1 1 


If now X, y, z denote the coordinates of a point on the strained middle 
turface, the direction-cosines Ji, ni of the tangent to the curve ^ « const, 
vhich passes through the point are given by the equations 

he direction-cosines of the tangent to the curve a = const, which passes 
trough the point are i* sin ^ + h cos ... , and therefore, when 'sr® and «r €2 
e neglected, k, m,, % are given by the equations 

. dz 

B ((! + «,) ns + v»h]- 33 • 


,( 16 ) 
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The direction-cosines m,, ns of the normal to the strained middle surface 
are given by the equations 

Z, = rn,n, — msHs, 1^=1^702 — (17) 

From equations (15) and (16) we find, correctly to the first order in e,, e^, v, 


1-t- 


1 + 2 €, 


* |\3«/ ^ \.3«/ ^ \9a/ j ’ 

_ jL 1/'?? V 4. 4. /'^Vl 

'~B‘\\d0) ^\d$) wr 

^ (3x ^ ^ ^ 4 . ^ 

~ Zb ^ ^ ^ ^ ■ 


.(18) 


Again, since the line whose direction-cosines referred to the moving axes 
are li, It, 1$, that is the axis of x, is fixed relatively to the fixed axes, the 
ordinary formulse connected with moving axes give us three equations of the 
type 


dll da dll dB 
da dt ^ dB dt 




+ rt' 



+ 9s 


,dB 

dt 


= 0 ; 


and, by expressing the fixity of the axes of y and z, we obtain two other such 
sets of equations. From these we find the formulae 




djt 

’ 3/3 


‘ 53 "h Tier "h ^ 


Oma 

w 


drit 

3/8’ 

3n, 


, , 3/, - 

Ti =t»^ + »is-5r+”» 


da 

dvii 

da 


da 

3n, 


, , dlt , 3ms 

9, + 


3^ 

’3/3 


Tt — ^3 5:5 + TTlj -h JJa 


3mi 

dB 


3n, 

dS' 


..(19) 


The formulae (18) enable us to calculate Ci, e,, tr, and the formulae (19) 
give us the means of calculating p/ 


326. FormidsB relating to small displskcements. 

Let u, V, V) denote the components of displacement of any point on the 
unstrained middle surface referred to the tangents at the point to the curves 
/3 = const, and a = const, and the normal at the point to the surfau». We 
wish to calculate the extension and the changes of curvature in terms of u, v, 
w and their differential coefficients with respect to a and /3. 

(a) The extension. 

According to the formulas (18) we require expressions for dx/da , ... where 
X, y, z are the coordinates of a point on the strained middle surface referred 
to fixed axea We shall choose as these fixed axes the lines of reference 
u, V, w at a particular point on the unstrained middle surfiuse, and obtain thej 
required exjHessions by an application of the method of moving axes. 
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Let P{ayfi) be the chosen point on the unstrained middle surface, P'(a+da, 3+^/3) 
a neighbouring point on this surface. The lines of reference for w, r, w are a triad of 
moving axes, and the position ot these axes when the origin is at F' is to be obtained 
from the position when the origin is at P by a small translation and a small rotation. 
The components of the translation, referred to the axes at P, are iSa, Pdft 0. The 
components of the rotation, referred to the same axes, are given by the results in 
Article 323 in the forms 

4Sa dA ha dB 83 

Ik' ~'Rr 

When P is displaced to P, and P' to P^', the x, y, z of P, are the same as the u, v, w 
of P ; the X, y, z of P/ are 

s+(3x/aa)8a+(ai/0i3)8A..., 

and the w, v^w of F are 

u + {dujda) 6a + (Jdujd^) 83, .... 

These quantities are connected by the ordinary formulae relating to moving axes, viz. : 


0x 0X 

0^*“+a^ 






( _dA ^ 05 8, 

V P + ' 


0a A 


0Z. 0Z, 


and in these formulfe we may equate coefficients of 8a and 83. 


The above ; 

process 

leads 

to the following 

expressions 

for 9x/9a, 

3x 

A + 

du V 

dA 

Aw 

3y 

dv 

u dA 

dz 

dw . 

Au 



9/3" 


— 

da 

da 

Pp’ 

da 

= 5 “ + 

0tt 


9x 

du 

V dB 

9y 

= P + 

dv 

u dB 

Bw 

dz 

dw 

Bv 


"W 

A 9a 

’ dB 


A da 






When products of w, v, tv and their differential coefficients are neglected the 
formulae (18) and (20) give 


_ I du V dA w _ 1 9t; u ^ 

1 Sv 1 dll u dA V dB 
'^"Add'^B dB^ABdB'AB aa ’ 


These formulae determine the extension. 

When the displacement is inextensional u.v.w satisfy the system of partial 
differential equations obtained from (21) by equating the right-hand members 
to zero. As we saw in particular cases, in Articles 319 and 320, the assumption 
that the displacement is inextensional is almost enough to determine the forms 
of v, u; as functions of a and iS. 

(6) The changes of curvature. 

According to the formulse (19) we require expressions for the direction- 
, osines i,, ... of the moving axes referred to the fixed axes; we require also 

I mpressions for dlt/da , .... We shall choose our fixed axes as before to be the 
ines of reference for u, v, w at one point P of the unstrained middle surfoce. 
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By (15), (16), (17), (20), (21) we can write down expressions for the values of 
^ 1 , ... at the corresponding point Pj of the strainhd middle sur&ce in the forms 

1 _ ^ dA 1 0 m ; 

Aaa 

u dA 


7 _ 1 ™ ^ 


’a 


_1?!! 

A da'^AB dB’ 


V 


^ 1 dw ^ 

m. .1. + 


.( 22 ) 


h — 


1 dw 


1 0W M 

A^~R,' BW~K’ 

These are not the general expressions for ij, ... at any poftnt. They are 
expressions for the direction-cosines of the moving axes at 4 point on the 
strained middle surface, referred to the lines of reference for m, v, w at the 
corresponding point of the unstrained middle surface. For these latter 
direction-cosines we may introduce the orthogonal scheme \ 



u 

V 

w 

X 

A 

if, 


y 

A 

M 2 


z 

A 

if. 



Then we have the values 

Li ** 1 , Mi = 


1 dv ^ u dA 
A da A B dB 
dA 


Nv 


1 dw u 

ATa'^R,' 


T — I dv U JU — 1 

Ada'^ABdB’ “ 


N » 

BdB R,' 


..(23) 


1_ dw 
A 0a 




« „ 1_ 0?« V 

R,’ B^~ 

and these hold for all points. We apply the method of moving axes to deduce 
expressions for 0Z,/0a, . . . ; and then we form the expressions for p/, ... in accord- 
ance with (19). 

The direction-cosines of the axes of x, y, ; at a neighbouring point Pj', referred to the 
lines of rrference for «, ®, w at P', would be denoted by £l-|-(^.5l/^a)^a+(^J!il/0|5)8^, 
the direction-cosines of the axes of x, y, t at P/, referred to the fixed axes, which ate the 
lines of reference for m, v, w at P, would be denoted by l\ -H (0fi/0a) da -H (dlildff) 8/3,.... Since 
the components of the rotation of the lines of reference for u, v, w are 
Pd/9 Ada dA 8a BS d/9 

we have iilie ordinary formulas connected with moving axes in the forms 
dll 








dmi . . 

-sr— 

oa op 




««+^ - A ( - +-*^1 ^ . 
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with similar formulas in which the suffix l attached to I, m,ti, and L, Jf, iV is replaced 
successively by 2 and 3. On substituting for i|, ... the values given in (23), we find 

« 0il\ 1 (dw Jm\ 

'5^ 

(1.^ JL 1 

da ^\Ada~ AB dff)~ S'd^' 

/I 3v_ jt_ /I 8 m tt\_105 

9S dp\Ada~ABd$) Ri\A ^ Wt) ~ A di * 

dni d dw u\ A 
da da \A 0a ifj ^ ’ 

« JL /"I Ji\ 4, A (I 

0/3 0/3 \A da'^uJ'^R^ U AB d^J ^ 

and 

^ ^ { 1. ?? 4. Ji A,} ^ ^ A. 
da daK'^ A Ca'^ AB d(i J B ^ r\b 

di^ a 


. A da AB dBJ 
dA /dv u 0^\ 


dm 2 1 dA /dv u 0^\ 
da AB dp \0o B dffj* 

0^ 2 _ 1 /dw Bv\ ^ I dB /cv u 0i4\ 

^ ^RiKd^’^ R 2 ) B ^ 

0^2 A fl A. jl\ JL 

0a ha \i? dfi A*2/ Ri \0a B d^J ^ 

0n2_ 0 /I A. ^ 

00 ~0^V5'^’^5^/ 

In calculating pi, ... from the formulae (19), we write for ... the values given in (22), 
and for dlildoy ... the values just found, and we observe that, since the scheme (14) is 
orthogonal, two of the formulae (19) can be written 


?i'- - ( 




\ , /, 0^1 , dmi , 0»i\ 


The process just described leads to the formulae 


daKBd^^R,. 

A d fl d 


«' -d d / 

JJ, da \. 


1. ^ ji 

A da ^ R 


B dB Vil da ^ RJ 
u\ 1 dA /I dw 


BdB'^U 


(1 


\ dA / I dw _ Jt 

t dB \ii da ^ bJ R \3a BdBJ' 

R)~B^\BdB RJ’ 
u 9-4X , ^ , j;^X 

~ABdB)R\B^^^J’ 


u dA 


(1 ^ _v 

(Bm R 


» \ 1_ 9B / 

KJ^ A 0 a V 


1 0B/1 dw 


R)^ A i 

. 9 /I 9tff ^ / 

dB ^ 9a rJ J. 0a \ 

‘Ada'^dBldda''ABdB 


A da [a da R, 


/ 1 ^ « X 

[BdB RJ 

IN ^ “ 

iJ^RUda'^Rt. 


4.jBjV9o BdB^ 
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We can now write down the formulae for the changes of curvature in the forms 


1 8 

/I dw u\ 

1 

dA 

(1 

dw 

v\ ' 


\1 8« 3^ j 

'^AB 

3/9 

[b 

8/9 

rJ^ 

1 8 

fldw 


85, 

(1 

dw 

U\ . 

'^"P8/9 


AB 

8a' 

u 

da 

rJ^} 

1 8 / 

'1 8 W v\ 

1 

dA 

dw 

1 

dv 

'Ada\ 



3/9 

da 

ARi da V 


The above formulae admit of various verifications : 

(i) In the case of a plane plate, when a and 3 are Cartesian coordinates, we have 

d^w 

These results agree with the formulae in Article 298. 

(ii) In the cases of cylindrical and spherical shells, the conditions \^that the displace- 
ment may be inextensional can be found as particular causes of the forn^ulae (21), and the 
expressions for the changes of curvature, found by simplifying (26) in accordance with these 
conditions, agree with those obtained in Articles 319 and 320. 

(iii) Let a sphere be slightly deformed by purely normal displacement, in such a way 
that the radius becomes a + 6iP„ (cos d), where b is small, denotes Legendre’s wth 
coefficient, and 6 is the co-latitude. The sum and product of the principal curvatures of 
the deformed surface can be shown, by means of the formulae of this Article and those of 
Article 324, to be 

| + 4(«-1)(w+2)/‘»(co 8^) and ^ + P„{coae), 

Of Of cl" Cl" 

correctly to the first order in b. These are known results. 

(iv) For any surface, when w are given by (21), and pi , ... are given by (24) and 
(26), equations (11) are satisfied identically, squares and products of u, v, w and their 
differential coefficients being, of course, omitted. 

327. Nature of the strain in a bent plate or shell. 

To investigate the state of strain in a bent plate or shell we suppose that 
the middle surface is actually deformed, with but slight extension of any 
linear element, so that it becomes a surface differing but slightly from some 
one or other of the surfaces which are applicable upon the unstrained middle 
surface. We regard the strained middle surface as given; and we imagine a 
state of the plate in which the linear elgments that are initially normal to 
the unstrained middle surfece remain straight, become normal to the strained 
middle surface, and suffer no extension. Let P be any point on the unstrained 
middle sur&ce, and let P be displaced to P, on the strained middle surface. 
Let X, y, z be the coordinates of P, referred to the fixed axes. The points F 
and P, have the same a and j3. Let Q be any point on the normal at P w ^ 
the unstrained middle surface, and let z be the distance of Q from P, reckoned | 
as positive in the sense already chosen for the normal to the surface. When 
the plate is dii^Iaced as described above, Q comes to the point Qi of which the 
coordinates are 


x + isa, y-^nhz, z + n,z, 
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where, as in Article 325, i,, m 3 , are the direction-cosines of the normal to 
the strained middle surface. 

The actual state of the plate, when it is deformed so that the middle 
surface has the assigned form, can be obtained from this imagined state by 
imposing an additional displacement upon the points Qj. Let f, % f denote 
the components of this additional displacement, referred to axes of a?, y, z 
with origin at Pj which are drawn as specified in Article 324. Then the co- 
ordinates of the final position of Q are 

X -h + kv + + f), y + Wif + ^2?; -h 7n^{z + ^\ 

z + n,f + n 2 ^ + W8(^4.f). ...(27) 

In these expressions Z,,...are the direction-cosines so denoted in Article 325, 
X, y, z, ^ 1 , are functions of a and and rj, f are functions of a, z. 

We consider the changes which must be made in these expressions when, 
instead of the points P, Q, we take neighbouring points P\ Q\ so that Q' is 
on the normal to the unstrained middle surface at P', and the distance FQ' 
is + Bz, where h is small. Let P be (a, 0) and P' (a -h Sa, where 

ia and h0 are small; and let r denote the distance QQ\ and I, m, n the 
direction-cosines of the line QQ\ referred to the tangents at P to the curves 
0 = const, and a = const, which pass through P and the normal to the un- 
strained middle surface at P. The quantities a, 0, z may be regarded as the 
parameters of a triply orthogonal family of surfaces. The surfaces z = const, 
are parallel to the middle surface; and the surfaces a = const, and 18 = const, 
are developable surfaces, the generators of which are the normals to the un- 
strained middle surface drawn at points on its several lines of curvature. The 
linear element QQ or r is expressed in terms of these parameters by the formula 


ind the projections of this element on the tangents to the curves 0 ~ const., 
1 = const., drawn on the middle surface, and on the normal to this surface are 
l^r, mr, nr. Hence we have the formulse 

W-57T^>. = “ (28) 


Sa- 


In calculating the coordinates of the final position of Q we have in (27) to 

eplace , ^ 

xbyx + ^aa + 3^8^,..., 

k (n'Sa + r^h0) - h 

/a by 4 + ^8 ( Pi (j^i *1“ ^8 W, 

Is by 1$ + li (?/Sa + “ h(Pi^^ 


« by « + S*. 
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We use also the formulss (15) and (16) for dxjda , ... and the formnlse (28) for 
Sa, B0, Bz. 

Let ri denote the distance between the final positions of Q and Q'. We 
express r, as a homogeneous quadratic function of I, m, n, and deduce expres- 
sions for the components of strain by means of the formula 

E(^ "1* ^*) ^ ^ (®Bst ^ ^ ^ Syw tit 0xy /wi) J. 

Now the difference of the x-coordinates of the final positions of Q and Q! is 


l-ijRi + (1 + «»)1 

+ f - hq,') 2-^ -- + (krz - 
+ V [m- ii n') 

+ (« + ?) [M- hPi)^ + 

‘‘ | 0 a 4 ( 1 - ^/ie.) ■^ 0/9 5 ( 1 - r/ J 2 ,) ^ dz 
, ( 0 »j fr dt) niT j 0 ?? 

^ A{i-ziH,) ^ ^ Fa -zjF) ax 

+ 1 k 

^ (0a 4(1- zIF) ^ 0/9 if (1 - x/if*) \ ^dz) 

The differences of the y- and z-coordinates can be written down by substituting 
nil, «*s> ‘”h Wii ”j. ”» successively for l„ I,, I,. Since the scheme (14) is or- 
thogonal, we find the value of r,’ in the form 


fi’ 


r» 1 + 


l-x/ii,{i?/‘' 4 ’'■'■4 ^^■*■^^■’■400} 
|«r-^7 + ^(x-l-f) + 53| 


1-zlF 



+ ’"[i“Ui i " 4 I 

f ^ . X 


m 






01 /' 

0X 

1 af 
BU 


“(■4D]’ 


.(29: 


In deducing expressions for the components of strain we observe that, 
order that the strains may be small, it is clearly necessary that the quantit 

* ^ { 2I j.^\ ‘ ^ - 

T^zIbAI'^FiJ’ 1-zIF\B FJ’ 1-zIFB 1-^^ 
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should be small. The third of equations (11) in Article 324 shows that 
Pi I ^ + q% IB is a small quantity, and we see therefore that, in the notation 
of (13) in Article 324, the quantities zk^, zt must be small. 

The expressions for the components of strain which we obtain from (29) are 




ei - ZKi 4- 


1 


*^yy' 


l^zIR, 


■€s5~ 






€zz 




■2lM,B\dR 


»•,’? + 




dz’ 


.(30) 


+ rr^. A laa 

In these expressions f, f?, f are functions of a, ^8, z which vanish with z for all 
relevant values of a, 

We observe that the values found in Article 317 for e-Kc, would be 
obtained from the above by omitting ej, w and rj, f, and replacing 
1 -zjRi and 1 by unity. 


328. Specification of stress in a bent plate or shell. 

The stress-resultants and stress-couples in a curved plate or shell, or in a 
plane plate which is appreciably bent, may be defined in a similar way to 
that adopted in Article 294 for a plane plate slightly deformed. Let s denote 
any curve drawn on the strained middle surface, v the normal to this curve 
t drawn in a chosen sense on the tangent plane of the surface at a point Pj , 
and let the sense of description of s be such that the directions of the normal 
1 V, the tangent to s, and the normal to the surface at Pj, in the sense already 
chosen as positive, are parallel to the axes of a right-handed system. We draw 
a normal section of the strained middle surface through the tangent tos atPj, 
and mark out on it a small area by the normal to the surface at Pi and the 
normal to the (plane) curve of section at a neighbouring point P/. The trac- 
tions exerted across this area, by the portion of the plate on that side of s 
towards which p is drawn, upon the remaining portion, are reduced to a foice 
at Pj and a couple. The average components of this force and couple per unit 
length of P,Pj' are found by dividing the measures of the components by 
measure of this length. The limits of these averages are the stress- 
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resultants and stress-couples belonging to the curve s at the point P^. We 
denote them, as in Article 294, by 1\ S, N, H, 0, For the expression of them 
we take temporary axes of x\ y\ z along the normal j;, the tangent to and 
the normal to the strained middle surface at P,, and denote by -cY'*,... the 
stress-components referred to these axes. Then, taking to be the radius of 
curvature of the normal section of the surface drawn through the tangent to 
5 at Pi, we have the formulae 

When we refer to the axes of x, y, z specified in Article 324, and denote 
the stress-resultants and stress-couples belonging to curves w’hich are normal 
to the axes of x and y respectively by attaching a suffix 1 or 2 to P, we 
obtain the formuke 



in which P/ and denote, as in Article 324, the radii of curvature of normal 
sections of the strained middle surface drawn through the axes of a? and y. 

We observe that the relations -f = 0 and //, //g = 0, which hold in 

the case of a plane plate slightly deformed, do not hold when the strained 
middle surface is appreciably curved. The relations between the P, S, N, Gy H 
for an assigned direction of p and those for the two special directions x and y 
which we found in Article 295 for a plane^plate slightly deformed, are also 
disturbed by the presence of an appreciable curvature. 

329. Approximate formulae for the strain, the stress-resultants and the 
stress-couples. 

We can deduce from (30) of Article 327 approximate expressions for the 
components of strain by arguments precisely similar to those employed in 
Articles 257 and 259. Since 7f, f vanish with z for all values of a and 
and must be small quantities of the order of admissible strains, f v. f 

and their differential coefficients with respect to a and /S may, for a first 
ap{Mroximation, be omitted. Further, for a first approximation, we may o®it 
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th6 products of zJRi or zjR^ and any component of strain. In particular^ since 
?2 /-B 4- jpi /il is of the order we omit the product of this quantity 

and z\ and, for the same reason, we replace such terms as r — and 

r^zfRi these processes we obtain the approximate 

formulae* 

exx^€i-zfci, eyy-€^-ZK2 Cag; = m - 22 :t, ^2* = ^, = 

In these f, 77, ^ may, for a first approximation, be regarded as independent of 
a and /3. In case the middle surface is unextended, or the extensional strains 
€\i € 2 i Iff are small compared with the flexural strains zfCi,z/c 2 , zr, these expressions 
may be simplified further by the omission of €,,62, -or. 

The approximate formulae (33) for the strain-components, as well as the 
more exact formulae (30), contain the unknown displacements f, 77, 5; and it is 
necessary to obtain values for these quantities, or at any rate for their 
differential coefficients with respect to z, which shall be at least approximately 
correct. 


We begin with the case of a plane plate, and take a, ^ to be Cartesian 
rectangular coordinates, so that A and B are equal to unity, and 1/jBi and 
l//?.2 vanish. In the formulae (33) f, t;, f are approximately independent of 
a, /9, We consider a slender cylindrical or prismatic portion of the plate such 
as would fit into a fine hole drilled transversely through it. We may take the 
cross-section of this prism to be so small that within it 61, €2, tsr and /Ci, /cg, t 
may be treated as constants. Then the strain-components, as expressed by 
(33), are the same at all points in a cross-section of the slender prism. If there 
arc no body forces and no tractions on the faces of the plate, we know from 
Article 306 that the stress in the slender prism, in which the strains are uni- 
form over any cross-section, is plane stress. Hence, to this order of approxima- 
tion A%, Yz, Zz vanish, and we have 

I-"’ s-"' « 


The remaining stress-components are then given by the equations 
{€i + <re, -«(«! + Yy y _^,l€2 + o'ei-^^ (««+«»■' 

E 


2(l + <r) 


(iff — ...(36) 


From these results we may deduce approximate formulae for the stress- 
J'Gsultants and stress-couples. For this purpose we omit fi*om the formulas (31) 


Equivalent foraula in the cs«e of a plftue plate were given by Kirohhoil, VorU$ungen Uber 
[ Mtehanik, Yorlesong 80. 
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and (32) the factors (1 — zjRC) and (1 — iIBi'). We should obtain zero values 
for Ni, N,, while Ti, ... and Oi, ... would be given by the formulsB 


l-ff* 


(e, + <r£.), + = w, ...(36) 


Qi = — D(iCi + (TKf), G' 2 =' — 2)(kj + o’«i), — H 2 — = D(\ — <r)r. ...(37) 

To the same order of approximation the stirain-energy per unit of area is given 
by the formula 

l^A/(l - «r»)} [(e, + 6g)* ~ 2 (1 - < 7 ) (e, e, - i w’)] | 

+ [(*1 + Afa)* - 2 (1 - a) (ac, acj\- t=)]. . . .(38) 


To get a closer approximation in the case of a plane plate\ we may regard 
the strain in the slender prism as varying uniformly over the cross-sections. 
Then we know from Article 306 that Xz and Yz do not vanish) but the third 
of (34) and the formulae (35) still hold, and therefore also (36) and (37) are 
still approximately correct, while A', and are given according to the result 
of Article 306 by the formulae 


Ni->-D^{k^ + K^), Nt = - D^(Ki + Ki). 

These values for Ni.Nt could be found also from (12) of Article 296 by omitting 
the couples L', M' and substituting for G,, Hi from (37). 

From this discussion of the case of a plane plate we may conclude that 
the approximate expressions (33) and (34) for the components of strain are 
adequate for the purpose of determining the stress-couples; but, except in 
cases where the extension of the middle plane is an important feature of the 
deformation, they are inadequate for determining the stress-resultants of types 
Nu Nf The formulae (37) for the stress-couples are the same as those which 
we used in Articles 313, 314. The results obtained in Articles 307, 308, 312 
seem to warrant the conclusion that the expressions (37 ) for the stress-couple.s 
sure sufficient approximations in practically important cases whether the plate 
is free from the action of body forces and of tractions on its faces or not. 

The justification of the approximate theory of the bending of thin plane 
plates, described in Article 313, has now been given. It may be added that, in 
the cases to which the theory applies, the extensional strains are small compared 
with the flexural strains, and then a comparison of equations (35) and (37) 
shows that the most important of the stress-components are given by the 


equations 


|0.. n-mO.. -r.— 


The numerically greatest tension in the plate is the value of AT* at the pla^ 
where, for a suitably chosen axis of ®, the value of z is h, or - h, and &i has its ^ 
greatest value. This happens at a face of the plate, at a point whose projectio® ^ 
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on the middle plane is the point where the greatest principal curvature of the 
bent middle surface occurs, and the corresponding direction of the axis of a is the 
tangent to that line of curvature which has the greatest curvature. The greatest 
tension is 3(?/2A.*, where 0 is the corresponding flexural couple. 

In the case of a curved plate or shell we may, for a first approximation, use 
the formulae (33) and the theorem of Article 306 in the same way as for a 
plane plate. Thus equations (34) and (35) are still approximately correct. 
We may obtain from them the terms of lowest order in the expressions for 
the stress-resultants of the type T, S and the stress-couples. On substituting 
in the formulae (31) and (32), we find, to the first order in A, 


~ ^ ^2 == - 5 ^ 2 « /Sj = . . .(36 bis) 


1 — 


1 + a 


and, to the third order in A, 


/Cl -f (TK2 (^1 + <^€2)| , Ga == — D |/C2 -f (^2 + u-^i) ■ > 

This first approximation includes two extreme cases. In the first the 
extensional strains 62 , m are small compared with the flexural strains 
ZKu zr. The stress-couples are then given by the formulae 

=s — D (^1 + <TK^, Ga = — J5 (/C 3 4- cTATi), Hi ^ D (1 ^ cr) Ti , , .(37 bis) 

and the strain-energy per unit of area is given by the formula which we found 
by means of a certain assumption in Article 317, viz. : 

^D[{/Ci + K^y - 2 (1 - cr) {kiKz - r% 
but the stress-resultants are not sufficiently determined. 

In the second extreme case the flexural strains zki, ZK^y zr are small 
compared with the extensional strains e,, € 3 , Then the stress-resultants 
of type Ty 8 are given by the formute (36), and the stress-resultants of type 
N and the stress-couples are unimportant. The strain-energy per unit of area 
is given by the formula 

{Eh/{1 - <r*)} [( 6 , + - 2 (1 - (t) ( 6, 62 ~ i^^)] (40) 

When the extensional strains are comparable with the flexural strains, so 
that, for examplOf «r is of the order Ar, the stress-resultants of type Ty 8 are 
^ven with sufficient approximation by (36), and the stress-couples are given 
jvith sufficient approximation by ( 37 ), while the strain-energy per unit of area 
given by (38). 

From this analysis of the various possible cases it appears that, whenever 
the stress-couples Qu (?«, need be calculated at all, they may be calcu- 
lated from the fonaute (37) instead of (39). 
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When the extensional strains are large compared with the flexural strains, approximate 
equations of equilibrium can be formed by the method of variation described in Article 
116, by taking the strain-energy per unit of area to be given by the formula (40). In 
the same case approximate equations of vibration can be formed by using this expression 


(40) for the strain-energy and the expression 




energy per unit of area. 


The strain-energy per unit of area is not, in general, expressed correctly to the third 
order in k by (38). The complete expression would contain additional terms. In general 
the complete expression for the strain-energy must be formed before equations of 
equilibrium and vibration can be obtained by the variational method*. We shall use 
a different method of forming the equations. 1 

The approximate expression (38) for the strain-energy suggests, asUhe correct form, 
a function expansible in rising powers of A, and having for coefficients of the various 
powers of h expressions determined by the displacement of the middle surface only. 
Lord Rayleigh + has called attention to the fact that, when there are fractions on the 
faces of the shell, no such form is possible, and has illustrated the matter by the two- 
dimensional displacement of a cylindrical tube subjected to surface pressure. In this 
problem the first approximation, given by (40), is undi8turl>ed by the surface pressures. 


330. Second approximation in the case of a curved plate or shelL 

In the case of an appreciably curved middle surface we can make some progress with 
a second approximation provided that the displacement is small. Such an approximation 
is unnecessary unless the extensional strains €i, ® compared with the flexural 

strains zki, 3 k 2 i We shall suppose that this is the c^ise. In calculating the strains 
Cggxi from (30) instead of (33) we observe that the term cj (1 may still l^e replaced 

by €i, and that the term (1 may be replaced by - r/cj - The values 

of I, rjy f which were given by the first approximation are 


^srO, i;«0, {(fl-h€2)^“*i ('fl + K2) 


and these v<ilue8 may be substituted in the first three of (30). Further, in the terms of 
(30) that contain f, i;, ( we may replace p/, ... by the coiresponding quantities relating 
to the unstrained shell, that is to say we may put ■•0, - ji'/A “l/Aj. 

We reject all terms of the types fiz/Ri, €jic| 2 , Kih^, We thus obtain the equations 


9 *1 1 


.*] + «! 
It ; ' 

<r , Kj + itj 

A, ’ 

* ar - 2r2 - TZ^ ( 1 //^i + 1 lRi\ 


-2 ^ 


.(41) 


From the formula for we can calculate and S 2 by means of (31) and (32) of 
Article 328, and in this calculation we may replace l/Aj' and \IR 2 by l/Ri and l/i? 2 . 'Ve 
find 




.( 42 ) 


* A. B. Bawet, Phil Tram. Pof. 8oe. (S«r. A), ml. 181 (1890). 
t London Math. 8oe. J’roe., to). 90 (1889), p. 879, or 8eit»t{fie Pofm, rol 8, p. 980. 
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In calculating a second approximation to Tj and T<i we may not assume that 
vanishes. As in the case of the plane plate, we take the shell to be free from the action 
of body forces and of tractions on its faces. We observe that the axes of jp, y, z specified 
in Article 323 are parallel to the normals to three surfaces of a triply orthogonal family. 
This is the family considered in Article 327, and the parameters of the surfaces are a, jS, z. 
We write temporarily y in place of and use the notation of Articles 19 and 68. The 
values of are given by the equations 

lA'-i)- b-'i'-i)’ k"- 

We write down an equation of the type of (19) in Article 58 by resolving along the normal 
to the surface y. This equation is 

Ileturiiing to our previoiw notation, we write this equation 

S I" (‘ " e) S !■* (' ■ s) '■) ■* H (' " e) (' ■ e)^ 

To obtain an approximation to we substitute in this equation for J*,... the values 
given by the first approximation, and integrate with respect to z. We determine the 
constant of integration so that may vanish ai z=^k md -k We must omit the 
terms containing J, and F, and use the approximate values given in (35) for J* and Fy. 
Further we may omit the factors l-zjR\ and l-zjRi and such terms as fizjRi. We thus 
find the formula 


7 1 (/^2. 




+ rrK‘i , Ko+o-kA 

^ Ik )" 


..(«) 


Now we have 

A',- 


1 -(r*** 




and hence, by raeane of the formula! for e,„ we calculate approximate values for 
Ti, Ti in the forms* 


0. SiElii'll 

/J’ 

T,. (.,+,.,)+!)[., ( j- y - 1 p; «.«.> (s+ e) 

’)J-) 


...{«) 




I — crlv Ri ^ 

The formate for the stress-couples are not affected by the second approximation, so far 
at any rate as terms of the order Dkx are concerned. 

s T TAbtsined in this Article agree substantiaUy with 

Ihe approximate forms of S,, Sj, H oowneu nf evlindrioal and 

those found by a different process by A B. Basset, loc. cit., p. 58 , additional tenns 

•Pherioai sheU. to which he restrict, hi. dteu«ion. Hi. form, oontam «me edd^Uotel tern. 

^hich are of the order here neglected. 
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331. EquaUoxxB of eqtdUbrima. 

The equations of equilibrium are formed by equating to zero the resultant 
and resultant moment of all the forces applied to a portion of the plate or shell. 
We consider a portion bounded by the faces and by the surfaces formed by the 
^g^g&tes of the normals drawn to the strained middle surface at points of a 
curvilinear quadrilateral, which is made up of two neighbouring arcs of each 
of the families of curves a and Since the extension of the middle surface is 
small, we may neglect the extensions of the sides of the quadrilateral, and we 
may regard it as a curvilinear rectangle. We denote the bounding curves of 
the curvilinear rectangle by a, a + Sa, jS + S/3, and revive the stress- 
resultants on the sides in the directions of the fixed axes qf x, y, z which 
coincide with the tangents to /3 and 
a at their point of intersection and 
the normal to the strained middle 
surfiwe at this point (Fig. 73). 

Fig. 74 shows the directions and 
senses of the stress-resultants on 
the edges of the curvilinear rect- 
angle, those across the edges a -I- Sa 
and 0 + S^ being distinguished by 
accents. The axes of the stress- 
couples Hi, Gi have the same 
directions as Ti, Si; those of Hj, Gg 
have the same directions as T„ Sg. 




Fig. 74. 
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The stress-resultants on the side a of the rectangle yield a force having 
components 

parallel to the axes of x, y, z. The corresponding component forces for the 
side a + 8a are to be obtained by applying the usual formulae relating to 
moving axes; for the quantities 2\, Sj, are the components of a vector 
referred to moving axes of Xy y, z, which are defined by the tangent to the 
curve = const, which passes through any point and the normal to the 
strained middle surface at the point. In resolving the forces acting across 
the side a + Sa parallel to the fixed axes, we have to allow for a change of a 
into a 4* 8a, and for the small rotation (p/8a, g^/Sa, r/Scr). Hence the components 
parallel to the axes of x, y, z of the force acting across the side a + 8a are 
respectively 

r.BS/S + So || (r.BS/S) - . r/8« + 

+ Sa^(S,B8/3) - N,Bi0 .p^'ha + ZBB^ . r/S«, 

NM + 8a -3„(-^.^8y9) - T.BSff . q,'ta + 5,58/9 . p.'8o. 

In like manner we write down the forces acting across the sides and 
0 + 8/3. For we have 

SiAhoiy - T^A 8a, - N^A 8a ; 

and for /9 4- 8/9 we have 

- 5,48a - 8/8 ^(S,48o) -T,Aha. r,'8/3 + N,Aha . g,'8/8, 

op 

7’,48a+ 8^ ^ (r,48o) - if,48o . p,'85 - S,Aha . r,'85, 

dp 

J\r,48a + 8/8 4(i'^.48«) + S,48o . 5,'S5 + r,48a . p,'8/9. 

op 

Let X\ r, r and L\ M\ 0 denote, as in Article 296, the components, 
parallel to the axes of x, y, z, of the force- and couple-resultant of the externally 
applied forces estimated per unit of area of the middle surface. Since the area 
within the rectangle can be taken to be AB8a8/8, we can write down, three of 
the equations of equilibrium in the forms 

^ (r/S, B 4- r^%A) + (?/iV,B 4- q^N,A) 4* ABX' « 0, 

ca op 

( 45 ) 

oa pP * ^ 
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Again the moments of the forces and the conples acting across the sides of 
the rectangle can be written down. For the side a we have the component 
coaples 

0 , 

and for the side a + 8« we have the component couples 

H,BB^ + Bai- (Zr,5S/9) - 0,BBff . r/&x, 

OCL 

G, BB^ + Sa ^ ((?, BBB) + H,BBB • r/Ba. 

— JST, BB^ . qi'Ba + G*, jBSyS .pi'Ba-, 
for the side B we have the component couples 

G,ABa, -H,ABa, 0, \ 

and for the side ^ -f- S/8 we have the component couples 

- G^ABa - BB^iG^ABtt) - H.ABu . r,'BB, 


H,ABa + BB^(H,ABa) - G,ABa . r,'BB, 

GiABa. qt'BB + A Ba. pt'BB- 

Further the moments about the axes of the forces acting across the sides 
a + Sa and fi + BB cjm be taken to be 

BBB.N^ABa, -ABa.N.BBB, ABa . S,BBB A BBB . S,ABa. 

The equations of moments can therefore be written in the forms 

d(HiB) d(G,A) 

dc ' dB 


- ((?, Br/ + H^Ar;) + {N, + L') AB - 0, 


-M')AB»0, 

G,Bp^ + GrAq^ - (H, Bq,' - H^Ap^) + (S, + S,) A 5 = 0. 
Equations (45) and (46) are the equations of equilibrium. 


..(46) 


332. Boundary-oonditions. 

The system of stress-resultants and stress-couples belonging to a curve 
$ drawn on the middle surface can be modified after the fashion explained 
in Article 297, but account must be taken of the curvature of the surface. 
Regarding the curve « as a polygon of a large number of sides, we replace the 
couple HBs acting on the side & by two forces, each of amount H, acting at 
the ends of this side in opposite senses in lines parallel to the normal to the 
8 ui£m^ at one extremity of Bs ; and we do the like with the couples acting ca 
the contiguous sides. If P'PP" is a short arc of a, and the arcs P'P and BB 
are each equal to Bs, these operations leave us with a force of a certain 
magnitnde, direction and sense at the typical point P. The fwces at P aR° 
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F\ arising from the couple on the arc PF\ are each equal to if, and their 
lines of action are parallel to the normal at P, the force at P being in the 
negative sense of this normal. The forces at F and P arising from the couple 
on the arc P'P are each equal to if - SiT, and their lines of action are parallel 
to the normal at P', the force at P being in the positive sense of this normal. 
Now let be the principal radii of curvature of the strained middle 

surface at P, so that the equation of this surface referred to axes of rjy z 
which coincide with the principal tangents at P and the normal is approxi- 
mately 

Also let be the angle which the tangent at P to FPF^ makes with the 
axis of The point F has coordinates - hs cos 0, - hs sin <f>, 0, and the 

direction-cosines of the normal at P' are, with sufiBcient approximation, 
8.9cos</)/Pl^'^ S5 8in<^/fi2^‘^ 1. The force at P arising from the couple on 
FP has components Hh$cos<l>IRi^^\ iTSs sin - SjEf parallel to the 

axes of f , rjy Hence the force at P arising from the couples on FP and 
PP" has components parallel to the normal to s drawn on the surface, the 
tangent to 8 and the normal to the surface, which are 

HBs sin <f) cos (f) Hh$IR\ — Sff, 

where R\ == [cos*<^/Pi<'» 4- sin^ is the radius of curvature of the 

normal section having the same tangent line as the curve s. Hence the 
stress-resultants P, S, N and stress-couples JST, 0 can be replaced by stress- 
resultants 

T + S + HjE’, N-dHIds, ...(47) 

and a flexural couple G. 

The boundary-conditions at an edge to which forces are applied, or at a 
free edge, can now be written down in the manner explained in Article 297. 
The formulae (47) are simplified in case the plate or shell is but little bent, 
for then the radii of curvature and the position of the edge-line relative to 
the lines of curvature may be determined from the unstrained, instead of the 
strained, middle surface. They are simplified still more in case the edge is a 
line of curvature*, for then H does not contribute to T. 


332 a. Buckling of a rectangular plate under edge thrust. 

The theory of the equilibrium of thin shells will applied to ” 

Chapter XXIV A. Special problems for plane pla^ AsexempU- 

the application of the equations of Article ^ to its nlane. The 

the sUbiliJ of a plane rectangular plate under edge thrust paraUel to its plane. 

problem will be treated by the method used m We 267^^^ 

If the thrurts are not too great, the plate ““f parallel 

indicated in Article 301. We take the centre of the rectangle as ongm, 

be. ci»., p. 882. Bee alao the pepet by H. Iiamb «ted on p. «05. 
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to tbe edges as axes of x and y, and take the edges in the unstrained state to be given by 
the equations x^ ±6. Let Pi and be the values of the thrusts along these pairs 

of edges respectively. Then in the simply contracted state Ti «» - Pi and P 2 * - A every- 
where and the remaining stress-resultants and the stress-couples vanish. 

We now suppose that Pi and P 2 are such that a very small transverse displacement w 
can be maintained by them in the plate so contracted. Using x and y in place of a, we 
have A-bPskI, and 1/Pi®sl/Pa«»0, and the formulee of Article 326 give 


Equations (46) of Article 331 with the formulee (37) of Article 329 give 


Ta'^O. 


i>(l-cr) 


c^w (^w dhv \ ^ 

da^dy \0y® ^ dx^dy) 


0 , 

•0, 


5,+A'',=0, 

where quantities of the second order in w are omitted. The third of th^e equations and 
the first two of equations (46) of Article 331 are satisfied by putting 

7i«— Pi, 72= — 


and boundary-conditions relating to the stress-resultants of types T and S are also satisfied. 
The third of equations (45) becomes, on omission of terms of the second order in 


fc^w d*w dhu \ 






=0. 


If the plate is “ supported ” at the edges, we must have and ici-f e‘ic 2=0 at x* ±a, 
and w«0 and ic 2 +<r«i «=0 at ±b. The solution is of the form 


. wir(a?+a) . ntr(y-f6) 


where m and n are integers and W is constant, provided 

in 5 


When the thrusts satisfy this condition the equilibrium is critical ♦. Exactly as in the 
problem of the strut (Article 264 supra) the simply contracted state of equilibrium of the 
plate is unstable if Pj or P 2 exceed the smallest values consistent with this equation. For 

example, if Pj and P 2 are equal their common value may not exceed (J* p) * 

Exactly as in Article 267 a we might have obtained a slightly more correct form of tbe 
condition by taking account of the contraction of the middle surface, but the correction 
would be of no practical importance. — 

For further investigations concerning the stability of thin plates reference may be 
made to papers by R, V. Southwell and S. W. Skan, London Boy, Soc, Proc, (Ser. A), 
vol. 105 (1924), p. 582, and W. R. Dean in the same Proceedings^ vol. 106 (1924), p. 268. 


333. Theory of the vibrattone of thin shelle. 

The equations of vibration are to be formed by substituting for the external 1 
foroes and couples Y\ Z' and L\ M' which occur in equations (46) and I 
(46) of Article 331 the expressions for the reversed kinetic reactions and their 
moments. If we neglect “rotatory inertia"' the values to be substituted for 
* Tbi rmlt is due (0 0* H. Bryan, London Math, 8oe, Proe.^ vol. 82, 1S8X«^'54. 
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L, M' me zero. When we use the components u, v, w of displacement 
defined in Article 326, the expressions to be substituted for (X', T, Z') are 
- 2ph (d^ujdt*. d*v/de, a»w/a<«). 

In forming the equations we omit all products of u, v, w and their differen- 
tial efficients; and, since the stress-resultants and stress-couples are linear 
functions of these quantities, we may simplify the equations by replacing 
/>!»••• Ijy their values in the unstrained state, that is to say, by the values 
given for j9,, ... in Article 323. 

The equations (46) of Article 331 become 


J_ fa(^:£)_0((?aA) 
I dOL d0' 

1_ P(g.fi) , d(H,A) 
AB 0a dB 




■f iVj * 0, 


'9/8' 


dB 

0a 




H, 


Jth2 


0 ; 


and the equations (45) become 


1 \ d{T,B) d(S,A)^^dA ^ 
AB\ da 

J_{d(S,B)^d(Ta) rpdA . 
AB\ da W 

1 [ d{N,B) . d{N,A)\ ,T, ,T, 
AB\ da ^ d/3 rS, i ?2 



...(48) 


...(49) 


The equations (49), some of the quantities in which are connected by the 
relations (48), are the equations of vibration. 

These equations are to be transformed into a system of partial differential 
equations for the determination of u, v, w, by expressing the various quantities 
involved in them in terms of u, v, w and their differential coefficients. This 
transformation may be effected by means of the theory given in preceding 
Articles of this Chapter. Equations (37) of Article 329 express On 0^* 
in terms of t, and equations (26) of Article 326 express ^ 2 , t terms 
of 2 A, V, u). By the first two of equations (48) therefore we have Ni^N^ expressed 
in terms of v, w. Equations (36) of Article 329 give a first approximation 
to Sa, i; in terms of €*, t*T,and equations (21)of Article 326 express 

€iy m in terms of u, v, w. A closer approximation to Siy S^y Tn is given 
in equations (42) and (44) of Article 330; and they are there expressed in 
terms of r as well as €], «•; so that they can still be expressed in 

terUiS of u, v, w. When these approximate values are substituted in the third 
of equations (48) it becomes an identity. When ATi, 2\» I 2 are 

Expressed in terms of w, v, w, the desired transformation is effected. 
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The theory of the vibrations of a plane plate^ already treated provisionally 
in Article 314 (d) and (e), is included in this theory. In all the equations 
we have to take 1/JBi and l/iig to be zero. The equations (48) and (49) fall 
into two sets. One set contains d^ujdt^ d^vjdt^ and the stress-resultants of the 
type r, S; the other set contains d^wfdt^ the stress-resultants of type and 
the stress-couples. Now, in this case, the stress-resultants of type T, S are 
expressible in terms of €i, e 2 » by the formulsB (36) of Article 329, and €j, € 2 , w 
are expressible in terms of w, v by the formulae 

^du ^dv dv du 

a and 0 being ordinary Cartesian coordinates. Hence one of the two sets of 
equations into which (48) and (49) fall becomes identical with the e(iuations 
of extensional vibration given in Article 314 (e). Further, the stfess-couples 
are expressible in terms of /Tj, k^, t by the formulae (37) of Arti(i|e 329 and 
/Cl, /cgj 'T are expressible in terms of w by the formulae 

'"*“3/3*’ '^“3«3)8’ 

while Nj and N 2 are expressible in terms of the stress-couples by the equations 

dGi dH^ ^ 

^~W~da‘ 

The second of the two sets of equations into which (48) and (49) fall is equi- 
valent to the equation of transverse vibration given in Article 314 (d). 

In applying the results of Articles 329 and 330 to vibrations we make 
a certain assumption. A similar assumption is, as we noted in Article 277, 
made habitually in the theory of the vibrations of thin rods. We assume in 
feet that the state of strain within a thin plate or shell, when vibrating, is 
of a type which has been determined by using the equations of equilibrium. 
For example, in the case of a plane plate vibrating triinsversely, we assume 
that the internal strain in a small portion of the plate is very nearly the same 
as that which would be produced in the portion if it were held in equilibrium, 
with the middle plane bent to the same curvature. Consider a little more 
closely the state of a cylindrical or prismatic portion of a plane plate, such as 
would fit into a fine hole drilled transversely “through it. We are assuming 
that, when the plate vibrates, any such prismatic portion is practically 
adjusted to equilibrium at each instant during a period. This being so, the 
most important components of strain in the portion, when the plate vibrates 
transversely, are given by 

Vyy- •ZfC2y — 2^T, e^g ^ {^1(1 ^ (T)] Z (tCl + 

and, when it vibrates in its plane, they are given by 

(<r/(l-a')}(€i + €a); 

in both cases ezg is adjusted so that the stress-component Zz vanishes. It is 
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clear that the assumption is justified if the periods of vibration of the plate are 
long compared with the periods of those modes of free vibration of the prismatic 
portion which would involve strain of such types as are assumed. Now the 
period of any mode of transverse vibration of the plate is directly proportional 
to the square of some linear dimension of the area contained within the 
edge-line and inversely proportional to the thickness, and the period of any 
mode of extensional vibration is directly proportional to some linear dimen- 
sion of the area contained within the edge-line and independent of the 
thickness, while the period of any mode of free vibration of the prismatic 
portion, involving strains of such types as those assumed, is proportional to the 
linear dimensions of the portion, or, at an outside estimate, to the thickness 
of the plate. There is nothing in this argument peculiar to a plane plate; 
and we may conclude that it is legitimate to assume that, when a plate or shell 
is vibrating, the state of strain in any small portion is practically the same, 
at any instant, as it would be if the plate or shell were held in equilibrium, 
with its middle surfiice stretched and bent as it is at the instant. We see also 
that we ought to make the reservation that the argument by which the 
assumption is justiBed diminishes in cogency as the frequency of the mode of 
vibration increases*. 

The most important msult obtained by means of this assumption is the approximate 
determination of the stress-component Z.. When there is equilibrium and the plate is 
i.lane to a second approximation ; when there is equilibrium and the middle surface 

L cur’ved 2. vanishes to a first approximation, and by the second approximation we expire 
it ft-s nroMrtional to and to a function which is linear m the pnncipal curvature 

The rosulte in regaiM to a.s a function oU and be 
illustrated by a discussion, based on the general equations of vibration of elastic solid bodies, 

contains no terms of degree lower than the fourth. 

Wheo the middle mirlhe. U curved the component, of disphtoement w 

must mtisfy the differentinl eqnntion. (49) tmn.formod »s expUm^ nteje, 

rnTthTmn.t nl» mtWy the bonndnryWition. .t the edp of the Adi 
ana liney u u j three linear combinations of the 

™nt:.»?rto3»npiee 

been effected in any particular case. . , . „ .Unx 

A method of •PP™'““ for 

oheervetion Ant the exp^n ^ 

• The argument is clearly applicable 

vibrations of thin rods. Seientijic Papm, vol. 8, p. »49. 

t London tiath. Sot. Proe., vol. 80 P- 
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Ni, N„ contain as a fector D or | J%V(1 - <r*) while the expressions for the 
remaining stress-resultants contain two terms, one proportional to h, and the 
other to h*. Both members of each of the equations (49) can be divided by 
h; and then those terms of them which depend upon Si, e,, « are independent 
of h, and the remaining terms contain A* as a factor. We should expect to 
get an approximately correct solution by omitting the terms in h\ When 
this is done two of the boundary-conditions at a free edge, viz.: those of the 
type 6 = 0, N-dHlds = 0, disappear; and the system of equations is of a 
sufiBciently high order to admit of the satisfaction of the remaining boundary- 
conditiona Since h has disappeared from the equations and /conditions, the 
frequency is independent of the thickness. The extension (of the middle 
surface is the most important feature of the deformation, but ii is necessarily 
accompanied by bending. The theory of such extemional vibmtiom may be 
obtained very simply by the energy method, as was noted in Article 329. 

The extensional modes of vibration of a thin shell are analogous to the 
extensional vibrations of a thin plane plate, to which reference has already been 
made in this Article and in (e) of Article 314. The consideration of the case 
of a slightly curved middle surface shows at once that an open shell must also 
possess modes of vibration analogous to the transverse vibrations of a plane 
plate, and having frequencies which are much less than those of the extensional 
vibrations. The existence of such modes of vibration may be established by 
the following argument : 

A superior limit for the frequency of the gravest tone can be found by 
assuming any convenient type of vibration ; for, in any vibrating system, the 
frequency obtained by assuming the type cannot be less than the least fre- 
quency of natural vibration*. If we assume us the type of vibration one 
in which no line on the middle surhice is altered in length, we may calculate 
the frequency by means of the formulae for the kinetic energy aud the potential 
energy of bending, as in Article 321. Since the kinetic energy contains h as 
a factor, and the potential energy A’, the frequency is proportional to A. The 
frequency of such iiiextensional vibrations of a shell of given form can be 
lowered indefinitely in comparison with that of any mode of extensional 
vibration by diminishing A. It follows that the gravest mode of vibration 
cannot, in general, be of extensional typef. 

If we assume that the vibration is of strictly inextensional type the forms 
of the components of displacement as functions of a, are, as we saw in 
Articles 319, 320, and 326, very narrowly restricted. If displacements which 
satisfy the conditions of no extension are substituted in the expressions for 

* Lord Baylsigb, Theory of Sound, toL 1, | 89. 

t esM of • flkiwd ihecit, *a«h as a thin sphetieal ahall, ia an obrioiM exoaptioa, for there 
can be no inestanaional diiplaoement. A thell of given am^l thiokneei, completelp closed except 
fora amaS qt*rtare, it also exceptional when the apertoie is small enongh. 
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the stress-resultants and stress-couples, the equations of motion and the 
boundary-conditions cannot, in general, be satisfied.^ It is clear, therefore, 
that the vibrations must involve some extension. To constrain the shell to 
vibrate in an inextensional mode forces would have to be applied at its edges 
and over its faces. When these forces are not applied, the displacement must 
differ from any which satisfies the conditions of no extension. But, in any df 
the graver modes of vibration, the difference must be slight ; for, otherwise, 
the mode of vibration would be practically an extensional one, and the frequency 
could not be nearly small enough. From the form of the equations of vibration 
we may conclude that the requisite extension must be very small over the 
greater part of the surface; but near the edge it must be of sufficient importance 
to secure the satisfaction of the boundary-conditionsf. 

334. Vibrations of a thin cylindrical shell. 

It is convenient to illustrate the theory by discussing in some detail the 
vibrations of a cylindrical shell. As in Article 319 we shall take a to be the 
radius of the shell, and write x for a and (f> for and we shall suppose the 
edge-line to consist of two circles x==l and a? = — i. According to the results 
of Article 326, the extension and the changes of curvature are given by the 
equations 

I fdv \ 
d<f>) 

The displacement being periodic in <f> with period 2'ir, and the shell being 
supposed to vibrate in a normal mode with frequency pl2ir, we shall take 
ii, t>, «; to be proportional to sines, or cosines, of multiples of <f>, and to a simple 
harmonic function of t with period iir/p. The equations of vibration then 
become a system of linear equations with constant coefficients for the deter- 
mination of u,v,waB functions of x. We shall presently form these equations; 
but, before doing so, we consider the order of the system. The expressions 
for e„ e„ « contain first differential coefficients only; that for kj cratams a 
second differential coefficient. Hence G. and 0, contam second diferentxal 
coefficients, and N, contains a third differential coefficient. The thirf equa- 
tion of (49) contains d*w(dai* in a term which is omitted when we form the 

* In the psrtleolu caMi of epherical end cylindrical shell* the 
displaoemeat to satUfy the equations of motion and the boundary-oonditions can be definitely 
proved. The ease of cyUndrioal shells is dealt with In Article ^ of the 

+ The difficulty arising from the fact 

eatisfaotion of the boundary-conditions is that to which I m . be necessary may 

(seelntrodaetUm. tootnots 188). The expUnation ^t the 

be practically eonfined to a narrow region near the edge, imd ye may ^^s^^XSy by 

St the edge to seenre the satisfaction of ^ T?ese anUiors iUusteated 

A. B. BasMttt and H. Lamb in the papers cited on pp. 682 an^^ 
the possniiUty of this explanation by means of the «)lutio« of certain statical problem 


du 

<ht} 


dv 1 du 


1 (dPw dv\ 
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equations of extensional vibration. Thus the complete equations of vibration 
will be of a much higher order than the equations of extensional vibration. 
It will be seen presently that the former are a system of the 8th order, and 
the latter a system of the 4th order. The reduction of the order of the system 
which occurs when the equations of extensional vibration are taken instead of 
the complete equations is of fundamental importance. It does not depend at 
all on the cylindrical form of the middle surface. 

(a) Qemral equations. 

In accordance with what has been said above, we take j 

w = C/' sin cos (pt + f), « F cos n(f> cos (pt + c), W sin n(f) coaV pt + c ), , . .(50) 

where F, W are functions of x. Then we have \ 

dU , , , , W^nV . ^ \ 

^ sin n<f) cos (pt + f), € 2 « — sin n<t> cos (pt + c), \ 

* * 

(PW . , , , nV^n^W . ^ , 

/Cl = -ty «2 — - * 2 ^)» 

CtX CL 

1 d 

T— (F+»JF)co8n^co8(jt>< + «). 

n -.iL / .. nV+n^W\ 

Also -D Bin cos ji 

sin n<f> cos (pt -h c) { <r — J , 

E,^Dcmn4>oos(pt + €) [n 

The first two of equations (48) become 


and we have 


dG.ldffz BT _ 1 cOi dHi 
^ ** ^ ^ a d4> * ^ a d<f> dx ' 

^*=-®C08«*C0S(p< + «) J- ^--H+ gp--3 


-SI- 


We have also 


ip-nf®/ i X . 2 -2o— 3 <r* m y"] 

m nf® / . _ \ V + 2o* «1 2 + 0 Kj"! 

U* <**+««) - a ” rcr- o) a J’ 

5 .-iZ)(l-o)[JiW+l]. ^,-iZ>(l-.r)[-iw+0 

whwe fi, «!, ... have the values given abova The equatione of vibration are 

dTt ids,_^. .. . 6S1 ^ 1 3r, w, . - . . - a.y. 1 aw, 3i . 


3 , , _ \ . 2 — 2(r— 3<r* K| 2o + o* k,” 

j,(*i+«rf,)+ a “ 2(1-0-) o_ 



OYLINDEICAL STTTiiT.T, 


545 


334 ] 


or, in terms of U, Y, W, 


/rfP l-,T nfdV «mi 

A^UrU " a~j--T5U+T)J+2p^’*£' 

^r2-2o— 3<r*tPir l+2<r2 n d T 

h\_i(\~ir)a di? '^2"(l-o-)a“S^*^‘^“'^J“®’ 

/) f o‘4'2(r^ % 24*(r n* n_ ^ ^ 

A L" 20^ s + ^(r-7) 04 (>'+ «w^)+i ^ 

a* cte” -* + * (W 

r<rrftf »r+«n „ 

A 1_ olr* dfi ^ a* ^ (it* o* ^ 


.(61) 


.(52) 


3D 

¥ 


(r + 2(r* d^W 2+0- , „ „T 

■^2(l-(r)a* (f# 2(1^7) a* •(®®) 

The boundary-conditions at and x= - Lire 

t.-o, s,+ 5.o, J',-i?5..o, 0,-0, 

and all the left-hand memtes can be expressed as linear functions of U, F, and their 
(lifFercntial coefficients with respect to x. 


'fhe system of equations for the determination of u, ti, w as ftmetions of x 
h;is now been expressed as a linear system of the 8th order with constant 
coefficients. These coefficients contain the unknown constant as well as 
the known constants A and n; and n, being the number of wave-lengths to 
the circumference, can be chosen at pleasure. If we disregard the fact that 
It is small compared with a or /, we can solve the equations by assuming that, 
apart from the simple harmonic factors depending upon ^ and t, the quantities 
1 n, V, w are of the form where r}, f, m are constants. The 

constant m is a root of a determinantal equation of the 8th degree, which is 
really of the 4th degree in m*, for it contains no terras of any uneven degree. 
The coefficients in this equation depend upon When m satisfies this 

i equation the ratios f : f are determined, in terms of m and by any two 
the three equations of motion. Thus, apart from <j> and t factors, the solution 
of the form 

4 4 4 

^ r^\ ' r^i 

|o which the constants (r, ^re arbitrary, but the constants rjff are 
piressed as multiples of them. The boundary-conditions at x^l and 
give eight homogeneous linear equations connecting the f, f ; and 
elimination of the f, from these equations leads to an equation to 
jetermine This is the frequency quation. 
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(6) Esten9ional vibrations^ 


The equations of extensional vibration are obtained by omitting the terms in equations 
(61)— (63) which have the coefficient D/h, The determinanted equation for m* becomes a 
quadratic. The boundary*conditions at become or 


dU W^nV ^ 

■T cr « «0, 

dx a 


dx a 


* 0 . 


Since h does not occur in the differential equations or the boundary-conditions, the 
frequencies are independent of A. 

In the case of symmstrvial vibrations^ in which Uy v, to are independent of <<>, we take 
i**b(7co8 {pt + €)y 
and we ffnd the equations 


! V COS {pt +()y W cos (pt -jf- f), 


E (d^U adW\^.,. _ ^ X ^ 


The boundary -conditions at ^ = are 

dU 
dx 


\ 


dU W dV . 

-0, :y-*0. 


dx 


There are two classes of symmetrical vibrations. In the first class U and W vanish, 
so that the displacement is tangential to the circular sections of the cylinder. In this 
class of vibrations we have 

17 - ^ 

y ssn cos -j— , A/- ~ — TZ : - „ 

' f ^ 2p(l*fir) 

where n is an integer. These vibrations are analogous to the torsional vibrations of a 
solid cylinder considered in Article 200. In the second class V vanishes, so that the 
displacement takes place in planes through the axis, and we find 


yj j, nrrx . . nwx 

cos — y- , f sin -j- , 


where $ and ( are connected by the equations 

E 


r 2 E ^^^***21 E<r nrr 

J'" p(l-<r*) Id ‘ ’ 

Ear iiir 


The equation for is 


r«» . Ilf- _ 


. . jF /I . nV*\ ^ 

P p(l -<r») Va* 


p (1 — or^) la 


p»(l-cr2)a*r** 


»0. 


If the length is great compared with the diameter, so that ajl is small, the two types c 
vibration are (i) almost purely radial, with a frequency {A7p (I - <r*)>V2wa, and (ii) almost I 
purely longitudinal, with a fluency n(Elp)^l2l, The latter are of the same kind as tlie| 
extensional vibrations of a thin rod (Article 278). 


A more detailed investigation of the extensional vibrations of cylindrical shells witt 
edges will be found in my paper cited in the Introduction, footnote 133. For a shell < 
infinite length the radial vibrations have been discussed by A. B. Basset, London . 
A>c. Proc., voi 21 (1891), p. 63, and the various modes of vibration have been investigate 
very fully by Lwrd Rayleigh, London^ Soy. Soc. froo., vol. 46 (1889), p. 443, or Seien 
Papers^ voL 3, p. 244 See also Tfmry of Sound, 2nd edition, vol. 1, Chapter X A. 
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(c) iMxUmioml vibrations*. 

The displacwnent in a principal mode of vibration is either two-dimensional and given 
by the formulae 

M as 0, 7? *» cos (pn ^ + Cn) COS (»<(»+ a„), COS [pj + fn) sin {nj^ 4- Ot 

^ „ D n2(%2-l)2 

TO”' 

or else the displacement is three-dimensional and given by the formulee 

It* - ^ fl,cos(p„'«-HOsin(«(/i+/3,), ®=a:S,cos{p,'<+0<»* W+Wj 
w= -nx5„coa(p,'«-ff,')sin(»!4>+j3,), 

^ -1)*1 +6 

^““2pAo< nHl l+3aV(’KHl)P‘ 

All the values of p and p' are proportional to L 

(d) Jnexactnm of ihA inextensional displacement. 

To verify the failure of the assumed inextensional displacement to satisfy the equations 
of motion, it is sufficient to calculate from the equations of motion, and compare the 
result with the second of the formulae (44). Taking the two-dimensional vibration specified 
by we have the equation 

% 0Ai 1 aAg . . 2 

-i— 

a- _ An sin (n(^ 4 an) cos (pn^+^n) 


but we have also 


(n2+l)a* 
2 + cr Dk 


An sin 4* a,i) cos (?)«< +en) J 


' An sin {n<b 4- On) cos {p^t 4 en). 


2'(l-<r) a 
24"<r Dn(p^-l) 

”“2(l~<r) 

The two values of Tj are different, and the equations of motion are not satisfied by the 
assumed displacement. It is clear that a correction of the displacement involving but 
slight extension would enable us to satisfy the differential equations. 

Two of the boundary-conditions are 6^1=0, Ni-a''^dHild(p--0. When the vibration 
is two-dimensional, (?, ie independent of and cannot vanmh at any “J 

® unless A,=0. When the vibration is three-dimensional W. and J7, are 
X and - a “ ^ dffM cannot vanish at any particular value of x unless • 
boundary-conditions cannot be satisfied by the assumed displacement. 
the dispLement required to satisfy the boundary-conditions would appear to be more 
important than that required to satisfy the diflerential eiiuations. 

(e) Nature of the correeHm to be applied to the inextensional di^laemmt. 

It is clear that the existence of practically inextensional vibrations is 
connected with the fact that, when the vibrations are taken te be extensionak 
the order of the system of equations of vibration is from eight to 

four. In the deterainantal equation indicated in (a of this ^^icle Ae 
terms which contain m* and m* have as a factor, and thus two of the value 

• See Chapter XXm. Articles 319 and 821. 



548 


VIBRATIONS OF A THIN 


[CH* XXIV 


of m* are large of the order 1/A, The way in which the solutions which 
depend on the large values of m would enable us to satisfy the boundary- 
conditions may be illustrated by the solution of the following statical 
problem* ; 

A portion of a circular cylinder bounded by two generators and two 
circular sections is held bent into a surface of revolution by forces applied 
along the bounding generators, the circular edges being free, in such a 
way that the displacement v tangential to the circular sections is propor- 
tional to the angular coordinate <f>; it is required to find the displacement. 

We are to have where c is constant, while u and w a^e independent 

of <f>. Hence 


€1 = 


du 


€2 = 


c — w 
a ’ 


cr = 0, = 




\ 

\ 


The stress-resultants S^, S.i and the stress-couples Hi, vanish, and we have 




d^\ 




The equations of equilibrium are 


dj\ 

dx 


d<p a 


and the boundary-conditions bX ± I are 


We seek to satisfy these equations and conditions approximately by the 
assumption that the extensional strains e,, €2 are of the same order as the 
flexural strains Hki, When this is the case T, and are given with 
suflScient approximation by the formute 

T, = {W/h^) (€, + o-ca), Tg w (SDjh^) (€2 -h <T€i). 


To satisfy the equation dTijdx = 0 and the condition Tj « 0 at a: = ± Z we 
must put Ti«0, or e, « — o-cg, and then we have 7i*»3Z)(l - <r*)6a/A*. The 
equations of equilibrium are now reduced to the equation 


d^w 3(1 ^ 


while the boundary-conditions at x = 


TN) arc 
0®* a* 


0 . 


± I become 
3*ftf 
da? 

If we take c — to to be a sum of terms of the form {Jb"*, then m* is large of 
the order Ifh; and the solution is found to be 

tO’»c + Ci cosh (qx/a) cos (qx/a) + 0, sinh (qxja) sin (qx/a), 


* This is the proUem solved for this porpoee by H. Lamb, loc. oit., p. 606. The eune point 
in the tbeosy «u iUnatnted by A. B, Beiset, loe. eit., p. 688, by meeae of n different etetioni 
problem. 
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where = (a/2A) V{3 (1 - 

and Ci^-~ ?^h {qlja) coa {qljg) - cosh (g^g) sin {glia) 

t sinh( 2 gj/a) + sin (23^/0) 

C„^ — — C OB (g lia) + cosh (ql/a) sin (gi/a) 

q* 8inh (2gi/a) + sin (2^^ 

The form of the solution shows that near the boundaries cj, €», Hki, hczsco all 
of the same order of magnitude, but that, at a distance from the boundaries 
which is at all large compared with {ah'^, Si and Cg become small in comparison 
with 

It may be shown that, in this statical problem, the potential energy due 
to extension is actually of the order V(V^) potential energy due to 

bending*. In the case of vibrations we may infer that the extensional strain, 
which is necessary in order to secure the satisfaction of the boundary-conditions, 
is practically confined to so narrow a region near the edge that its effect in 
altering the total amount of the potential energy, and therefore the periods of 
vibration, is negligible. 


336. Vibrations of a thin spherical shell. 


The case in which the middle surfiice is a complete spherical surface, and 
the shell is thin, has been investigated by H. Lambf by means of the general 
equations of vibration of elastic solids. All the modes of vibration are 
extensional, and they fall into two classes, analogous to those of a solid sphere 
investigated in Article 194, and characterized respectively by the absence of 
a radial component of the displacement and by the absence of a radial com- 
ponent of the rotation. In any mode of either class the displacement is 
expressible in terms of spherical surface harmonics of a single integral degree. 
In the case of vibrations of the first class the frequency p/27r is connected with 
the degree n of the harmonics by the equation 

jMpIfi = (n - 1) (n + 2), (54) 

^vhere a is the radius of the sphere. In the case of vibrations of the second class 
‘ he freqtiency is connected with the degree of the harmonics by the equation 




ttP + 4) 1 ± ?: + (n» + n - 2)1 + 4 (n* + n - 2) = 0. 

L ^ (56) 


If ft exceeds unity there are two modes of vibration of “ 

the gmvest tone belongs to the slower of those two modes of vibration of this 

class for which n * 2. Its frequency p/2ir is given by 

|)« 

« Fo. further deUU. to wgwd to thi. problem the reader i. referred to the paper hy H. Lamh 
»lt»dy olt«d. 

+ London Math. 8oe. Proc., vol. 14 (1888), p. 50. 
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if Poisson’s ratio for the material is taken to be The frequencies of all these 
modes axe independent of the thickness. 

In the limiting case of a plane plate the modes of vibration fall into two 
main classes, one inextensional, with displacement normal to the plane of the 
plate, and the other extensional, with displacement parallel to the plane of the 
plate. See Articles 314 (d) and (e) and 333. The case of an infinite plate of 
finite thickness has been discussed by Lord Bayleigh^, starting from the 
general equations of vibration of elastic solids, and using methods akin to 
those described in Article 214 supra. There is a class of ^xtensional vibrations 
involving displacement parallel to the plane of the pla^; and the modes of 
this class fall into two sub-classes, in one of which there is no displacement 
of the middle plane. The other of these two sub-classes appears to be the 
analogue of the tangential vibrations of a complete thin spnerical shell. There 
is a second class of extensional vibrations involving a component of displace- 
ment normal to the plane of the plate as well as a tangential component, and, 
when the plate is thin, the normal component is small compared with the 
tangential component. The normal component of displacement vanishes at 
the middle plane, and the normal component of the rotation vanishes ever)- 
where; so that the vibrations of this class are analogous to the vibrations of 
the second class of a complete thin spherical shell. There is also a class of 
flexural vibrations involving a displacement noruial to the plane of the plate, 
and a tangential component of displacement which is small compared with 
the normal component when the plate is thin. The tangential component 
vanishes at the middle plane, so that the displacement is approximately 
inextensional. In these vibrations the linear elements which are initially 
normal to the middle plane remain straight and normal to the middle plane 
throughout the motion, and the frequency is approximately proportional to 
the thickness. There are no inextensional vibrations of a complete thin 
spherical shell. 

The case of an open spherical shell or bowl stands between these extreme 
cases. When the aperture is very small, or the spherical surface is nearly 
complete, the vibrations must approximate to those of a complete spherical 
shell When the angular radius of the aperture, measured from the included 
pole, is small, and the radius of the sphere is large, the vibrations must 
approximate to those of a plane plate. In intermediate cases there must be 
vibrations of practically inextensional type and also vibrations of extensional 
type. 

Purely inextensional vibrations of a thin spherical shell, of which the edge*! 
line is a circle, have been discussed in detail by Lord Rayleighf by the methodsj 

* London Moh, 8oe. Proe,, vol. SO (I0S9), p. W, or SeimUifie Papm, vol. 8, p. 949. 

+ London Uoth, 8oc. Proc., vol. 18 (1S81), or SdonUfie Pa^i, vol. 1, p. 861. die $i»0 Thecfii 
ofSownd, tod editioa, vot. 1, Chapter X a. ■ 
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described in Article 321 supra. In the case of a hemispherical shell the 
frequency pjiir of the gravest tone is given by 

P = V(/t/p)(Va‘)(4'279). 

When the angular radius a of the aperture is nearly equal to tt, or the spherical 
surface is nearly complete, the frequency pjinr of the gravest mode of inex- 
tensional vibration is given by p = V(p/p) (,r - «)>) (5-657). By supposing 
TT - « to diminish sufficiently, while h remains constant, we can make the 
frequency of the gravest inextensional mode as great as we please in comparison 
with the frequency of the gravest (extensional) mode of vibration of the com- 
plete spherical shell. Thus the general argument by which we establish the 
existence of practically inextensional modes breaks down in the case of a nearly 
complete spherical shell with a small aperture. 

When the general equations of vibration are formed by the method illus- 
trated above in the case of the cylindrical shell, the components of displacement 
being taken to be proportional to sines or cosines of multiples of the longitude 
(j), and also to a simple harmonic function of t, they are a system of linear 
equations of the 8th order for the determination of the components of 
displacement as functions of the co-latitude 6, The boundary-conditions at 
the free edge require the vanishing, at a particular value of of four linear 
combinations of the components of displacement and certain of their differential 
coefficients with respect to 6, The order of the system of equations is high 
nough to admit of the satisfaction of such conditions ; and the solution of the 
ysbem of equations, subject to these conditions, would lead, if it could be 
ffected, to the determination of the types of vibration and the frequencies. 
The extensional vibrations can be investigated by the method illustrated 
bove in the case of the cylindrical shell. The system of equations is of the 
ourth order, and there are two boundary-conditions*. In any mode of 
ibration the motion is compounded of two motions, one involving no radial 
omponent of displacement, and the other no radial component of rotation, 
ilach motion is expressible in terms of a single spherical surface harmonic, 
)ut the degrees of the harmonics are not in general integers. The degree a 
)f the harmonic by which the motion with no radial component of displace- 
nent is specified is connected with the frequency by equation (64), in which 
t is written for n; and the degree ^ of the harmonic by which the motion 
((Vith no radial component of rotation is specified is connected with the 
frequency by equation (55), in which j8 is written for n. The two degrees 
and are connected by a transcendental equation, which is the frequency 
juation. The vibrations do not generally fall into classes in the same way as 
those of a complete shell ; but, as the open shell approaches completeness, its 
lodes of extensional vibration tend to pass over into those of the complete shell. 

^ Theequationg werefomed and solvedby E. Mathieu,/.de l^^lcokpal^U^Jmiqui, t.51 (1S88). 
extangional vibrations of spheriaU shells are also discussed in the paper by the present writer 
ited in the Introduetion, footnote 188. 
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The existence of modes of vibration which are practically inextensional is 
clearly hound up with the fact that, when the vibrations are assumed to he 
extensional, the order of the system of differential equations of vibration is 
reduced from 8 to 4. As in the case of the cylindrical shell, it may be shown 
that the vibrations cannot be strictly inextensional, and that the correction of 
the displacement required to satisfy the boundary-conditions is more important 
than that required to satisfy the differential equations. We may conclude 
that, near the free edge, the extensional strains are comparable with the 
flexural strains, but that the extension is practically confined to a narrow 
region near the edge. 

If we trace in imagination the gradual changes in the system of vibrations 
as the surface becomes more and more curved*, beginning with thelcase of a 
plane plate, and ending with that of a complete spherical shell, oite class of 
vibrations, the practically inextensional class, appears to be totally iJ^st. The 
reason of this would seem to lie in the rapid rise of frequency of all tlip modes 
of this class when the aperture in the surface is much diminished. 

The theoretical problem of the vibrations of a spherical shell acquires great 
practical interest from the fact that an open spherical shell is the best repre- 
sentative of a bell which admits of analytical treatment. It may be taken as 
established that the vibrations of practical importance are inextensional, and 
the essential features of the theory of them have, as we have seen, been made 
out. The tones and modes of vibration of bells have been investigated experi- 
mentally by Lord Rayleighf. He found that the nominal pitch of a bell, as 
specified by English founders, is not that of its gravest tone, but that of the 
tone which stands fifth in order of increasing frequency ; in this mode of 
vibration there are eight nodal meridians. 

* The process is saggested by H. Lamb in the paper cited on p. 606. 

t PhU. Mag. (Ser. 6), vol. 29 (1B90), p. 1, or Scientific Papers, vol. 3, p. 318, or Theory of 
Sound, 2nd edition, vol. 1, Chapter X. 
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335 c. Large deformations of plates and shells. 

The theory of thin plates and shells was developed primarily for the purpose 
of giving an account of the vibrations of such bodies, and was afterwards applied 
to statical questions. The displacements associated with vibrations are always 
extremely small. The ordinary approximate theory of the bending of plates 
under pressure was founded upon an extension, to more general cases, of results, 
which were obtained from certain exact or approximate solutions of the equa- 
tions of equilibrium of elastic solid bodies*. In such solutions it is always 
understood that, apart from a displacement which would be possible in a rigid 
body, the displacement of any particle is very small in comparison with the 
linear dimensions of the body. It thus came to bo assumed that the theory is 
inapplicable, unless the transverse displacement of the bent plate is a very 
small fraction of its thickness. The theories of Kirchhoff and Clebsch, and the 
theory of Chapter XXIV, were devised to take account of the possibility that 
the displacement of the middle surface may be of any order of magnitude, 
provided that the plate or shell is not overstrained. This condition shows at 
once that, if the displacement is not very small, the strained middle surface 
must be, either exactly or very nearly, a surface applicable upon the unstrained 
middle surface. In the particular case of a plane plate, the initially plane 
middle surface must, after strain, be either a developable surface, or derivable 
from such a surface by a displacement which is everywhere small. In a large 
thin plate, such as a sheet of metal a metre square and a millimetre thick, the 
displacement may be comparable with the thickness, and need not be small 
compared with the length or breadth. In dealing with displacements whic 
are not necessarily small in comparison with the thickness, we have to disto- 
(fuish cases where the ratio of some displacement to the facial linear dimenswns 
need not be small, from cases where it must be. All the neces^^y equation 
for the discussion of both classes of cases have been obtained in Chapter XXIV . 
We shall now illustrate the former class of cases by an example of some his- 
torical interest, and then proceed to the consideration of the other class. 


336 D, Plate bent to cylindrical form. 

We euppoee that an initiaUyphn. rectangular plate 
non into the form rf a circular cylinder mth Wo 
the forces that must be applied to it to hold it in this form. 

Let », y be rectangular carteeian coordinates e^fjmg t « “ 

p>i.t on L unatratoed nriddle aurfoce, . . i • the »,.at.o.» of the edge, 
• Memw i» here »«d« to tha theorio* of PoiMon and K«l»in an » 
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which become generators of the cylinder, y ± 6 the equations of the edges 
which become arcs of circles, 2A the thickness of the plate, R the radius of the 
cylinder. The same quantities x, y can be used as curvilinear coordinates 
specifying the position of a point on the cylinder of radius R. We shall pot 
X for o and y for )9 in the relevant formulae of Chapter XXIV. Then A 
and 1, and the formulae of Article 324 become 

y),' = 0, = = p,' = 0, r,'=:0, 

with 

ei « 0, €9 = 0, s=s 0, ~ ^ > ^9 = 0, T « 0. 

The stress-resultants of tjrpes T, 8 and the stress-couples are g\ven by equa- 
tions (36) and (37 ) of Article 329, so that we have 

= (?*=- -J, 

The first two of equations (46) of Article 331 can be satisfied by putting 

and the third of these equations is satisfied identically. Equations (45) of th( 
same Article then require 

X'=Y'=Z' = 0. 

The boundau-y-conditions of Article 332 show that couples of magnitude 
D/R must be applied to the straight edges x = ± a, and couples of magnitude 
— aD/R must be applied to the circular edges y^±b. 

The greatest extension of any linear filament is the value of — xicj at x = — A 
or it is hfR', and it is therefore necessary that R should be so great comparec 
with h that the quotient hjR is small of the order of admissible (elastic) strains 

It appears that, if the thickness is small enough, or the radius of curvatiin 
great enough, the plate can be held bent into the cylindrical form by couj)lei 
applied at its edges only, and that the couples applied to the edges that becomt 
arcs of circles have to those applied to the edges that remain straight the ralic 
or : 1, The relation of the couples to the curvature is exactly the same as ii 
the case where the curvature is veiy small (Article 90). 

It seems almost obvious that, if suitable forces are applied at the straight 
edges only, the other edges becoming free, the cylindrical form can be, at least 
very nearly, maintained. We shall therefore seek to satisfy the conditions o: 
the problem by assuming that the middle surface can be derived fivm tht 
cylindrical surface by a small displacement. 

Let this diqilaoement be resolved into components u along the tangent tc 
a doHsle y ■■ coirst, v along the generator x « const., and v> along the normal 
to the tylinder drawn inwards. A little experience shows that it is advisable to 
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assume that u is of the fom ew, where c is a small constant, and that v and w 
are independent of x. In the formulae of Article 326 we have to put 

Then we find 


w 


€• = 


dv 

Ty^ 


w = 0, 

d^w 


R R' ^'-Rdy’ 

The stress-resultants of types T, S are given by the formal® 


m ( w dv\ W (dv 


ore ■ 


aw 

IR 


?2' = 0, 

rtnulae 


The quantities called k^, k^, r are the differences of the values of the rota- 
ion elements — p(jB^p(jA in the strained and unstrained states, so that 
ve have 

_ 1 -he _ dho 

R ’ df' 

ind the stress-couples are given by the formulae 


T = 0, 


/I -he 

dht)\ 

/> r\ / 1 “1“ ^ 

d^w\ 

( R 





Equations (46) of Article 331 give, on omission of terms of the second order 
n the displacement, 

^ fdhi) 1 dw\ XT r. XT r. 

ind the equations (^45) of the same Article give in the same way 

dy ’ dy^ R ' 

The boundary-conditions at y = ± 6 are 

r,»o, xV,=0, C?2=0. 

To satisfy these equations and conditions it is first necessary that Tj should 
vanish everywhere, so that 

dv (w \ 

and then the formula for T, becomes 




Substitution of this formula for Ti in the equation connecting and Ti, 
followed by elimination of from the resulting equation and the equation 
connecting Nt and then yields the equation 


d^w ^ 1 . 3(1 /?5i; 
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The relevant solutions of this equation, being even functions of y, are of 
the form w = s ii + (7, cosh qy cos q'y + sinh qy sin g'y, where ± (3 + uf) and 
± (3 — ig^) are the complex roots of the quartic equation 

JS* + m'h? + 3 (1 - <x>) = 0. 

Since kjR is very small, these roots are large in absolute value, and 3 and 3' 
are given with sufficient approximation by putting 

The boundary-cendition = 0 at y = + 6 is satisfied, to th^ same order of 
approximation, by making d? Wjdy^ vanish at y ~ 6, so that I 

Cl (cosh qh sin qh -f sinh qh cos qh) -f (cosh qh sin qh — sinh jA cos qh) « 0. 
The boundary-condition Gg = 0 at y = ± 6 is then satisfied, with sufficient 
approximation, by putting 

Rq^ [Cl (— 2 sinh qh sin qh) -f Cq, (2 cosh qh cos 56)] -h = 0. 

Thus the constants Cj, C^ are detennined. 

The constant € may then be determined so that w may vanish at y *= ± 6. It 
wall be found that 

_ sinh iqh — sin 2qh 

^ 2i2®g^ sinh %qh -f sin 2qh ’ 

so that € is small of order hjR at least, and w is small of order h at least. Then 
u and V are small of the same order as w. 

If R is of the same order as 6, qh is large of the order kJibjh), The principal 
extension of the middle surface (wjR— e) is small of the order h/R near th( 
edges y — ± 6, and diminishes rapidly as the distance from the edge increases 
according to the law 

where d denotes distance from the edge. The other principal extension is the 
product of this and cr. It thus appears that the extension of the middle surface 
is everywhere small of the order of admissible strains, extremely small except 
near the edges, but there rising in importance in such a way as to secure the 
satisfaction of the boundary-conditions G2 « 0 and iVa = 0- 

We thus meet with a second example of an ‘'edge-effect” similar to that 
which occurred in the solution of a statical problem in Article 334 (^). 

The cases where b is small or great compared with R can be discussed in the same way. 
The former approximates to the case of a bar, bent to an appreciable curvature, the latter 
ia the case of a plate bent to a small curvature. Tbe case where hR is comparable with 
l| lliat where is moderate, so that is small, and is included in the foregoing dis- 
tifl|i||(|iiirn for gb large* This case is that of tbe “ flexure of a broad very tbiu band (such as a 
h-spring) bent into a circle of radius comparable with a third proportional to its thick- 
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and breadth "-a problem to which Kelvin and Tait* dww attention, and which wae 
afterwards solved, as above, by H. Lambt, 


336 E. Large thin plate subjected to pressure. 

Proceeding now to discuss the magnitude of the transverse displacement 
in a plate, we consider a large thin plate, fixed at its edges and subjected to 
pressure on one face. As the thickness diminishes, and the transverse dis- 
placement increases the flexural rigidity diminishes rapidly, the extensions! 
strain,ansmg from the stretching of the initially plane middle surface, increases, 
and the importance of the tensile stress-resultants of type T, 8 increases in 
comparison with that of the shearing stress-resultants of type N. In extreme 
cases it may even happen that A. and iV, are negligible in comparison with 
Ti, Tt, 8i, Si, and that the extensional strains of type e, are comparable with 
the flexural strains of type Ak,. In such cases it will not be sufBcient to 
estimate the extensional strains by the simplified formul® of Article 326, but 
recourse must be had to the more exact formulae of Article 325. 

We take the unstrained middle plane to be the plane of x, y, and specify 
the displacement of a point on it by components u, ii, w, where w is the 
transverse displacement in the direction of the axis of z. Then in the formulae 
of Article 325 we have to put x + a, y + v, «; for x, y, z. It is generally 
sufficient to omit quantities of the second order in differential coefficients of 
u, V, but it may be necessary to retain them in the case of w. Writing x for a 
II nd y for and putting A = B = 1, we find 


^du 1 /dwV _ 1 fdwV ^ dv du dw div 

0a? 2 \0a;/ ' 9y 2 \dy) * ^ dx"^ dy"^ dx dy * 

The curvature of the deformed middle surface is expressed with sufficient 
approximation by the formulae of Article 326, so that we have 


d^w _ d^w 


and, in the same way, the rotation elements p /, ... are given, with sufficient 
approximation, by the fonnulae 


, 0 % , d^w , . ^ 

P- ‘my’ 

The stress-resultants of type f, S are given by the formulas 

3D , V m 3-D , ^ rt 32) ^ 


r; = 0. 


= ere,), + = 


and the stress-couples by the forraul® 




‘t- 6), vol.41 (1891), p. 182. 
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We suppose the plate to be subjected to pressure p on the &ce z» — h. 
Then equations (46) of Article 331 give 

air, aff. ao, 

■"'■-'to 

and equations (45) of the same Article become 
9Ti_9^i »r 9’w _ 


dx dy 


^dxdy 


+ V 9*«> 

dx^ dy * a^ray * ay® ’ 
a^i ^ <7 9®w „ a*«> . m a*® 

8a? ay * aa?* * dxdy * aa?ay 




and it will generally be sufficient to omit the terms in 
two of these. Then these two equations become 


Dm the first 


di\ 

dx dy 


n dS, dT, 

dx dy 


0, 


showing that Ti, jP 2 » can be expressed in terms of a function U by the formuhe 
^ 3y‘'* * ^ dm? * ^ dxdy * 

just as in the theory of plane stress. The remaining equation of equilibrium 
becomes 

nrTd ^ di^Ud^W d^U (fw d^w , ^ 

^ ^ 0y* dx^ daf dy^ dxdy dxdy ^ 

On expressing Ti, Tg, Si in terms of differential coefficients of w, v, w, and 
eliminating u and v by means of the identity 

9y* dx ^ da^ dy dxdy ^ dyj 
we obtain the equation 

We have thus two non-linear partial differential equations to determine 
V) and U as functions of x and y. 


dy}^ 


The theoiy is effectively due to A. Fdppl*, and the difficulty of solving the non-linoar 
equations has been noted by Th. ▼. Kdrmdnt, as one of two difficulties which beset the 
application of the theory of plates to technical questions, the other being that, at a fixed 
edge, the analytical conditions assumed to apply to “supported’* or “clamped” edges arc 
never fulfilled exactly. Approximate methods of dealing with the differential equations, in 
the cases of circular and rectangulai* plates, have been devised by H. Hencky J. We shall 
not pursue the matter here in this way, but illustrate the theory by the comparativeljr 
aimple example of a very long strip fixed at its edges. 


* VcfUMungm <2. teekni$ehe Mechanik, Bd. 5, Leipsig, 1907, 1 24. 
t Mncff* d, math, Wii$^ Bd« rv. 2, n, Leipzig, 1910, g 8. 

. t Z€it$ekr, /. Math, u, Phyt,, Bd. 68 (1914), p. 811, and ZeiUehr, /. angewandte Math, «. 
itaehmik, Bd. 1 (1921), p. 81. The case of the circular plate has also been discussed, with some 
other examiillii, by J. Prescott, Phil, May, (8er. 6), vol. 48 (1922), p. 97* 
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336 F. Long strip. Supported edges. 

We shall treat the strip as of infinite length, and take its edges to be given 
by the equations w=±a. We shall take the pressure p to be constant. 

The component displacement i; vanishes, and « and are independent of v. 
The relevant equations are ^ 

V d^w 


^ d?w 

V d^w 




Nv 


■r\ w . 




dx * da? ‘ dx da? 

The boundary-conditions to be satisfied at the edges «r = + a are 

« = 0, w = 0, ff, = 0. 

The system of differential equations to be solved reduces to the pair 

jtm j*... .u... Jo. 


dT, . r^d*wd?w ^d*w ^ d^w . 


dx da^ dixi^ 


The first can be integrated in the form 



where Ui is constant, and the second becomes 




\da^J 


d^w 

dx^ 


-p = 0. 


We seek an approximate solution on the supposition that the term 

-sKST 


may be omitted. Then, putting 

a, = Dm\ 

and observing that w must be an even function of a?, we find that w must be 
of the form 

1 p 

w»A+Bcoahvix-^j^ti>?. 

where 4 and ^ are constants. Introducing the conditions that w and d^wjda? 
vanish at ic a, we obtain the formula 


1 


cosh mx' 



560 


BXTBNSIONAL STBAIN IN STRIP [OH. XXIV A 


which reduces approximately, when m is very small, to the formula given by 
the ordinary approximate theory, viz. 


The remaining boundary-condition, a = 0 at a; =» ± a, leads to an equation 
connecting mo with {pa*! Eh*). By equating the expression for in terms of 
differential coefficients of u and w to Oj or Dm', integrating both sides of the 
resulting equation with respect to x between the limits 0 and o, and observing 
that u must vanish with x, we obtain the equation 

fdw\' 


3 /dw\ 
[dxj 


1 dx, 


giving 

m"a* cosh* mo = 


m 


a'-2j 


cosh® ma 4* 


5 sinh ma cosh ma 


i 


ma 


From this equation it is found that, when ttui is small, 
pa* 2 //210\ 

as ma increases pa*JEh* also increases, and, when ma is great, 

^2.(1 a’. 


pa* 

Eh*' 


The results were obtained on the supposition that J/>(<f’w/(ir*)* could be 
neglected in comparison with ct,, or Dm'. The maximum value of the neglected 
term occurs at a; = 0, and the ratio of this maximum to Dm' is, for any given 
value of ma, 

9(1 — o-*)® /pa* \' / cosh ma — 1 y A* 

8 \Eh*) Vm’o’coshma/ a*’ 

which is always small of order (A/a)’. Thus the omission of the neglected term 
is justified. 

The resistance of the plate to pressure is seen to depend upon the quantity 
(pc^jEh*), but the constituent ratios A/o and pjE, which enter into this ex- 
pression, may not be given arbitrarily, since they must be subject to the 
condition which secures that the plate is not overstrained. This condition may 
be expressed in the statement that the maximum value of the extension 
or 6,— .z«c,,must be numerically less than some small number depending upon 
the material. We denote this number by t. The extensional strain Cj is 
Tik'jZD, or ^m’A*, and the maximum value of the flexural strain — occurs 

atxacO, zsah, where it is |(1 — (r*) r — J- Thus we have 

' Eh*m'a*\ coshwio/o’l 

the relation of inequality 

\ m'a* [l + 1(1 -a*) (l -)1 < e. 

3 a* L ^ £h*m*a*\ coshma/J 
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The second term in the square brackets is the ratio of the flexural to the 
extensional strain of the middle surface. The meaning of the relation of 
inequality may be expressed graphically by regarding the ratios hja and pjE 
as coordinates of a point in a plane, and plotting the curve obtained from this 
relation by replacing the sign < by the sign =. When mo is very small, the 
flexural strain is great compared with the extensional strain, and 

a \210/ \ma) ’ 


also 


/ 17 2e» 

^"^31 V21oJ 


so that the curve nearly coincides with the parabola 

E 3 i — Vo j 


As Tfixt increases, the curve lies above this parabola. "When mo becomes very 
great, the flexural strain is small compared with the extensional strain, and 
A_^(3«)i £ .6V2^ 

a ma * E 1 — ma * 


so that the curve touches at the origin the straight line 

p 2 V6 a h 


A point situated below the curve, and in that quadrant of the plane in which 
hja and pjE are positive, corresponds to simultaneous values of hja and pjE 
for which the plate will not be overstrained. The curve may be described as 
the ‘'curve of safety.” The values of hja must, of course, be rather small, of 
order 0*05 or less, or the body under discussion could hardly be called a “plate,” 
and the theory of thin plates would not apply to it. The values of p/E must 
also be small, of order € or less, but this condition is included in the condition 
that the representative point (A/a, pjE) must lie below the curve of safety. 

Lot Wf! denote the central deflexion, the value of w at a? = 0, that would be 
given by the ordinary approximate theory, and let Wo denote the value given 
by the present more exact theory. We have 


W 

h 


0 

16 




and 

^0 2) cosh ma ^ 2 pa^ 

— aas - ( a ) cosh ma Eh^ 

When ma is very small, these tend to equality. As ma increases, w^^jh is less 
than Wq Jh^ and both increase. When ma is very great, 

Wo/A i 

hut, of course, it does not really increase indefinitely, being kept down by the 
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condition of safety. Taking account of this condition, we find that, as two-^oo , 

w«/A-^V(6€).(a./2A). 

Without overstrain w^jh can be a quite considerable number (such as 20 or 
30) in a large thin plate. 

The appended short Table, in the calculation of which <r has been taken to 
be shows how the values of Wo/A and Wo'/A increase for moderate fractional 
values of vm. 


ma 

0*1 

0*2 

0*3 

0*4 

0-5 I 

Wo/A 

Wo'lh 

0*0732 

0*0735 

0*1464 

0*1488 

0-2196 

0-2277 

0-2928 

0-3119 

0*3659 

0*4032 


From this Table it appears that the ordinary approximate theory gives a fair 
approximation up to about ma = 0'3. The corresponding value of pa*IEh* is 
about 0'7771. 



The following Table gives some related values of ma and pa*/ Eh*, and the 
corresponding values on the curve of safety of h/a and 10’ x p/E, the values 
of a and e being taken to be J and 0-0005. Fig. 75 shows the form of the 
ctowe of safety, the values of p/E being m^ified 26,000 times in comparisou 
with those of A/a. The inflexion in the figure indicates the transition from 
states in which the resistance is mainly flexural to states in which it is mainl) 
tensile. 
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via 

pa*IEh* 

h/a 

1(F xp/E 

0*1 

0-249 

0*0528 

19*6 

0-16 

0-404 

0-0411 

12*0 

0*2 

0-508 

0-0370 

9-54 

0-3 

0*777 

0-0300 

6*27 

0-4 

1-065 

0-0257 

4*67 

0*5 

1*38 

0-0228 

3-73 

1 

3*51 

0-0165 

2*05 

1*5 

7*17 

0-0123 

1*62 

2 

13*10 

0-0103 

1*47 

2*5 

22*2 

0-00863 1 

1*41 

3 

34*8 

0-00795 1 

1*395 

4 

74*7 

0-00656 

1*37 

5 

139 

0-00568 

1*35 

6 

233 

0-00487 

1*31 

16 

4164 

0-00215 

0*889 


335 G. Lotxg strip. Clamped edges. 

When the edges * = ±a are clamped, we have dwldx=0 a.t x=±a instead of (?,=0. 
Then, with the same notation, 


« = ,f-, »n«-co8h »m:1 

JJm^ maBinhma J * 

reducing approximately, when ma is small, to the formula 


that would be given by the ordinary approximate theory. 

In this case the condition that at ±a gives the equation 

ainh* ma ^ (1 - <r*)* {(i "h 2) sinh^ ma - 1 ma sinh ma cosh ma - \m^a^} . 


When ma is small 




as ma increases, pa^lEk^ increases, and, when ma is gi'eat, 

The condition that the plate is not overstrained is 

^ A* ^ /wacoshma 

3 ^ «*«* [1 + 2 (1 - <^*) ip [ -8iaT«a ~ vJ ^ 

'^'here the second term in the square brackets is the ratio of the flexural strain at the edges 
h) the exterisional strain of the middle surface ; and the equation of the curve of safety is 
f>btained by replacing the sign < by the sign = . AVheu ma is very small, 

A , /'a.xi 


[jilld 




ma’ 


^0 that the curve nearly coincides with the parabola 

2f 
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When ma is very great, 

h^/ 3f 1_ 
a \1 + 3^/2/ ma ’ 

and 1 

A’ 19+6V2 1-<r*ino’ 

so that the curve touches at the origin the straight line 


P ^ 2^6 _ h 

® (1+3^2)?^ 

' The results are obtained on the supposition that \D can be neglected in com- 

parison with Ihn^. The maximum value of the neglected term occursf at 07*= ± a, and the 
ratio of this maximum to Dm^ is, for any given value of ma^ 


9 2.2 "■ wia\2 /(t2 

8 (1 o- ) mWsinhwia / a^* 

For very small values of ma this is small of the order 35 , for ilaoderate values of 

ma it is small of the order and for great values of ma it tends to so that, if the 

plate is not overstrained, it tends to 36/(1 + 3 V2). Thus it is always small, and the sup- 
l>osition is justified. 


It is noteworthy that the ratio of the flexural to the extensional strain is large of order 
(l/mu) when ma is small, just as in the case of supported edges, but, when ma is great, the 
ratio tends to a finite limit ZsJ'2 ; 1 in the present ciise, and to zero in the cfise of supi>orteil 
edges. 

The ordinary approximate theory now gives a fair approximation up to about 
for which, with cr^i and the previous notation (wq and for the central deflexions, 
given by the af)proxiuiate and more exact theories;, it is found that O’ 121)3 urnl 

1£Jo/A=« 0*1203. The corresponding value of pa* /Eh* is 2’156. It appears that the ordinarv 
theory gives a better approximation in the case of clamped, than in that of 8up}X)rt(‘<l, 
edges, and that the transverse deflexion need not be a very small fraction of the thickness 
The condition that the plate is not overstrained is, as Ix+ore, that the represenbi-tive 
(h/a^ pjE) lies Ijelow the curve of safety. The general form of this curve is like that fomul 
for supi)orted edges, but not exactly the same. 


EQUILIBRIUM OF THIN SHELLS 

336. Small displacement. 

Passing now to the theory of the equilibrium of thin shells, subjected to 
external forces, we shall suppose that the displacement is everywhere small 
The equations of equilibrium (45) and (46) of Article »331 are a set of six 
equations connecting the six stress-resultants Tj, ... and the four stress-couplo^ 
Gu ••• with the displacement (w, v, w)\ for the six quantities of type jp/, whicli 
occur in these equations, have been connected wdth u, v, w by equations 
and (25) of Article 326. If the first approximations to the stress-resultants 
and stress-couples are regarded as sufficient, four of the six stress-resultan^ 
and all the stress-couples are expressed in terms of the quantities «i, waa 
Ki, fC 2 i r by equations (36) and (37) of Article 329; and these quantities 
expressed in terms of u, v, w by equations (21) and (26) of Article 826. » ^ 
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have therefore a set of six differential equations to determine the five quantities 
i\r„ JlTj, M, V, w. Apart from the apparent redundancy of the set of differential 
equations, the method consists in simplifying the equations by omitting all 
terms which are of order higher than the first in N,, N„ u, v, w, and then 
solving the differential equations as if they were exact and not merely 
approximate. 

The excess of the number of equations above the number of quantities 
to be determined would constitute a serious difficulty if the equations were 
exact; but the difficulty disappears when the approximate character of the 
equations is taken into account. The apparently redundant equation is the 
3rd of equations (46) of Article 331. Now the expressions for the stress- 
couples Gi, ... are of the first order in u, v, w, and the expressions for p/, ... 
in terms of u, n, w contain terms which are of the first order in m , v, w, and 
some of them also contain terms indejiendent of u, v, w, but p/ and contain 
) such terms. When terms of order higher than the first in it, v, w are 
iiitted, the 3rd of equations (46) of Article 331 takes the form 

id this equation cannot in general be reconciled with equations (36) and (37) 

‘ Article 329. When the more exact equations (42) of Article 330 are 
nployed to express in terms of % v, w it becomes an identity. On the 
iher hand, when Ei and may be neglected it is satisfied identically by 
le simpler expressions given in (36) of Article 329. In either case there are 
ifficient equations to determine the unknown quantities in terms of the 
xriables a, <8, by which the position of a point on the middle surface is 
jecified; and they are a system of differential equations of a sufficiently high 
'der to admit of the satisfaction of arbitrary boundary-conditions of stress 
r displacement at the edge of the shell. 

337. The middle surface a surface of revolution. 

The case where the middle surface is a surface of revolution, including 
3chnically important problems relating to cylindrical, spherical, and conical 
lells, will chiefly occupy us. We choose as the variable ^ the angle, which 
lie axial plane, passing through a point of the unstrained middle surface, 
lakes with a fixed axial plane. This will be denoted by </>. The oorresponding 
f is the distance of the point from the axis of revolution, and it is independent 
f (f>, but is, in general, a function of the other variable a. The quantity A 
nd the principal curvatures (1/Jii *w^d l/2Ja) of the unstrained middle surface 
ro also functions of a and independent of When, as we shall generally 
>sume, the edge of the shell consists of two circles of latitude («« const.), the 
acting upon the shell must either he independent of ^ or peri^c 
unctions of ^ with period 27r. and we may suppose them expanded in Fourier^s 
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series of sines and cosines of integral multiples of The components of dis- 
placement and the stress-resultants and stress-couples may be supposed to be 
expanded in similar series. Whenever the thickness is independent of 
we may treat separately the terms of these series which contain sines or 
cosines of tup, n being zero or any positive integer. To avoid the constant 
repetition of sinn^ or oosruf} it is convenient to introduce a new notation. 
In doing this we shall take occasion to avoid also the constant repetition of 
the quantity 2Ehl{l — <r‘). We shall write 

u^U cos (n^ + 6), v=V sin (n^ + e), w = TT cos (n^ + e), i 


« 2Eh . . \ m 

cos (n^ + e), ■■ 

„ 2Eh ... . „ 

“ 1 ~ V 

Ni’= ^^^nj(sos(n<l) + e), N,-- 

„ 2Eh , , , ^ 

9^ cos (n^ + e), G.^ ■ 


l-<r* 

2Eh 

l-ff“ 

2Eh 

l-<r* 

2Eh 
1 — 


<a cos (n<f> + c), 
Sa sin («0 -t- e), 
Uj sin (n<f> + e), 
gtCOs(n<f> + €), 


, hi sin {n<f> + f) = — 


The equations show that no other arrangements of sine and cosine are 
permissible. 

The equations connecting ... with ti, are 


^~Ada X'*'*^* 
n dU Fn 


,AB da 


nV_ Fn 

B II)' 


fl dU_ FN 
A^da Ri) 


U_dB nF 
AB da B' 




ji n dF U 
A da Vri. da Ri 
<r d /I dF IT) 
ildaxri. da RiJ 


do U da rJ B» ) 


iB da U do 
lo 


nF _n»F 

"1" i>r> ■■ i» "i" 


J^AB da \A 
1 dB/1 dW 
AB do \ri do 


fl d/F 

nF\ 

1 

dFl 

UdoV/2, 

' b) 

~ARi 

do 


together with an additional equation involving «j or or both. For a first 
approximation we have 

,,, ,/l dF nU V dB\ 

but we know that this approximation is not always sufficient. 

In such problems as that of a shell strained by uniform pressure applied to 
one &ce, or rotating about its axis of figure, we have to take naO. In such 
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a problem as that of a cylindrical tube with a horizontal axis strained by its 
own weight, we have to take n = 1. We shall refer to problems of this latter 
kind as problems of “lateral forces.” 

The half-thickness h will be taken to be independent of both a and 

We shall assume that the external couples, denoted by L’ and M' in 
equations (46) of Article 331, vanish. Then the equations of equilibrium 
become 


i. 

da 

d 

da 

d 

da 

d 


(hiB) + ng,A + ABih = 0, 

dB 
da 


L — 


rh\ 

2Eh 

A 

RJ 

L — <7® 


rh\ 

2Eh 

X 

~rJ 


R] 



da^"‘~' • ■ '“da 

^^(9,B)-nh,A-g/^f-ABn,^0. 




.(4> 


In obtaining these equations X', Y', Z' have been taken to be equal to 
Jl" cos(n^ + €), F” sin (n<^ + €), Z"cos(m^ + €). 

Unless n = 0 or 1 external forces of these types are not very important, but 
forces applied at the edges may be. 


338. Torsion. 

When n = 0, the equations fall into two sets: one in which V vanishes, and 
the other in which U and IT vanish. For the latter a general solution, the 
same for all surfaces of revolution, can be obtained. We take X' and Z' to 
vanish, and we note that tj, g^ gi, Wi all vanish. 

In this case we can obtain a sufficient approximation by omitting h^, n, and 


adopting equations (3). We find 

-8“ const (5) 

and ^ ^ — I da + const. .(6) 

B 1 — aJo 


If F' »0 the solution represents torsion of the shell by forces of type £f, 
applied along the edges. If F is not zero, the solution serves to eliminate F 
from the equations, whenever Y' is independent of 

We proceed to the discussion of other solutions in the special cases of 
cylindrical, spherical, and conical shells. 
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339. Symmetrical conditions. 

(o) Extensional solution. 

Let the middle surfece be a right circular cylinder of radius a, and let the 
distance, measured along the axis, of a point of this surface from a specified 
circular section be denoted by x. We may take a — x. Then we have 

^-1. B a, j^ -0, j^-0. ...I (7) 

It is clear that, when the boundary-conditions are suitable, we can obtain 
solutions, which are sufficiently exact for practical purposes,', by omitting 
9ii ff 2 i Ki as being small of the order {h^ja) (tu ^ 2 , and adopting equations 
(3). We shall describe such solutions as '‘extensional/’ Equations (4) show 
that in working out these solutions we may put ??j and equal to zero. 

When all the conditions are symmetrical about the axis, so that n = 0, and 
we are not dealing with torsion, we put F= 0. We also put e ~ 0. Equations 
(3) then show that = ^2 = 0. Equations (4) then give 

<“> 

The first of these gives 

ti + X'cte = const. « rti say (9) 

The second of equations (8) combined with the second of equations (2) then 
gives 




and equation ( 9 ) combined with the first of equations ( 2 ) gives, on substitu- 
ting from ( 10 ), 

dU O] 1 I"'* ■y/ O'U y/ 

2Eh ' 

80 that = o, + I X'dx]^ ‘^~Wa{o 

where a, is an arbitrary constant. 

It appears that by means of the extensional solution we can eliminate the 
external forces, but we cannot in general satisfy the boundary-conditions at 
the edges. For example, we could not solve the problem of a tube strained by 
external pressure and plugged at the ends. In such problems the stress- 
resultant of type Nx. cannot vanish. 
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(b) Edge-effect 


Putting n and V zero we see from the fifth of equations (2) that vanishes. 
Then, whether we use equations (3) or the more complete equations (42) of 
Article 330, we may conclude that Si, ^2 vanish. We have seen that the ex- 
tensional solution and the solution for torsion permit us to satisfy the equations 
(4) containing external forces, and we may now simplify the system of equa^- 
tions by omitting X\ Y\ Z\ 


The equations (4) become, on omitting those which are satisfied identically, 
dti 


dx 


= 0, ri2 = 0, 


dx 




and the relevant equations of (2) become 
^ dU W ^ dV W 

j, (T , to (T — — , 

cLx a dx a 




.( 12 ) 


.(13) 


The first of equations (12) gives ^j = const. If we retained this constant we 
should merely reproduce the results of the extensional solution, so far as 
these depend upon the arbitrary constant ai. For our present purpose it is 
sufficient to put 

«i = 0, (14) 

and consequently (15) 


and 


f2 = -(l~(r*) 


W 


.(16) 


On eliminating ?i, between the 3rd and 4th of equations (12) and substitu- 
ting for and U from (13) and (16), we find the equation 


n 


W 

0^=0. 


.(17) 


the complete primitive of which can be written 

W = (A I cos qx/a -f jBj sin qx/a) -I- ( Aa cos qxfa -f -Bg sin qx/a\ . . .(18) 

where Bi, are arbitrary constants, and 

q « (ajih)^ {3 (1 — <r^)}^ (19) 

It will be observed that this quantity is the same as that which was denoted 
by g in the special problem discussed in Article 334 («). 

The integration of equation (15) introduces an additional arbitrary constant. 
If we retained this constant we should merely reproduce the results of the 
extensional solution, so far as these depend upon the arbitrary constant o^. 
For our present purpose it is sufficient to put 

{( A I -- Bi) oos qx/a sin qxfa] 

^ {(Ag -h JJa) cos qx/a - (A* — sin qx/a]] (20) 

The results here obteined indicate a state of stress existing in the parts 
of the shell that are near the edges, and such that the stress-resultants and 
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stress-couples diminish to very small values at a distance from the edges 
comparable with a mean proportional between the thickness and the diameter. 
We describe this special state as the "edge-effect.” 

The "edge-effect” here considered is of a quite different character from those 
which have been encountered in Articles 334 {e) and 335 D. There the ex- 
tensional strains were in general small compared with the flexural strains, 
but rose in importance near to free edges so as to secure the satisfaction of the 
boundary-conditions. Here the flexural strains are in general small compared 
with the extensional strains but rise in importance in the neighbourhood of 
fixed edges so as to secure the satisfaction of conditions of fixity. 

It will be observed that the combination of the solution in Article 338 
with the two solutions in this Article permits us to assign to\ the values of 
a,, Wi and at the two edges any values, which are consis^nt with the 
conditions of rigid body equilibrium expressed by equations (5) ynd (9). 

340. Tube under pressure. 

To illustrate the satisfaction of boundary-conditions, restricting the displacement ^ we 
shall work out the problem of a thin cylindrical tube, subject t^) uniform external pressure 
of amount po P®r unit of area, the ends l)eing kept fixed, and the deformed generators being 
tangential to their initial directions at the ends. Wo shall take the cylinder to l>e of 
length I and measure x from one end. The l>oundary-C{>nditions are 

117 ' 

W =0, -j- =0 at .r=0 and at x—l ' (21) 


In this problem and 
aax 


dx 

The complete expressions for U and W are 












<ra 

1 - 0-2 




{{Ai-¥B 2 ) coa qxja - (^2 ~ B^) sin qxla}\ 

¥Eh YEh 

-H ( A I cos qxja + Bi sin qxja) -f « ^ ( A g cos qxja -f B^ sin qxja). 

The boundary -conditions at the end give 




<ra 


.( 22 ) 


1 -2<r2 

A I -f* “* if 

The condition d Wjdx^O at gives, on writings for qlfa^ 

^{{Ax^Bi)cmz-^[Ax-Bi) sin2}+^'"*{ “(^2'“^2)c<^*-(^2 + ^2)rin z)»0, 
which can be written 

(-4 j 4* Aj) (sinh x cos s - cosh z sin «} + (A| — A^ (cosh x cosx - sinb z sin z) 

-f (^14- fig) (cosh z cos 4- sinh ^ain «)4*(fii - fi*) (sinh z cos f 4* cosh z sin 
On substituting from the 3rd equation of (22) this becomes 
(fii - fij) (sinh z cos ;r-f cosh z sin *) 4- {.4| 4-^ *) (sinh « cos x - cosh * sin z) 

4-2(fi|4-fi2)sinhi»Binx«0. (23) 

Now the equation Wr«»0 at ar—f, combined with the Sod and 3rd equations of (22), gives 
«>(A|4-if2)4-(Ai4’if2)cosb xco8S4*(fii4-fi2)(<^ # sins- sinh xooex) 

4- (fit - fig) sinb IT sin smO, 
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Md by of this equation and (23) we may express the ratios of 5,-5, and 5, + 5, 
to Wefiud * * 

„ 5,-5, 

sinh « + sin 0 cosh -g; — cos « — (sinh z-^sins) 

Again the equation £7'«0 at gives 

2gf + A 2) (cosh 2 sin 2 + sinh z cos 2) + (-dj — J2) (cosh z cos z + sinh z sin z) 

+(5, + 5,) (sinh « sin 2 - cosh * cos *) + (5, - 5,) (cosh * sin * - sinh s cos «)} 

I <ral 

On substituting from the 3rd of equations (22) and eiiuation (24) this reduces to 

i (A + fi2)+aii+a, p,=o (25) 

Now the 1st and 3rd of (22) give 

02=^ (6, +5,); (26) 

and hence, using the 2nd of (22) and (24), we have 

\<ra cosh 2 - cos 2 a' 2Eh^^ 

All the constants are now determined ; none of them becomes large through the large- 
ness of but a2 becomes small. 

To exemplify the diminution of the edge-effect with increasing distance from an edge, 
we may calculate the variable part of If. It may be shown to be 

icosh 3-^ sin 2£ +sinh cos ^ 

cosh qlja ~ cos qlja [ a a a a 

+cosh sin 4- sinh cos " -I , 

a a a a ) 

When X is near zero the most important term is approximately and when 

X is near I it is approximately (5i4*A) €”"«(*■ *)/«. 


341. Stability of a tube under external pressure. 

Before proceeding with the integration of the equations of Article 337 for 
a cylindrical shell, under conditions answering to values of rt, which exceed 
zero, we shall turn aside to discuss the technically important problem of the 
conditions of collapse of a thin cylindrical tube, subject to external pressure 
Po« To simplify the problem as much as possible we shall assume that the 
conditions, which hold at the ends of the tube, are such that the state of the 
tube, when the pressure is too small to produce collapse, is expressed with 
sufficient approximation by the extensional solution of Article 339 (a), and in 
this solution we shall further take X* and Oi to vanish. Thus this state is 
given by the equations 

and 

It may be observed that these results can be deduced easily fr^ those of 
Article 100 by taking n-r, to be small and adjusting e so that 
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We have now to suppose that a small additional displacement {u\ v\ w*) is 
superposed upon the displacement answering to this state. Let ... 
be the stress-resultants and stress-couples calculated from this displacement. 
Then the stress-resultant of type is — apo + In forming the equations 

of equilibrium, we must omit all quantities of the second order in u\ v\ w\ 
but we must not omit the products of jp© and quantities which are of the first 
order in u\ v\ w. In particular we must replace A and 5 by (1 -f 6j), 
5 (1 -h 6a) in any terms that contain p^. In regard to the calculation of Si and 
SJ we shall use the equation 

Si' + S:^Hi'/a, 

and replace equations (3) by the equation 




2Eh (dv' . 1 


)■ 


1 <T \dx ^ a ^ 

This procedure is equivalent to adopting equations (42) of Article 330. For 
the calculation of the remaining stress-resultants and the stress-couples it is 
sufficient to use the equations (36) and (37) of Article 329. 

One of the equations of equilibrium is used for the calculation of Si\ 
Two others give 


AT ' 

jS\ a A- • 

vic 


N« a = — a 


bh: dG,' 


dH,' 

"df ’ " Bx ' B(f> 

On substituting from these in the remaining equations we find the set of three 
equations 

dJV 

Bx 


ids: 

~a B4> 


+ I + 1 _ I = 0 

Bx a B4> a Bx a? d<f> ’ 


...(29) 


Ba^ 


2B*H^ 1 ,,, , r; ,, ,,, , „ 


In these equations we are to put 


'P' — 

2Eh 

(du' cr fdv 

- Mgi 

i' \\ T 

/ 

II — 

l-<r* ' 

[dx a 



J ““ 


Eh { 

dv 1 du' 

h* 

/dhv 

Bv': 

Si s=s 

r T <r 1 

dx ad<l>^ 

3a* 

\BxBif> 

Bx, 


Eh (Bv' 1 Bu 

h* 

f?ho' 

B^ 

« • 

1 + O’ 

Bx"^ a B<f> 

3a» 

KBxB<f> 

Bx 


2 Eh* 

OHa' o / 

'd*w' 

+ ^'\1 


OTi = • 

"3 1-0 

* \ 

.dip* 




2 Eh* 

( a*w' . 1 

(B*w' dv\ 

1 

fra ’ - 

8 1 — o* ( Ba? a! 


>• 

1 

ir/« 

2 Eh* 1 /aV 

3 1 H- 

Bv\ 

Bx) 

f 



i 

Bx 


1 fBv' , V 

o W""" ) 
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1 (cM dv’ 

* ' 1 ^ VW 

dxd^ dx ’ 
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We assume as expressions for the components of displacement the forms 
u' -U cos mx sin jk^, v'=V sin mx cos n^, v/=W sin mx sin n<f>, . . .(30) 


dll' _ 1 /dv' 
dx ’ 


1 /dv A 
a\d6 “')• 


u 

and write 


P, = . 


2Eh 


(30) 

(31) 


1 — ff® a 

Equations (29) become, on omitting terms of order higher than the first 
in U, V, W, 


\ 2 


■ + -, + ■ 


a- 


+ 


3aV 


W 




a \a- 


2-- cr ^ .. . 

o (I oCl^ 


I ^ 2/i2mW ^ 

\a^ a* 3 3 a® 3a^ / 


The elimination of U, V, W from these equations leads to a determinantal 
equation determining in terms of a, A, m, n. This equation may be sim- 
plified by observing that must be small of the order {alh){po/E), and we 
may therefore approximate by omitting terms of the orders or We 

may also omit terms containing h*. Further, m must be of the order j , where 

I is the length of the tube, and we may omit terms which contain A®m. The 
determinantal equation is then 

_ . af>j 

'0, 


1 — <rn® 
2 - a- 


(<r + ^)^ 

1 -f- (rmn 

2 ~- 

1 - (T „ n’ h? 

— m® H — 5 -h 

2 a® 3a* 

n h* 

am 

a 

n .. s 

8_ 1 

a> a' 


AV 
3o‘ 

and, whL we evaluate the determinant, omitting terms of the orders indi- 
cated, we find 


or approximately 


^«|-(n*-l) + (1 - 


3o» 
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The condition that the tube may be unstable in respect of a small displace- 
ment of the type specified by m and n is therefore 

%Eh ( {n* — l)h* m* a* 
a js (1 — ff*) o* n* (n* 




n*a* ] 


.(32) 


The forms (SO) would admit of the satisfaction of boundary-conditions of 
the type Tj = 0, t; = 0, w = 0, at the ends a; ■» 0 and « = i of the tube, if m is 
an integral multiple of ir/t Also the pressure required to produce collapse, 
given by (32), increases as m increases. With these boundary-conditions the 
least pressure, for which collapse is possible, is given by putting ^ =: tt/Z. 

When the tube is very long equation (32) becomes 

;>«=("’- 1 )^, 


SO that a very long tube cannot collapse unless the pressure excels^ds 32)/a®; 
and, when this value is but slightly exceeded, it collapses by flattening the 
section to an elliptic form (n » 2). 

But. for a shorter tube, collapse into a form given by n = 3 may occur for 
a smaller value of po than collapse into a form given by n = 2. The condition 
that this should happen is 


”^*®*'2*(2*-i) 3‘(3‘-l)} 




or 


m*a* > 


3(1 -ff»)a» 

^ 

5 (l-o*)a’‘ 


{(3*-l)-(2»-l)), 


When this condition is satisfied the tube collapses so that its section becomes 
a three-lobed curve of the form given by the equation r = a -f- 6 cos 34 , where 
hfa is small This statement holds provided m is not too great; but, as m 
increases or Z diminishes, a value will be arrived at, which is such that the 
value of given by n ■> 4 is smaller than the value given by » = 3. Then the 
tube collapses so that its section becomes a four-lobed curve. If m becomes 
large the validity of the approximations which led to (32) becomes doubtful. 

It follows fixtm the nature of the quantity called Z' that, when there is 
internal pressure px as well as external pressurg^ p«, the left-hand member uf 
equation (32) should be p, — p,. 


The result that, for a very long tube, the pressure required to produce collapse is iDja^ 
or (2E/(l-o*)) (A/a)*, was obtained by Q. H. Bryan*. The analogous result for a ring is 
given in Article 276 itytra. The tact that tubes sometimes collapse so that the section 
becomes elliptic, sometimes so that it becomes a three-lobed curve, and so on, had been 
observed long before by W. Fairbaimt, but it remained without explanation until the 
problem was attacked by R. V. Southwell}. The problem was (fisouss^ by Southwell in 


• Cawbridge, PhU. 8oe. Vroe., vol. 6 (1868), p. 287. 
t PhiL Tram. Roy. See., vol. 146 (1859), p. 889. 
t PML Tram. Roy. Soe. (Ser. A), voL 918 (1918), p. 187. 
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this memoir as an example of the application of his theory of elastic stability, and the 
solution^ including the result expi’essed in equation (32), was there obtained by him with- 
out using the theory of thin shells. In another paiier^, written later although published 
earlier, the same writer obtained the results by a method (based on the theory of thin 
shells) which has been followed to some extent in this Article. The reader, who wishes 
for further information on the experimental as well as the theoretical aspect of the subject, 
may refer to a valuable Report by G. Cook in Brit Amc, Rep., 1913, and to papers by 
Cook and Southwell in Phil Mag, (Ser. 6), vol. 28 (1914) and vol. 29 (1915). 

It should be noted that the theoretical solution has been obtained by assuming rather 
exceptional terminal conditions. The application of it to the problem of the stability of a 
boiler flue, which is strengthened to resist collapse by “collapse rings” placed at inten^als 
along the length of the flue, is discussed by Southwell in the papers cited, also by Cook in 
Brit Assoc, Rep,,, 1923, p. 345. 


342. Lateral forces. 

(a) Extensional solution. 

We return to the integration of the equations (4) for a cylindrical shell in 
the case where n = 1, and begin with an extensional solution in which pi, g„ 
/(., are omitted, and s, and s, are given by (3). The relevant equations 

included in (4) are 


d(l , Si 1 ~ 0~ VH _ (\ 

1 ^ V'" — 0 


dx 


a 


2Eh 

1 — <r 

"lEh 




while equations (2) and (3) give 

dV 




dU , 


u- 


Vj-W 

a 

V-W 

a 


,/dV U\ 


.(33) 


..(34) 


The 2nd and 3rd of equations (33) give 
from which we get 


*,^(r+r).o, 


( 35 ) 


„ ^Jl^r(Y'' + Z'')dx^0 

«i “ 2Eh J » 

•bm a, i. . cmtat .f iBtegmtion. The 1« of W 

.pWl.Jf«J.(8er.6).vol.36(1918),p.687. 


. „ fib, 

f I ** (I* — — iC — 
d 


%Eh 
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where o, is a constant of integration. Thus Sj, t,, are known, for ^ is given 
by the 3rd of equations (33). The 1st and 2nd of equations (34) give 

dU — 
dx 1-0-*’ 


so that 17 = Oj + f \ ^ dx, (37) 

J 0 1 — O' 

where Oj is a constant of integration. Thus U is known. The 3rd of equations 
(34) gives 

dV _ V ^ 28, 

dx CL 1 ™ o 

so that V = a, + + dx (38) 

where at is a constant of integration. The Ist and 2nd of equations (34) then 
give 

.(39) 

in which V is known, so that W is determined. The extensions! solution 
involves four arbitrary constants, and answers to the two solutions given in 
Article 338 and 339 (a) for the case where n = 0. It enables us to eliminate 
the external forces from the equations of equilibrium. 


(b) Edge-effect 

In investigating the edge-eflfect we shall omit X”, Y", Z", and take «, and .v, 
to be given by the equations 




+ = 

a 



.(40) 


the let of which is one of the equations of equilibrium. This procedure is 
equivalent to adopting equations (42) of Article 330. The remaining five of 
the equations of equilibrium become 

dti Sj . 
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The 2nd and 3rd of these equations give -f const. If we retain this 
constant, we shall only reproduce the results of the extensional solution, in so 
far as they depend upon a^. We shall therefore take 

Si 4* «i =» 0 (42) 

When we substitute for from this equation in the 5th of equations (41), 
multiply the left-hand member of the equation so obtained by 1/a, substitute 
— $2 for $1 — Ai/a, and subtract from the left-hand member of the 1st equation 
of (41), we find that ti - ^gf^/a = const. If we retain this constant, we shall only 
reproduce the results of the extensional solution, in so far as they depend 
upon Oa. We shall therefore take 

<.-^ = 0 (43) 

a ^ 


In the 1st of equations (41) substitute 5, - hja for - and from the 2nd 
and 4th of equations (41) eliminate tia- We obtain the two equations 

P + ~(s,-^)=0. I 

dx a\ a J 




Equation (42) gives when is known, one of the equations of (41) can be 
used to find when the other quantities are known, and there remain three 
equations, which can be taken to be (43) and (44). 

Equations (2) are in this case 
dU V^W , dUV-W 

^,w v W\ . /t‘ , . d (F-FN 


In these equations and equations (40) we shall put 

V-W f. 

• , ’ ^ dx a ’ 


and find 






N» (48) oombi»d with th. «Ki 6* W 

, 
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and the elimination of #2 tf from the 3rd, 4th and 7th of equations (46) 
gives 



On introducing these values of and hi into the 1st of equations (44), we find 
the equation 



Again, from the Ist and 2nd of equations (46) we obtain the equation 

ta - 0-^1 = (1 - «•*) «» 7 . 

and, on combining this with the 7th equation of (46), we get 

h? (dU dit\ M 

or by (48) 


/l . 

/d<j 

d^i\ 


(d® 

‘^dx) 


\ 


.(50) 


Now the 2nd and 6th of equations (46) give 
so that by the 2nd equation of (44) 




(l-<r)r. 


a-x- :7^ + a^ 
3a dx ax 


1 + : 


/t» 


«!-■ 


H. 

3a> 


1 + 


ft* 


or by (48) 

V M o„,.« __ 

On substituting from this equation and equation (47) in equation (50) we find 
the equation 

/ h*\d?St /i* d*? l+®’|o. n _ 4. 

or by (49) 




.(52) 




The integration, of equations (49) and (52) presents no difficulty. The 
primitives are of the forms 

f + AgS”^* + + A4e“‘* 

wkere Br [l - 


(r - 1, 2, 3, 4), 
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and the four values of m, approximate to the complex fourth roots of 

— 3 (1 — G^)lh^a^. 

When f and Si are known all the stress-resultants and stress-couples are known, 
and Tf also is known, without any additional integration, but such integration 
is required in order to determine the displacement w. Thus two additional 
arbitrary constants will be introduced. They may, however, be omitted as 
they can only reproduce the results of the extensional solution, in so far as 
these depend upon the constants a,,, and the displacement determined by 
these constants is a rigid-body displacement. 

Apart from the constants tty, which do not affect the stress-resultants or 
stress-couples, the solution obtained by combining the extensional solution 
and the edge-effect, contains six arbitrary constants a,, a^, Aj, A,, A^. 
These are sufficient to secure that N, - 0, shall have 

any values at the edges which they can have, these values being necessarily 
restricted by the conditions of rigid-body equilibrium, expressed by the two 
equations 7?i -f Si = const, and ti — gja = const. The way in which Hi enters 
into the expressions for the quantities, which can be given at the edges, has 
been explained in Article 332. 

An example which repays detailed investigation is afforded by a long cylindrical tube, 
held so that at one end a: ==0 its axis is horizontal, and bent by a load concentrated at the 
other end the load being applied by forces of the types iVj, Si proportional to cos 
and sin where (f> vanishes in the vertical plane passing through the axis. It can be 
proved that, apart from a local perturbation, the curvature of the axis is precisely that 
given by the ordinary theory of flexure (Chapter XV). The local perturbation is the edge- 
effect near the loaded end, and the stress answering to it diminishes, as the distance from 
the loaded end increases, nearly according to the exponential law where q is the 

quantity so denoted in Article 339 (6), 

343. General unsymmetrical conditions. 

When the conditions correspond with values of n which exceed unity two 
novel circumstances arise. One of them is concerned with the isolation of the 
edge-effect. In previous solutions this isolation was brought about by equating 
to zero the arbiti^ary constants which occur in two of the integrals of the 
equations of equilibrium, these integrals expressing conditions of rigid-body 
equilibrium. When ?i > 1 all the conditions of rigid-body equilibrium are 
satisfied identically, and recourse must be had to a new method. 

The other novel circumstance is the geometrical possibility of purely 
inextensional displacement. When n= 0, or 1, the only possible inextensional 
displacements are rigid-body displacements, and arbitrary constants expressing 
such displacements have duly made their appearance in previous solutions. 
They do not affect the stress-resultants or the stress-couples. When w >l, 
the place of such rigid-body displacements is taken by purely iuextenrional 
displacements, which affect the values of the stress-couples, hut not those of 

^lhestresa-mu\tsats,mso fax as these eanheexpi^^ eqaations (1) and 
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(a) Extendonal iolution* 

We consider first the extensional solution. As before, we are to omit giyg^^rti^ ^ 2 > 
and take equations (3) as giving a sufficient approximation to 8^, The relevant 
equations are 


with 




m #6 “f" jrjfj * 


dx 


a <2.Eh 




t\ 


dU . nF - W 
+ or 


dU nV^ W 
dx a ' ^ ^ dx a ’ 

The 2nd and 3rd equations of the former set give 

- <T^ 


1 — cr 


/dV nU\ 
\dx a / 


dx^ « 




and from this we obtain the equation 

l-(r2 


/; 


(F"4*wF') dxy 


where ai is an arbitrary constant, and appropriate fixed value of x, e.g.ythe value at 
one edge. Thus is known and the 1st equation of the same set gives 




where 02 is an arbitrary constant. Fui’ther is given by the 3rd equation of the same set, 
and thus ^j, < 2 » known. Then U is to be found from the equation 

dU <1 — (Tt^ 
rfar 1 - cr* ' 

which gives 

C/=A„+ r 

y a?,) 1 - <r‘ 

where is an arbitrary constant. Thus U is known, and V is to be found from the 
equation 

dV _nU ^ 2^1 
dx 1 — cr ’ 

which gives 

p-d., 

O/ ® y W ®<» ^ y J Xo ^ O’ 

where Bn is an arbitrary constant Thus V is known and IF is given by the equation 

W^nV- ,-p^. 

(1 - cr*) a 

The terms of IF which contain An and B^ are nBn-^n^x AJa^ and the terms of F, W 
which contain A^ and Bn express the most general inextensional displacement answering 
to the assumed value of n. 


{h) Approximatelg inexteiuional soltUion. 

The inextensional displacement does not contribute to the stress-resultants of type T, 
if these are calculated by means of equations (2) and (3), but it contributes to the stress- 
couples, and thence to the stiess-resultants of type N. If we find the stress-couples iu 
terms of A^ Bny deduce the values of ni, n* from the 4th and 6tb of equations (4) and 
substitute in the 2nd and 3rd of equations (4), we shall find that these equations are not 
satisfied. We therefore remove the terms containing A^ Bn from the extensional solution, 
and regard them as the basis of a new solution, in which the displacement is actually or 
approximately inextensional. It will appear, and may as well be assumed, that the dis- 
plaoem^t is only approximately inextensional, and is actually of the type considered in 
Article 330, in which the flexural strains are large compared with the extensional strains. 
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We write down the results of Article 330 in the form appropriate to a cylindrical shell, 


V12. 


^ _ (^<7 nV^ W f2~2<r~3irg ir(2+<r) nV-^n^W\ 

^ dx a 3at “2'(l-(r)' dx^ 2(1-V) a*' J’ 

42 (tr{l+2<r)d^W 2 + <r nV^nW\ 

* dx a 3at 2 ( 1 - 0 *) + 2'(l~cr) J’ 


(fdV 

nU\ 

^ A* 

/dV 

dW\] 

IVcte “ 

«) 


\dx 

^ dx )} 


j/dV 

nU\ 

A* 

(dV 




3a* ' 

\dx 

^d^)\* 


...(53) 


and assume that F, W are of the forms 

U=A^+h^U', V=nA^ ? +Bn+h^r, W^n^A, - +«5.+A*F' 
a a 

where U\ V\ W' are to be determined. In ... we shall not retain terms containing any 
power of h above the second, and in like manner we shall take as sudicient approximations 
to . 9 i, 5^2 ♦ K l-he formulae 

1) ^ +»(«■- 1)-®.!, +«(n*-l)B„j-, 

Then the 4th and 5th of equations (4) give 




The 6th of equations (4) is satisfied identically, and the 1st, 2nd and 3rd of these equations 
can be written 


dti 71^2 
dx a 


= 0 , 


dsx nil 712 
dx a a 


sO, ^24“^W2 = 0, 


where external forces are omitted, as the displacement answering to them is part of the 
extensional solution. 

In these etjuations we substitute for » 2 i introduce the forms for *2 

eApressed by (53), at the same time replacing (7, ... by ..., and neglecting powers 

of 4 above the second. The terms of ... which contain ... may be written 4*/i', ..., 
where 




nV’-W . dU' .nr- W . ^ (dV 


and then 
t 


.- 4 * [<,'+ {»*(«’ - 1 ) ^4 +«(«•- !)«.}]’ 

'.-A* *,-A*{-.,'- 
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The equations satisfied hj ti, it, are then 
<*i' n*i (l+2«r*)n*(«*-l) 

dx a 6(l-<r)a* 


dx 

h'+ 


? - ¥(1^* f ’ - 1) f +«* («*- 1) =0. 


«0. 


The process of solving these equations, so as to express ti\ %{ in terms of is 

the same as the process by which, in the extensional solution, « 2 > «i 'were expressed in 
terms of X*\ F", Z'\ except that now no constants of integration answering to aj , otg are to 
be added. When t{y are found the process of finding U\ V\ W the same as the 
process by which, in the extensional solution, Uy 7, TT were obtained frcp <i, <£» «i except 
that now no constants of integration answering to iln, -6n are to be adde 


(c) Edge-effect, 

To determine the edge-effect we have the equations of equilibrium 

dti n n ^ n 2 ^ dn^ n to ^ 

dec a dx a a dx a ^ a * 

dgx n , dL . 

^ ^2-- 7, ^2> «i+«a= — j 


with 


dx 


+ <r 


nF- W 
a ’ 


^ dU^nV^W /dV n,A 


AV 

yi--T 


h^/dPW^ nr-n*W\ 


\ AV aPlT , 7tr-n2|r\ , ,, .hUdV dW\ 

), ^ 3 = - 3 + -^ 3 - )> - ^>3^{dx-^-di )■ 


We eliminate n^y % from the equations of equilibrium, obtaining the equations 
dti n d f h{\ n ( ^ gi\ ^ 2n dhy to ^ 

and then express these equations in terms of Uy F, W, The resulting equations are 

dx^ 2 


1 4*cr n dU 1 
t a dx 2 


71^ /l-i-crn 1— <r n/t^ rf IF 

a* \ 2 a 2 flKr \ a 2 ) dx 


a dx ^ 3a2 


3-(r nAg(f2Tf 
6 

. <PW 
3a* rfj?* 

To solve them we assume that Uy F, W are proportional to and then we have an 
equation for m in the form 

di (63C3 - 63 C2 ) + (H (63 Cl — 61 C3) + ( 61 C2 - 62 c, ) « 0, 

where 




a*-- 


1 — or 71* 


71* » /1 4* O' 1 — O' A* \ 77171 / ,l“'<***A*\m 

6.= (^-2 2-3J.j-r» 

t , 1-ir /, ^A*\ , . A’\«* 

2 6,= (1 +-,) «*- ( 1 + 3^,j 

g,m«n+(l + 


C2«- 


3-0- A* 


^Vo*’ 


Os- 


om 


6,- -(8- «r) £3 w*»+ (^1 + 

A’ 4j^o A* 1-1 1 A . »*A^ 

c,. . - j m*+8 S? «*** - ^» (1 + ^) • 
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This equation is in general of the 8 th degree, but when h is small compared with a it can 
he shown to have four roots near to zero and four which are large of the order 
To see this we simplify the constituents ... by replacing any such factor as by 

unity. When this is done, we find that the simplified form of — contains no term 
independent of m or linear in m, and the term of it which contains is 

\ a2 ‘2 a^j ' 


and this can be simplified to —^(1 -(r) m^jaK When this is done and the left-hand mem- 
ber of the equation is multiplied out, and the coefficient of each power of m simplified by 
retaining only the lowest power of h which occurs in that coefficient, it is found to take 
the form 




^ 2 0 
<r) 3 ^, 


1 - rr 1 — (T^ 

2 cjfi 




which has four zero roots and four large roots, whicii approximate to the four values of 
{ — 3(1 -<r2)}i/^/^(a^). Closer approximations to the large roots can be found, if desired,, 
by retaining the original values of 6 i, ... . 

Denoting the large roots by ?ni, m 3 , m4, we have solutions of the diflferential 
equations for \\ W in the forms 

1 e*"!* + ^ 2 ^ 3 4 i5i + . . . , ir= Ci -f- . . . , 

in which the coefficients C may be regarded as arbitrary, and the coefficients and B may 
be determined in terms of them by the ditterential equations. These solutions represent 
the edge-effect. 

It will be observed that the stress, or displacement, answering to the edge-effect 
diminishes, with increasing distance from the edge, in the same way as in the problems of 
symmetrical and lateral forces. Further it will be observed that the extensional solution, 
the approximately inextimsional solution, and the solution for the edge-effect contain eight 
arbitrary constants, and so make it possible to satisfy any conditions of stress or displace- 
ment at the edges. 
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344. Extensional solution. 

When the middle surface is a sphere of radius a we take a to be the co- 
latitude 0 measured from a fixed pole. Then we have 

a = d, A^a, B^asmO, = 

For an extensional solution answering to any value of n we omit ^ 1 , 
and determine Si and $2 by equations (3). The 6th of equations (4) is satisfied 
identically, and the 4th and 5th of these equations show that, to the order of 
approximation involved in the neglect of gu g^yKi the quantities ^2 
also negligible. The first three of equations (4) become 


d 1 — ,/ 

sin 0 ) + ns, - tgcos ^ -f- a sin ^ 

j («, sin ^) - nt, + Si cos ^ + tt sin 6 
l-<r* 


d$' 

t J + + fit 


■ 0 . 


F'-O, 


2 M 


F'*0, 


..(54) 
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and equations (2) and (3) give 

, IdU ^ (U nV \ .W 

ado \a a sin o/ a 

, <rdU , (U ‘riV \ ,. ,W 

a dd \ a asm 6/ ^ 'a ’ ' ' 

1 x/ldF V - nU \ 

‘ ^\a dd a asm 6) 

The third of equations (54) combined with the Ist and 2nd of equations (55) 
gives j 

„ PF \ fdU jj .n, wF \ 1 — 0- 1 . 

a a\dd smd/ 2Eh A ' ' 

and, on eliminating W by means of this equation, the Ist and and of equa- 
tions (55) become \ 

fl dCT Ui 


.. fldCT Ucosd + nV l+o- 


, , f 1 d tr V cost 

<2 = 4(1 -o-)-^ - --JO + ^ 

' a do a 81 


Idtr fTcosd-t-nF 1 + 0 - 


sin 6 


2Eh 


aZ"\- . 


.(57) 


On substituting from equations (57) and the 3rd of equations (55), the 1st 
and 2nd of equations (54) become 


d f 


{sind^^- 

U cos ^ 4- nF\| 

t ^Ud 

sin 6 )] 


/dV V cos d + nU^ 


4- cos d 


dll U cos d + nV 


/(W_ 

[dd 


sind 


Vdd sin d 

) 


-f- o* |X" sin d - ~ (Z" sin d) -|- jZ" cos dl = 0, 


d 

( ■ 

Fcosd-t-ntfV 

1 MV 

U cos 0 + nV\ 

dd 

r^w 

sin d / 


sin d / 


4- cos 


dF Vcosd + nU 




sind 




which may be written 

dd* 

^F 


When n = 0 the second of these equations can only lead to the solution of 
Article 838, To solve the first of them for U we observe that a particular 
integral of the homogeneous equation obtained by equating the left-hand 
member to zero is 17= sin d. On putting 

Jf=£r,sind, 



we find the equation 


EXTENSIONAL SOLUTroiT 


from which 

de 


-^" + 3 cot^^« 


I Ljl?’ f X’) 1 dZ"\ 

V “2 


dV, J , 

XO 

of the equation for U in the form complete primitive 

C^= 6, sin ^ ^ o. (cot ^ - sin ^ log. tan \ 6) 

- “•-a"™ ^/; ,i„. e[r.l ,,,, 

when n>0 we put ^ 

^=U+V, r,^U~V- 
the equations for U and V give 

= -a»i± 5 /rv IdZ" „ \ 

» « i + (l , + 2 „^ , 


1 dZ" n 

^ d$ 2 sin ^ 


V 2 2 smd^ J' 

«l«.ti2 "Z in equations obtdnnd by 

w;td rbt:”^ •» ^ 

f = hq (1 - cos ^) + io, |(1 - cos 0) log. tan 10 - 

^ 1 - cos 0) 

X {/^(i -«osd)™« (x'-lf '+ 

’ “ ^ (1 + cos ^) + i a, |(1 + COS log, tan + ^±£2if I 
( 1 + cos 

Eh 

x|/;(l+c<»«)rind(x”-‘f-I^-^X')d«}dd. 
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When n > 1, particular integrals of the equations, obtained fitom the equa- 
tions determining f and 17 by equating their right-hand members to zero, are 
f =58in0tan*Jd and i/ = sindcot"id. The complete primitives of the equa- 
tions for { and 1; are 

f ■■hisin^tan" Jd + Oisin^ cot"Jd cot“t^^-|-^j-^ tan* 

— o*i-iT-8indtan“|^ f cosec’^cot*"-^^ 

Jan J t, 

X y ^ d„- « to. (Z' + r - i f : + 5^4') m ] m . 

ri — biWa. ^cot"|d-l-a,sin^tan" tan’^^ + cot* ^6^ 

— a* — sin 6 cot" ^0 f cosec* 0 tan*" ^0 \ 

Krl J 0^ \ 

X {/;; to- « cot. [X'-- r - 1 f-' - Z")d0\ ie. I 

( 60 ) 

In each case W is given by (56) when U and V are known. 

The method of integration here explained permits of the elimin^ition of the 
external forces in all cases*. It may be noted that, when n = 0 and there are 


no external forces, equations (54) and (55) give either 

f7s=0, ^i = ^2 = 0, sin® ^ = const., (61) 

or F » 0, Sj = 0, ta = — ^ 1 » sin® 0 =» const (62) 


Further when n = 1 and there are no external forces equations (54) give 
ti sin 0 cos ^ — Si sin 0 = const. 

Sj sin ^ cos ^ sin 0 = const. 

We observe that, when n == 0 or 1, the solution contains terms which repre- 
sent a rigid-body displacement; but, when ti > 1, the corresponding terms 
represent an inextensional displacement, exactly as in Article 343. The terms 
containing bi and 6a in equations (60) should therefore be removed, and made 
the basis of an approximately inextensional^solution. This solution can be 
found for any value of n. 

346. Edge-effect. Symmetrical conditions. 

In a spherical shell the sixth of the equations of equilibrium (4) is satisfied 
identically by adopting equations (3), and there is no necessity to have re- 
course to the second approximation for Si and s$. So we take these to be 
expressed by (8). When the conditions are symmetrical, so that n » 0, we 
either have 17 » 0, and then we have the solution for torsion, or else we have 

* Th« method will be fbond in a paper by the writer in London Math* 8oe^ JProc., vol* 20 
(1889), p. 89. 
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F"** 0, and then «i, «„ all vanish. We may suppose the external forces to 
be eliminated by means of the extensional solution, Eind then the relevant 
equations become 

d , . I 

^ (i, sin 6) — cos ^ — nj sin 0 = 0, | 

“ 0 , 

d 

^ (n, sin &) + {ti + i,) sin Q =0, *(64) 


with 


Uj 

0) — gfjcos^ — Wittsin d<=0, 




zW'^+Ucote-{l + a)W[, 


9^ 


(d^W ^dU _/ 

3a“ id£?= d(9 V 


dW 

de 


+ U 


Sf2 = - 


3a® 


(d^WdU\^ ,a(dW ,A 


.(65) 


From the 1st and 3rd of equations (64) we eliminate obtaining the 

d 

equation ^ sin® 0 + Ui sin 0 cos 0) = 0, so that we have 
<1 sin® 0 + ni sin 0 cos 0 = const. 

If we retain this constant we shall merely reproduce results included in those 
obtained in the extensional solution. We therefore write 


= — Wi cot 0 

.(66) 

Then the Ist of equations (64) becomes 


dn, 
de • 

.(67) 

M . dW „ f 

Now put + 17 = f. 



Then the 3rd and 4th of equations (65) give 
'Wid the 4th of equations (64) becomes 




( 68 ) 
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Again the 1st and 2nd of equation^ (65) give 

and from (66) and (67) this becomes 

^ ("i cot d) - (1 + (t) cot ff cot e - = hiz. 

or ^J + cot^^^'-(cot»d-^)«. = ?^f. ^ (69) 

To solve the equations (68) and (69) introduce two constant multipliers 
a and /3, and form the equation \ 

{^ + oot0^-cot^0)(an, + ^l) + <r(^^n,-^^) + ^^n,-(l-<r*)a^^O. 

This will take the form 

+ cot^^ + A:4-l - cosec’ ^«n, + )8 = 0, (70) 

if a, /9, k are made to satisfy the equations 

<Ta + '-^0 = ka, + {l —o*)a = — kfi, 


which require 


— <r* + 


3(l-o-«)o» 

A’ 


(71) 


When k is found from this equation the ratio a:0 is given by the equation 

(«r + A)^ = -(l-a>)o ( 72 ) 

If we put cos 0 = ft equation (70) can be written 

{(1 - - t :^} (■"' 

where v (v + 1) = 1 + A, so that _ 


(v» + v-l)*-<r» + 


3(I-ff»)o* 


= 0 , 


.(74) 


and equation (73) is the equation satisfied by generalized spherical harmonics 
of order p (not an integer). In fact, if v were an integer one of the solutions j 

of (73) would be V(1 - M*) denoting Legendre’s vth coefficient. 

In the present case there are apparently four values of p, but two of them 
are irrelevant being obtained from the other two by changing p into — (v + !)• 
Thus there are effectively two values say v, and p„ both large of the ordef j 
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{3(1 — ±i) V(a/2A). The integrals of equations (68) and (69) are 

therefore expressed by equations of the form 


i-i (I'l + 1) + <r - 1 a ’ ' 


M,- 


1-0-* f -C^S) 

Va ( 1/2 + 1) + o- - 1 a ~ (^)> 

where A^, Bi, Ag, Bg are arbitrary constants, and /*„* (m), are two inde- 

pendent integrals of the equation 


d/t 1^ ^ ' dfi 


-hv(p + l)y-- 


M- 


: = 0. 


The orders Vj, i>, of the generalized spherical harmonics being complex, the 
constants ,4i, ... are also complex, and they can be adju.sted so that Mj and f 
are real. The theory of the functions and expressions for them as hyper- 
geometric series are given by E. W. Hobson*, who has also obtained (pp. 486, 
487 of the paper cited) expressions for them adapted to rapid approximate 
calculation when v is large. On omission of numerical factors, which are here 
irrelevant, these expressions are 

P » (cos <}\ = 4 . cos j(K +})e- iw} 

(2 sin 6)i 2 (2^ + 3) (2 sin d)t 

(P — 4) (S’* — 4) cos \{p -f f) ^ — Itt} 

2.4(2j/ + 3)(2v + 5) (28ind)5 

COS ((y -f 1)0 + f tt} 


+ 


q; (cos d) = + 

^ ^ (2sind)i 2(2i/-(-3) 


(2 sin d )2 

0’‘-4)_(3’*-4)_ co s((i>4f)g + |7r} 

2 . 4 (2p + 3) {2v + 5) (2 sin 6)^ 

When V is complex of the form p + iq, these series involve real exponentials of 
the form and and thus we can see that the edge-effect diminishes with 
increasing distance from an edge according to the exponential law, in much 
the same way as we found in the case of a cylindrical shell in Article 340. 


The problem of a spherical shell under symmetrical forces has been the subject of 
nv;merous researches. The eft’eotive step in the solution, the formation of equations (68) 
'uid (69), with the recognition of the possibility of solving the resulting equation (70) in 
terms of series having exponential factors, was taken by H. Reissnert. The recognition of 
the equations as of a type solvable by hypeigeometric series, and the extension of the 
nietluKl to conical and annular shells under symmetrical forces, will be found in papers by 
E* MeissnerJ. The method is worked out in full detail for a spherical shell under 
symmetrical forces by L. Bolleg. The connexion of the functions involved with spherical 
harmonics does not seem to have been noticed. 


* niL Tram. Roy. Soc., vol 187 (1897), p. 448. 

t ‘‘Spannungen in Kugolschalen (Kuppeln),’* MillUr-Brislau^FesUchnft, Leipzig, 1912, p. 181* 
: PhyiikalUche ZeiUekrift, 1918, p. 848, and Vierteljahrmhrift d. Naturforschenden Oe*. in 
\ 1915, p. 28. 

§ **F68tigkeitobereohnung von Kugelsohalen” (Dias.), Zurich, 1916. 
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We may now regard nj and f as known, then equations (66) and (67) give 
ti and tg ; and, f being d Wjdd + U, the 3rd and 4th of equations (66) give 
and gt, while n, vanishes. Thus all the stress-resultants and stress-couples are 
known. Further, since 

^ cot ^ = ^(t.-t.)= «.cot e ) , 
we have U- tisin 6, 

1 — (T 

where bi is a constant of integration, which may, however, put equal to 
zero, as the same term occurs in the extensional solution. Th^n the equation 

1 ~ cr 

gives W. In order to satisfy given boundary-conditions of forc)^ or displace- 
ment at the edges it is generally necessary to combine an extensional solution 
with the edge-effect 

The equations determining the edge-effect in a spherical shell have not been integrated, 
except in the case where ri=0. It may be observed here that, when »*■ 1, the equations of 
equilibrium possess two integrals answering to equations (63), and these can be shown to 
be 

Til sin^ ^ sin d cos ^ -P sin const., 

(^1 - sin (^$ 1 + cos const. 

In order to determine the edge-effect in the case where w~ 1 we should begin by equatin^^ 
to zero the constants in the right-hand members of these equations. 
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When the middle surface is a right circular cone of angle 2% we take a to 
be the distance r of a point on the surface from the vertex of the cone, and 
then we have 


- . , A ^ 1 1 dB 

g,-». a""”’’- 


When n s 0, the extensional solutions include the solution for torsion, which 
may he recorded here in the form 


0 , 




.(76) 


and a solution in which V and «, vanish. In equations (76) a, and 6, are 
constants of integration, and r, a suitably chosen fixed value of r. 
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For the extensional solution in which V and «i vanish we have the 
equations 

^ (hr) - rX" = 0,] 


t. 


2Eh 


.(77) 


Z"=0. 


with 


r tan y 2Eh 

\r r tan 7 /* I 
dr 


\r r 


.(78) 


. 


tan 7 / * , 


From equations (77) we find 




,.(79) 


where is a constant of integration. Thus ti and are known. From equa- 
tions (78) we then find 


.(80) 


lF = trtan7-rtan7|^J,^ 
where ig is a constant of integration. Thus U and W are known. 

347. Edge-effect. Symmetrical conditions. 

As in previous examples we take Siy and hi to vanish, and omit external 
rces. We have the equations 

ih^Oy 

d ..Ji 0 

dr tan 7 

the Ist and 3rd of equations (81) we obtain the equation 
tir + niV tan y = const., 

as before, we equate the constant in the right-hand member to zero, thus 
^Jtaining the equation 


n, = -«iC0t7. 
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Then there remain two equations, viz. 

d 


U 


dr 


(tir), 


9t = ^(9ir) + tircoty. 


.(83) 


Again, we have the equations 

dr 




‘•-"dr* 


W 

r r tan 7 

0 w 

r 


.(84) 


\r rtan 7 /^ 

^ fd^W a dW\ 

^‘""3 V'^'^r dT/’ 

AV d?W ldF\ 

3 dr* ^ r dr j ■ 

In these we write f for dWfdr, The 2nd of equations (83) becomes, on 
substituting for from the tSrd and 4th of equations (84) and using (82), 

UU4*"H"i*^ 


or 


+ nir = 0, 

i7^ + l^f_l-Un=0 

3 \dr^ r dr rv ^ ^ 


.(85) 


Now the Ist and 2 nd of equations (84) give 


{7 = If cot 7 + r 
d U t-t (rto 


^2 ““ f^ti 


dr 1 - < 7 * • 

We eliminate U from these equations, thus obtaining the equation 

(1 - a*) f cot7 + ^ {^(<2 - ‘^<1)! - (<i - «»■<>) “ 0 . 

which becomes, on substituting for from the Ist of equations (83) and for 
from (82), 


1 

dr r dr 


r — (Uir) 


-n,-(l-<r’)|cot *7 = 0 . 


d*n, 3^_ Q 

dr^ r dr ttm’ 7 * 


or 

On putting 

n,r ! 

equations (85) and ( 86 ) become 




.( 86 ) 

.( 87 ) 


d“f 1 df 4 „ . 6 
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To solve these equations put 

2(1 

tan* 7 




80 that 


12(l-<r* ) 

tan *7 


.(89) 


then the integrals of the equations are BesseVs functions of hx of order 2. 
There are four complex values of ky but two of them are irrelevant, as the 
Bessel’s functions are not altered by changing the sign of h The two relevant 
values of h are 

(l±i){3(l-ff*))i/(^tan7)i or say i i) wi^, 

where m = {3(1 - tan 7 (90) 

The integrals of the equations (88) are then 

f {(1 +• i) (2mr)^l + 5, \\ {(1 + i) (2mr)^} 

+ ((1 - 1 ) (2tnr)^j + B,\\ {(1 - i) (2mr)^}, 


i[A.J,Kl+f)(2mr)i! + B.F,Kl+i)(2mr)i}] -W 

771 van 7 

• i [AJ, 1(1 - i) (2mr)i) H-XF, {(1 - ») (2mr 

771 tan** 7 

In equations (91) the constants ili, ... are complex and may be adjusted 
so that the values of f and rj are real. By means of the semi-convergent 
expansions of the Bessel’s functions we can see that the edge-effect diminishes 
with increasing distance from an edge in much the same way as it has been 
found to do in previous examples. 

The integration of the equations for a conical shell under symmetrical forces is due to 
E. Meissner* who has also pointed out that for a shell of variable thickness, proportional 
to distance from the vertex of the cone, the integration can be effected without introducing 
any transcendental functions, A detailed investigation for the case of uniform thickness 
and for a number of laws of variable thickness has been given by F. Dubois+. 

When f and », are known. dWjdr and n, are known, and by equation (82) 
and the let of equations (83) and are known. Also and are known, 
and thus all the stress-resultants and stress-couples are known. To 
the displacement an additional integration is required, in order to n rom 
the known value of f, or dWjdr. When Wis known. Uk known from the 
equation giving t, - < In effecting the integration for W no constot n^ 
he added, as an additive constant in the expression for W occurs also m the 
extensional solution. 


t 


w. eii. anU, p. 689. _ . • v 

'Cber die Featigkeit der Kegelsohele” (Dies.), Ztmoh, 1917. 
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348. Bztensional Bolntlon. Lateral forces. 

In a conical shell, when nal and gi, gt, K are neglected, equations (4) 
become 

^ (i,r) sin 7 + s, - 1, sin 7 + rX" sin 7 - 0, 


2Eh 

dr - V . , . 1 — * 

^ («,r) sm 7 - <, + «1 sm 7 + 

1-a* 


rY" sin 7*0, 


.(92) 




SHT 


On multiplying the Ist of equations (92) by sin 7, the 2nd by — 1, and the 
3rd by — cos* 7, and adding, we obtain the equation \ 

^ (t,r) sin* 7 ~ ^ 7 + ^2^^ r (Z " sin 7 — Y" — Z" (»8 7) sin 7 = 0, 

which can be integrated in the form 

<,r sin 7 - = a, - r (X" sin 7 - Y" - Z" cos 7) dr. (93) 

The elimination of ^ between the 1st and 2nd of equations (92) gives 

^ (<,r) sin 7 - ^ (fi,r) sin* 7 + «i cos* 7 + r{X" - Y" sin 7) sin 7 = 0, 

and the elimination of <,r between this equation and (93) gives 

r ( Y" cos* 7 + Z" cos 7) = 0, 


^(s.r) + s,Jcos*7+-^ 

which can be integrated in the form 


«,r*co8 7 = a,— r* ( F" cos 7 + Z") dr 


.(94) 


From equations (93) and (94) t\ and Si are known, and is known from the 
3rd of equations (92). 

Now equations (2) and (3) give 

W 


* 




,v r th \ 

\ r * r sin 7 r tan 7/ * 

V). 


dr \r rain 7 rtanx 
in ^ ^ \ 


.(95) 


From these we find 


whence 


dU tx—vtt 
Tr^ \-a»' 


.(96) 
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and we also find 


IflU- 

dr\rj 1 


U 


dr\rj rsin7 
whence, U and s, being known, we find 

U 


1 -(t’ 


JroV sm 7 ^ (1 <r) r) 


dr. 


Thus U and V are known and W is given by the equation 
W ’ U tan 7 + F sec 7 — ^ ^ r tan 7. 

Edge-effect. ' Lateral forces. 


.( 97 ) 


.( 98 ) 


349 . 


In a conical shell, when Qi, are not neglected, equations (3) do not 
give a sufficient approximation to Si and Sg* for these are necessarily connected 
by the 6th of equations ( 4 ), which becomes 

jgl-f -- rf . 

r tan7 

We shall proceed, exactly as in the problem of a cylindrical shell, to take 
Si and Sa to satisfy this equation, while Si — is the same as if equations (3) 
held. This procedure is equivalent to adopting, as far as Si and 8 ^ are con- 
cerned, the second approximation given in Article 330 . 

As the problem is rather intricate it may be desirable to sketch the method 
in advance. We first write down the relevant equations of the set ( 4 ), and 
obtain two integrals of them. One of these integrals will be found to express 
Wi in terms of and the other will not involve iii or Wg. We shall then 
obtain a set of nhree equations connecting tiy gi, g^, h^. This part of the 
work will be marked (a). We shall then proceed in a second part, marked (6), 
to express the quantities ti, ... in terms of two quantities, one of which is 
V/r — tan 7 {d W/dr — W/r), while the other is ti — gij{r tan 7). In a third part 
of the work, marked (c), we shall obtain two linear differential equations 
connecting these two quantities. Here a certain approximation will be allowed. 
In a fourth part, marked (d), we shall show how to integrate the equations in 
a form suitable for expressing the edge-effect. 

(a) IntegraU of the equations of equilibrium. 

When « « 1 the equations of equilibrium of the conical shell become 

^ {ti r) sill y — 32 “• ^3 y ’ 

<Lt 


Tr 


(»i r) Bin y- sin y - n, C(« y =>0, 


^ (»,r)8iny+w,+<,co8y=0, 

^ (Air)siny+5r,+Ai8iny+»,rsiny=0, 
^ (jyif)8iny-Ai-sr,mny-nir8iny»0, 

- A, 008 y + (•!+ *«r »’ •»“ y - 


.( 99 ) 
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We multiply the left-hand membaB of the let, Slid, and 3rd of these 
hy sin y, - 1, and - 008 y, and add, obtaining the equation 


fc®: XXIV 


d 

dr 


{fir)8in*y 


d 

dr 


{ti r) sin y “ ^ (»i f) «n y oos y =o, 


which is immediately integrabk As in previous examples no constant of int^ration neer 
be introduced, and we may write the integral in the form 

n, COS y- sin y - (100) 

We eliminate ^2 from the 1st and 2nd of equations (99), obtaining the equation 


^ {ti r) sin y — ^ \jti r) sin^ y - «2 cos^ y -f sin y cos y *4 0. 

We eliminate from the 4th and 5 th of equations (99), obtaining the to nation 
d d \ 

^ (sfi y + ^ (^1 y ~ y + Tig r sin*^ y - ti, r sinW = 0. 

From these two equations we eliminate TI2, obtaining the equation 




d d> d 

r ^ {ti r) sin* y - ^ (^1 ^) sin y cos y - r ^ r) sin^ y - rs^ sin y cos* y 


— ^ (/<! T*) sin*y cosy-f/f, cos*y-hw, r silly cos y=0. 

In this equation we substitute for fi, from equation (100), and for r«2 from the Oth of 
equations (99), obtaining the equation 

<f . . . o d , . . d 

r ^ {ti r) sin* y - ^ (^1 sin y cos y - ^ (^1 y + (r«, sin y ~ hi cos y) cos* y 

- (/q r) sin* y cos y + hi cos* y + r sin y (^i sin y ~ «,) = 0, 

or 

d d d d 

^ (^, r*) sin* y - ^ C^i r) sin y cos y - (#, r*) sin* y - (/«i ^) »ui* y cos y =0, 

which is immediately integrable. Here again no constant of integi ation need be introduced, 
and we may write the integral in the form 

+ (101) 

Now the Ist of equations (99) gives 

+ (^02) 

The 5th of equations (99) becomes, on substituting from (100) for ti,, 

^ (Pi r)-r, r tan y+ (*,- vsocy, 

and, by eliminating «i - Ai/(t* tan y) between this equation and (102), we obtain the equation 

‘‘-7^r-fT,{'’{''-riLy)} 

The set of six equations (99) may now be replaced by equation (100), giving n,, the 
3rd of equations (99), giving W2, the 6th of equations (99), giving #3, and the equations 
(101), (102), and (103), which do not contain nj, or sj. 



ijtf] ■Doi-nnoT. 

(i) JnlnMiua^o/a«di»plaeem«nt. 

The set ef equationa connecting with the duo]^ . . 

. dU fu v^w,^ V ®P'*®MnentiB 

"a? +» v- ^ ^ 

^ ’“Mnv 

^ sm y > 

am. WW /y 

■ 3 r 1 dJT) 

A,= I (1 - ^ f 

and with these we have to associate the 6th“„f ’ • 

In these equations we put ^ equations (99). 


Then we have 


and these oquation.s give dr 

u V- iTcos y fdw ir\ 

rainy" - T ) tan y+tan y f,- _ 

=^+utanv, ^ ' ^e* 


u 

~ - tan) 

/rfir 

' (rfr 

_ JT) 

r V 

1=1,1 

I^COSy — 


1 

r 8m2y 

rfr 


II 

+ 

' dW 
,'" rfr 

-it) 

tany, 

sin^ y 

^nj-r 



cosy 

cfr 7 

+ sec 


= f +7 tally, 
rainy cosy \ dr 


sinyoosy “rtany 


(dg £Pr\ d /W\ 

cosy V cfr ’’ d?* ) (-r) secy 1 W'X 

..jni, ^r/ f '''' ""r U--7)-“r 

cosy Wr - j 


d^yy 

dr ~;*:(’’^)+r tany. 

McOSy-)fN^ .rf 

, rsiny ) Vrfr "rf,e ; 


£.Mcosy-)fN . ,d„ 

„ dr\, rainy ■)=*““ y(J- 

Hence equations (104) become ^ 

■'-““I' ('■'^+<^) +!:«)+,{, 


*i-»s«(i-<r)|- ^ + g!s!y-/^ ^\i 

l Siny cosy \dar~ da» )( > 

3 \dt^ *T)’ 

. _ A*/ d>W »\ 

3 (‘^"Sr^+y. 


A.-?(l-o)siny(|-^). 


..( 106 ) 



^?owtheUtM«i4thor«quatkm*(10e)ykM**i|^te»btiottirt^ . . 

thiflrelHtioncaDbeputinUiefonD *’ «*“<>{, and 

(^ * 3>^”t*n*y) ^ (*' ” rt*^} *^Um*y (107) 

The same relation may also be used to express fft » *««» of {/, -^gifir tan y)} and t r 

the aame waj from the 2vd&Dd6tb of eqmiJom(lOB) we Machtaht the eqmtiou ^ ” 

37 ^~tan*y} ~ (f* rtaay) 3r* tan * y £" > (1^8) 

and use this relation to express g, in terms of {h-gt/(.rtaxxy)] wd f Then, since 
|^_^^(rtany)} is connected with {ti— ^i/(r tony)} by (103), we have t|, i jTt expressed 
in terms of -^i/(?"tan y)} and 

Again the 3rd and 6th of equations (106) with the 6th of equations (99) jield a single 
relation between «i, Aj and and this relation can be put in the form 


'* C “ ('•+ r in^;) 0 


A‘ 


3r^ tan* y 


;) -(l-<r) 


^* (cOB^y 
3 r*8in®y’ 


...( 109 ) 


and thus by (101) «, is expressed in terms of {<j - 5'i/(r tan y)} and (. The same relation 
avails to express Ai also in terms of the same two quantities. 


(e) FormcUion of two linear differential equatione. 

It remains to obtain two equations for the detennination of ( and ~^i/(rtany)}. 
One of these can be obtained directly from the equations already found. For the other we 
have recourse again to equations (106). We write the 1st and 2nd of equations (106) in 
the forms 


t\ — 
1 -0-* 


d^W ^ 
rfr* 


dr 


(r«), 


and eliminate 17 and W from these eqmtions and the equation 


We thus obtain the equation 

0 ^ 374 ; b * v ) i “"*>} =^> liiTy 

( 110 ) 

In proceeding now to form the two equations for determining ( and {^1 gil(r tan y)} we 
shall permit ourselves a certain approximation, depending upon the circumstance that hjr 
is small. In equations (107)-<^110) there are terms which contain factors of the form 
{a<f (A*/r*) /3}, and other terms which do not contain such factors. In any term, containing 
a factor of this form, an approximation may be made hy omitting (A*/^)^ as small in 
comparison with tu We shall not alter any expression which does not contain such a 
factor. For example we shall not alter the expression 
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which 


— XIMMU <^«|«.*io«. aW)-{109X the th«e eq Jil 

f&^) + &*£,-. y {I (^f)+^ ,| 

**- (*»- y {4r (-f)+4 , , 

•»+ , 


A 

rtwy, 

and these give to the aame order of Approximation, 


(., 


'/ ' '3 r»8in>y> 


..(111) 


Now write 


^rtau^ 

3r tan-y 




sr»- 


f|;(»-f+«}, 

‘ I COR y 

Srain^y * 


,.( 112 ) 


-t,- . Si 
rtany* 


.(113) 


iSP;.'’w°S“''^“'**’’' (in) »d 


.L+, 


A* 


ii 


(»-«) + <r«|, 


3r® tan‘-* y (o^r 

“ -r Jr a^ITy f Tr (»•«+«} • J 

Also by the 3rd of equations (111), combined with equation (101) and the 3rd of equations 
(112), we have 

^ -A. 4(1- N A^^cos^y 

* r tan y sin y ^ r* sin® y 

Now substitute from (114) and (115) in (102). We obtain the equation 


.(114) 


.(115) 


A« 


3tan*y 




A® 


?[3 + S - {» 0 +"H! I] — 2 . (116) 

This is the first of the required equations. It has, as premised, been formed without using 
equation ( 110 ). 

We next form an approximate equivalent of equation ( 110 ) according to the plan 
adopted for forming equations ( 111 ). It is 

i - b. ^tr - 2 <i (1 +<r) _ a f 1 (117) 

r ** \dr ^ rj rsiny r ^ \sin*y / 

In this equation we substitute for ti and <3 from equations (114), and for Si from the 3i'd of 
equations (111), and in this last eliminate {«i+Ai/(rtany)} by means of ( 101 ). We thus 
obtain the equation 

ar\ / r r rsm*y 

, A* r<i . 1 +W,\ /I <ig , n-«r A . _ «< A ^ u, 1 +g A 


+«r 


(3 + r* V f*8in*y 'J rtan*y* 
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The coefficient of ^A^cot^ y in the left-hand member of this equation is 

{( (1 - <r«)/f8} ( - 3+ 2 oosec2 y), 

and the equation becomes 


(P(Lr) 


. 1 d{Lt ) 
^ r dr 


-Jon N . Cl ^ U A8(2~3sin«y) ) 

I ^ sin^ yj r r tan^ y ^ 1 3r^ sin* y J ’ 


or, by our method of approximation, 
(P(Lr) ^ 1 d{Lr) 


df^ 


^ r dr 




This is the second of the required equations. 

(ci?) Method of solution of the equations. 

We shall now transform equations (116) and (119) by putting 

Lr=:h(y 


The equations become 

dx^ xdx \ 8in*y/^ ^ 


da^ ^ X dx 


•8 


\ sin*y/ ^ 


2 0-<r») . 
tan* V 


,.(120) 


.( 121 ) 


sin^y/ 

Between these equations we eliminate f, obtaining for f the linear differential equation of 
the fourth order 


2 d^ 

da^ ^ X dx^ 


- (1 +ai +a2) ~ 2 4-(l +3a, - ajj) ^ ^ | 


12(l-«r*) 

tan*y 


where for brevity we have written 


- (4ai ~ ai 02) 



0, 


,( 122 ) 


ai — 8 {1 -f*<r + (l — O’) cosec* y}, a 2 = 8{l — <r-f (1 +<r) cosec* y} (123) 

If ( were foimd from equation (122), f or Lt^jh would be known from the Ist of equations 
(121), and then, as we have seen, all the stress-resultants and stress-couples would be 
known. To determine the displacement a further integration would be necessary, because 
the expressions (106) for fi, ... contain W only in the form WJdr^. 


Although the solution of (122) cannot be expressed in terms of known functions, the 
theory of linear differential equations avails for the determination of an approximate 
solution, with an arbitrarily small margin of error, suitable for the expression of the edge 
effect. The equation has no singularities for finite values of x other than x^O. A« 
we require a solution which shall be valid for large values of x. Now the 
equation possesses four independent integrals of the type described as “normal integrals*.’’ 
To determine them we first assume for ^ an expre&sion of the form 

(124) 

obtaining for X the equation ~ 


d^X . 
5F + 


4?n-|- 

\ 


d^X 




1 -f fli 4* a2\ dC^X 

) db^ 


6w* 

X 


. 8 «, 


47* 

14*301 — 02' 


') 

. f-.4 . -.2 14*01+02 . _ l + 3ai-*02 , 

+ X^+ir + 


dX 

dx 

12 ( 1 - 0 ^) 
tan*y 


fli 02*-4 o] 


1 


Z-0, 

....(126) 


* Beferenoe may be made to A B. Forsyth, Theory of Differential Equations, vol. 4 (Oambridge* 
1902), eh. 7. The series involved in the expressions for normal integrals may diverge, 
become “asymptotic expansions,** valid, in spite of divergence, for the pnrpose of approximate 

eakttlation. 
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and then we transform this eqimtion by putting 


1 


,.( 126 ) 


obtaining the equation 

- 6 (4m + 22) «« + {6»»> + ew* - ( 1+ a, + oj) ^ 

+ [242® - 6 (4m +22)2*+2{em*+6m2-(l+ai+a2)2*}2* 

- {4m»+ emh - 2w (1 +«, + aj) ^+{\+ 3a, _„,) 2^} 2*] ^ 

( 12(1 — <r*' 

+ (a,as-4ai)2*| Z-0 (127) 

We seek a solution of this equation in series in the form 

X=2*((!o+C,2 + Ca22+r32S+...), (128) 

and find that such a solution is formally possible if, and only if. 


and 


* = i 


,.( 129 ) 


There is no difficulty in obtaining as many of the coefficients Ci, C 2 , ... as we wish. The 
coefficient Cq is arbitrary. Since there are four complex values of m, which satisfy (129), 
there are four independent solutions of this kind, and they suffice to determine the edge- 
effect. It is known that, in general, the series such as that in the right-hand member of 
(128) are not convergent, but avail for the approximate numerical calculation of the 
functions such as X In this property they resemble the well-known ‘‘semi-convergent 
expansions” of Bessel’s functions, these expansions being, in fact, particular examples of 
asymptotic expansions of integrals, which are analogous to normal integrals, of linear 
differential equations. 

350. Extexisional solution. Unsymmetrical conditions. 

In a conical shell, under conditions answering to values of n which exceed 
unity, we can have an extensional solution. For this we neglect Wi» ^ 

and use equations ( 3 ) to express s^s^. The relevant equations among equations 
(4) become 

^ r ) si n 7 + JiSt - ain 7 + ^ 1 ^" “ 1 

^ {siv) sin 7 — n(j + Si sin 7 + r sin 7 F' = 0, (130) 

«s cos 7 + r sin 7X" = 0. J 

On eliminating fj between the 2 nd and 3rd of equations (130), we obtain the 
equation 

IB 


dr 


^hich can be integrated in the form 


(Wl) 
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where r* is an appropriate fixed value of r, and Oi is a constant of integration. 
Thus is known. By substituting for from the 3rd of equations (130) the 
Ist of these equations becomes 

^ (<,r) sin 7 + ns, + r (X" + Z" tan 7) sin 7 = 0, 

which can be integrated in the form 

^ (-r" + 7 )} <ir - 0 , . . .(132) 

where is a constant of integration. Thus <9 are kno\ 

To determine the displacement we have the equations 

nV W \ 
r sin 7 r tan 7/ * 


dU 

r 


(f 


, dU^ 


.(133) 

\ r r sin 7 r tan 7/ 

' \dr r rsinyj 
The first two of these equations give 

dU _ti^€rU 

which can be integrated in the form 

(184) 

where A,, is a constant of integration. The 3rd of equations (133) gives 


d (V 
dr 


(")■ 


nU 


2^1 


r*sin 7 (1 — <r)r’ 


which can be integrated in the form 

my SII17 J,,r’lJ„l-<r- ) 

W 

where B, is a constant of integration. Now that and F are known W is 
determined by the equation 

F- £rtan7 + nF8ec7-^^^rtan7, (186) 

where the terms of W which contain A, and are 
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361. Approximately inextensional solution. 

The terms containing A„, represent an inextensional displacement. We 
have thus determined, as functions of r, the general expressions for the 
inextensional displacement of a conical shell in the forms* 

w = A„cos {n 4 > + e), » = ^ sin (n<f> + e). 




tan 7 — r- 


+ nB^r sec 7I cos (n(f> •+ e). 

'y ) ^ 


...(137) 


sin 7 cos 7/ 

Just as in the case of the cylindrical shell, investigated in Article 343, the 
terms containing An and Bn ought to be removed from the extensional solution, 
and made the basis of an approximately inextensional solution. In this solution 
the displacement is expressed by the formulae 

nAn 


siu 7 ^ 


w 


\ 

^ — ;;7r~ ) + 7 + 

sm 7 cos 7/ ' ’ 


.(138) 


sm 7 cos 7> 

where U', V, W are functions of r as yet undetermined. The quantities 
9 i, 9 i> given by the equations 

9i-- iA’ 


9 * — 



^nFcos7 — ldTF\) 


V r*8m*7 r dr Jj 

( dfW 

/nVcosy — n*W 1 dlFN) 


\ r* sin® 7 ^ r dr / J 


=}■ 


...(139) 


I 11. /i f V cosy — nW\ 

fe,= iA’(l-<T);T- ( - ), 

“ ar \ r sm 7 / 

and they are expressed with sufficient approximation by omitting U', V, W' 
in equations (138). Thus we get 

3 ^ |sin’ 7 cos y r* sin*7 cos 7 r ) ’ 
feM n»(n»-l) An «(«»-!) Bn 
3 (sin* 7 cos 7 r* 8in*7C0S7 r 

k _*Ln- N 
**~3^ ^'8in*7C087 r* , 

The quantities n^, n, are given by the 4th and 5th of equations (4) in tJie 

forms 

n,r sin 7 = — ^ (A,r) sin 7 — ngt - fci sin 7, 

»hr sin 7 - - ^ igir) sin 7 - nA, - y, sin 7, 

• Ot. Lord BayMgh. Lmios Math. Soc. Proc., vol. 18 (1889), p. 4, « Papm, 

’ol- 1. p. 681. 



OOmOAl. SHULL 


606 


[OH. XXIVA 


in the case of lateral forces. The equations of the system iall into two sets. 

One set arises from the equations of equilibrium, which become 

d ' 

^ (tir) sin 7 — n«g — it sin 7 = 0, 


d 

^ («ir) sin 7 — ntj — sin 7 — cos 7 » 0, 
d 

^ (n,r) sin 7 + nn* + <1 cos 7 = 0, 

^ (Aif) sin 7 + «5'j + Aj sin 7 + Wgr sin 7 = 0, 

^ (gir) sin 7 — nA, — sin 7 - n,r sin 7 = 0, 
— A, cos 7 + («i + «j) r sin 7 = 0. 


..(U5) 


\ 


\ 


The other set arises from the equations expressing the stress-resultants and 
stress-couples in terms of the displacement. The equations of this set are 
, dU 



nV — W cos 7 

\r 

rsm7 


w F— IT cos y\ 
rsin7 ) 


V nU \ 

\dr 

r r sin 7/ ’ 


AU(PW / nVco a y-n*W 1 dW\ 
3 (<ir* r*sin*7 ^ r dr) 


.(146) 


9*’ 




d*W . /«Fcos7-n>F 1 (iF\) 




r*8in®7 


dr ) 


3 ' ar V, r8m7 / 


r8m7 / j 

It will be observed that the 6th of equations (145) and the 3rd of equations 
(146) are equivalent to the formulae for <S'( in Article 330. 

We shall simplify the equations (146) a little by introducing instead of 
U, V, W the quantities f, ij, f defined by the equations 

* r ’ r sin 7 ’ * r ^ ’ 

Then the solution is effected in three stages. The first stage, marked ((i)> 
consists in eliminating n,, n,, by means of the 4th, 5th, and 6th of equations 
(145), so as to obtain three equations containing t,, t,, «», gj, g^, A,. 
transforming these, by means of (146) and (147), into three equations for 
determining 1/, f. The second stage, mark<^ (6), consists in assuming for 
such forms as s^X, where 


«* r 
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and obtaining the equations which the quantities of the type X must satisfy. 
The third stage, marked (c), consists in assuming the quantities of the type X 
to be expressible in the form 

2“(Co + C,irH-Caa:*+ ...), 

where x = and determining the coefficients in so far as these 

are not arbitrary. 


(a) FormcUion of the equcUiom, 

In the first three of equations (145) we substitute for « 2 , Wi, from the last three, 
obtaining the equations 

i + Sh, (*• ~ rMy) " 

r)+,.) ainy+ ^ ,.(148) 

^ (^1 »■) siu y - y ~ (A. r )-^ sin y - ^ +<scosy-0. J 

We eliminate U, V, W from equations (146) by using equations (147), obtmmng the 
equations 

<i-|(r{)+<r(f+a,secy+”^-yf), \ 

7l*-COS^' 


""dr 
1 — <r 


nri sec y+ 


sm y cos y 




9 v 


(••{)+(«+ 

{ - sin y ^ y + «y) S +”»• I ^ y} - 

{rsiny *^''4]’ 


V (149) 




A* 


(l-<r) 


dr' 


len we put 


..(160) 


id substitute from (149) in (148) obtaining three equations from which A is explicitly 
iscnt. The oondHi»Ti that A is small is now replaced by the condition that a solution is 
quired for large values of p. A little simplification is effected by putting 

f-feb Si-W. fi=t> (1®1) 

•'On the three equations become 


2 sin y p 


e^y " 5) 2^ 


8-0 \Ci 

\¥^y-^Vp' 


,.( 168 ) 


A 
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_ « l±f:’ ^ ^ + Lzz “5 !j + sb _ 31^ + Izf 008 V /'i - i ^ 4- 5 j\ 

2 dp ^ P 2 COB y \ dp^ dp p) 2 ^\p P^dp py 

_ 31 _ 2 ! . Lz£ - tan-v 4 - 1 _ ” i <^i 

cosy p Ssin^y p* 2 ^ \ dp^ dp oj Stanypd^p^ Stanyp^c^p 

-w ^ *0, (163) 

sin y cosy p ' ' 

and 

df 1 , 2 — or 1 d^i . 71 dnt . m , ( 47l\ nj 

^ dp p ' 3 p dp* p* dp p \3 sin* y 3 / p* 

_ 4. 1 I «* Idgi w«-oofl«y Ci 

3 V P ^P* dp) 3 sin y p dp* 3 sin y p* do sin y p 

\ (154) 

(6) Preparation for solution. 

In the three equations (152), (153), (154) we change the independent variable by 
putting 

P=i^. (155) 

It will prove convenient presently to have as a dependent variable instead of , so we 

put 

(166) 

and write the three equations in the forms 

(5^ - 1 _ J 1;::^ 1* +« Jl tan y-« (3-<r) ?• tan y 

2 \dj7* X dx sin y j?* 2 dx ’ ^ x ' 

_ 2n luZ-fl -ism)+ U -<rco8y)^‘ - («* ^ -20087) ^ *0, 

3 tan y\x*dx afi ’ J \ 2 cos y 'Jdx \ cos y ’/ x 

(157) 

1+0- 1 <^$2 6-3o- g2 , I-<r sin^y /d^m . 1 <f»;i 4 

*2 4^ dx ^ 2 4 cos y \flfcc* X dx x^ */ 

j_M ^ j. 1 - ^ ^ 5! _ ®3i£2Ly L» 

+ ( *^) y ifi dx • xfi "^V cos y a?* 3 sin* y ** 

. l-«r * /‘^*fij_lrffi 4 2ff» /'I flPCi 1 

■*■ 4 * y \ <te* ^ X dx ** *V SLtan y \** da’* ” a* d*/ 

_ i«_ i - 2« g -0, (158) 

3 tan y utr dx sin y cos y jc* 

and 

dP« . 2-cr * ^ 2-ir 1 (Pfix . «_ S-fl' 1 ^7i . / 3^* 32 

X «»1'+ “ «,008y-2« ^ ^ +2n ^ ^ +2«^| 

sh^/d'f, 2^1 i^i , i«A . 2<m* / 1 _ 1 rffA 

~ 6 \dx^ "" 4? da?* "" 47* da?* a?* d*/ 3 sin y \47* da?* a?® Sr/ 

+ ^ 1 +2 {.-0. :..v..(18S» 

38lDya?*d47 siny 
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Equations (157), (168), (159) are three linear differential equations for the determination 
of 171 j fi as functions of 47 , and we seek solutions of a certain type answering to tho 
normal integrals of a single linear differential equation. The first step is to put 

(160) 

whei’e m is at present undetermined. Then F, Z satisfy the three equations 

{(S s +"•■') - i (e - 1 -f) -■ l 

+• 4 ^ “'(e jj, (S+»i-) - J r} 

+ (*’ -•’“>) (e *'^) - ("■ Isv f-"' 

■l/dX, 5-3(rX 


,(161) 


1 + 0 - 

+ ■ 

+ (l~(r)co8y ■ 


l~<r 


cos y 

((S I 


2?i2 F Sw^cosy F 
Ssih'^y 5 ?® 


4. _ ^ .an y t ^ -r - j ^2 « J 

- rS,% IMS " ") - Mf +’^)} - »£-r ? (£ 


sinycosy 


..(162) 


(" +(«-,) .v->.2f i (S+^- E +"■'') 


-4M(S+*”S*"St‘"‘iH 
- 1 (S-="SM"s *") - MS"*" f "MiH} 

" 3S, (MS " " ") - M£ Ms 

»«-co 8 »y^^ 0 ^ (Jg 3 ) 

siny 

j) Solution of the equatione. 

Sre wish tc obtain aolutiona of these equations in series proceeding by powers of a- . 

1 .(164) 

issume for X, T, Z expressions of the form 

J:-*.(ao+a,*+a,*>+...), r-**(io+6i»+6.*’+-). ^-»‘(o.+«.*+‘’.*’+-) 
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Then we have, for example, 

^ {coC(o+1)+Ci(c+1)(c+2}*+<!j(c+2)(«+3)2>+...}, 


and so on. We substitute the serial expressions for dXjdx, ... d^Zjda^hn the left-hand 
members of equations (161), (162), (163), and equate to zero the coefficients of the various 
powers of z, beginning with the lowest. We thus obtain sufficient equations to determine 
My the exponents a, 6 , c, and the coefficients Oq, ..., 6 o> h> •••><?!» ••• terms of 

which remains arbitrary. It will appear that there are four values of wi, and so there are 
four solutions of this type. If this process is carried out it will veij|y soon appear that 
a So it is simpler to assume the forms 


Xrmz'~^ ...), ' 

Then we have, for example, 


Q -f* Cj 5 + -|- . . . ). 

(165) 




da^ 


(3co-3,5ci^-3.5.7ci}i2-5.7.9(J3^+...), 


( - 3 . 6ci,+3 . 5 . 7c,2 + 3 . 5 . 7 . 9(!2«»+5 . 7 . 9 . llC3«?+ ...)• 

The terms of lowest degree in the three equations are the terms containing 2 ~ ^ 
Equating their coefficients to zero, we obtain the equations 

sin7,.l-l-(r. \ a 

tanym 6 o-l- (w- - orcosy) mco«'0, 

X X \ X cos y / 


1 ~ <r sin* y 


1 - 0 - 


wtany 


or cos 

yielding the results 
and 


4 cosy 

_ . / siny s.«n*~cos'y\ 

y mao+2«6#+ (- -g- «‘*+2 ^ c,=0, 


2 <r 


mteny 

(1 — <j^)cot*y*» 0 , 


■* “ Cq, 

siny 


...(166) 

.(167) 

..(168) 


The four complex values of m given by (168) are. the same as occurred in the problem < 
the conical shell, strained by lateral forces, which was discussed in Article 349. Tli 
present solution applies to the case of lateral forces (n»l), as well as to condition 
answering to greater values of n. 


When m satisfies equation (168), and the left-hand members of equations (166) ar 
multiplied in order by sin y, 4 (2 +ir) «, and - «i* 8 in y tan y, and added, the coefficient 
of 00 , 60 , Co are all zero. This remaric is important because the same thing would happen 
if we formed the equations like (166), containing no coefficients a«, 61^, Ck, of suffix greatei 
than K, by equating to zero the coefficients of in equations (161), (162), (163), < 
multiplied their left-hand members in order by the same three expressions 2 <rm sin y, 
then we should find that o«, c« would all disappear from the equation so formed* 
therefore convenkiit to form a new eqtmtimi from equations (161), (162X (163) by 
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P yiDg the left-hand members of 

{(® S - 1 (•"+„,'! a , 

®® J mXdx +’»‘Yj - ^ Zj. -2»»nV(l -a) -i 
' ^ 2frm fi^h) V I n ^ f,i fdY \ / x] 

n • , ^ta^y (f +»»y) - 1 rll 

L 4 cosy +2W ^ +w»rj + J +»iz) _ 4 p-l 2«« r 

+(l-«r)coay/i/'?PY rfr x ^ '' 

Uid^ ax +”*' Yj - ^ +^r) + 1 , rl - n 

-m^sinytanyf-s,*?^! rfp , „ 3sin>y *«J 

./_8ns 32«\ r 1 

0 . 3 „f (f .^).|,) 

- 2» ". y :? 2<m fl fcPz „ dz \ i /ay 

«ny008y^ 

_ 4« 1 a-, 

- . 3tany5iVS+”^)j 

- I(^+ »" g+«f +„.z) - ii (g42« g +„.^) + » 


2 orn* 

dsiny 


{M; 


^ + 2 »i^ +m*Z 


T? — C OS^ y n 

sin y”” J * 


1 


‘TO wii^lZ ?', ^ “»‘*i”i»8»-‘. «nd «qTOt« them (o »ro, a. Sm 

higher than ^ i f.?;’ “’“ h c’s with suffixes 

^ill Yield J* presently, and equations (161) and (162) 

a new eauatio «*i, *i, Cj. Again, taking *-2, equation (169) wiU yield 

oontaiSTl r “‘’*5" (162) wUl yield two equations 

obtainJ?-^’ K c, are to be determined, are 

of *«+»” ^ *^’“*i*« *® *ero the ooefficients of /'I in (161) and (162), and the co^Scient 
* in (189). 
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In partiottlar by equating to zero the coefficient of in equation (169) we obtain the 
equation 

Oo-m^sin* 7(2-0*) ao+i<r (l+a*)m7i bQ-ZiriZ -(r)mn — -3 ^ bo 

* ' ' /Wiix gQQ y ^ QQQ y 

+ 2(2 + (r)(l-(r)«i» 6 o+io-J»siny (n» - 2 « 7 cob y) c# 

- 2 o'msin y - 2 cos 7 ^ Co4’2mn*(2 + o*) (1 -o*) tan y . Co^O. 

On substituting for Oq and bo from equations (167) this equation becomes an identity. 

It may by observed that, if we had not assumed the exponents a, 6 , c to be equal to 
but had left them undetermined, it would still have been necessary that the coefficient of 
««'*’Mn an equation formed in the same way as (169) should vanish identically, and this 
conditiou would have led to the determination of a, 6 , and c. \ 

We now equate to zero the coefficients of in equations (161) and (16z), obtaining the 
equations \ 


siny 

2 


and 


a*ai+ »tany(mhi + i^>o)~’^(3~cr)tan y . 6o+ fw* ^ ■ -ircosy^ (mci+^Co) 
2 ^ \ 2 cos y / 

» I 7 j 2 ..P' _ 2 COS y ) Co = 0, 

\ cosy '/ ” ’ 

~4~ ^^y 2»n6o) + - n tan y (m^Ci 4* 2mco) =0, 


which, combined with (167), yield 

2<r 


4 - 0 * , n 

mtany w^tany siny 


,(170) 


We also equate to zero the coefficient of in equation (169), obtaining the equation 

- <rw sin* y ^mai + ~ (2 4 * <r) (1 + 0 *) map - 2 w* cr (1 - or) mao 

- w* sin* y { - J craj + (2 - «r) a,} 

- Jcr(l 4 -cr)«m bf ~ 2«r (3 -o*) mn hj — (24-cr) (1 -a*)n — 60 

^ ' cosy * ' ' cosy ' ' cosy 4 

8n*(24‘<r) , ^ 2 -o* . 8 in*y, 

- m* ' bo 

C0B> ® 3 cosy ® 

- trm sin y { n* ^ — cr cos y\ Ci - 2<rm sin y fw* ^ — - — 2 cos y^ 
'\ 2 co 6 y V cosy V 

-(24-or)(l-<r)»*tany ^ q)-8(24-<r) w* — 2^ (^2wci4- ^ 

' 4 ' ’ smycosy 3cosy \ 4 / 


2 cm* 


w*tany.c^»0. 


and, on substituting from (167) and (170), this equation can be expressed as a relation 
between Ci and Cq^ which yields, after some reduction involving the use of (168), 


(171) 

* XMn*^ 8/m 


From tibia value of C] we find instead of ( 170 ) 


\ 6.-1 

f' 4n» ie» \ 

;«i*t8ny’ ' 

^sin^y 8 sin y/ 
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It is clear that we can proceed in this way to determine as many coefficients as we 
please. The equations determining 02, 62, for example, will be found, after some 
reduction, to be 


52siny+n(;2» 


m^tan^y 




71^2 E 


,.(173) 


\ mn‘'y 4sin*y 128/ m*’ 


The process clearly becomes very troublesome as the suffixes increase, but the coefficients 
already obtained are all that are likely to be useful in any special problem. If either n or 
cosec y is large, the solution can only be applied to shells in which (hjr) is everywhere very 
small. With this reservation we may regard the problem of a conical shell, deformed by 
given forces, as completely solved. 



NOTES 


NOTE A 

Terminology and notation. 

Questions of notation, and of the most appropriate nomenclature, for elasticity have 
bem much discussed. Reference may be made to the writings of W. J. M. Rankine^, 
to Lord Eelvin^s account of Rankine’s nomenclature*, to K. Pearapn^s* efforts after 
consistency and uniformity, to pronouncements on the subject by H. Lamb^ and W. Voigt^. 
The following tables show some of the more important notations for stnulp-components and 
stress-components. \ 


Strain-components. 


Text* 

Kelvin and 
Tait7 

Kirchhoff« 

Saint-Venant* 

Pearson* ^ 

V. E&rmkn^^ 


«./. 9 

Vyy h 

d*, df, 4. 

^jp, e^f Sg 


j 

a, 5, c 

hy 

9f> 9m> 9*» 

^p»y ^txy 

yy§y ymy 


Stress-components. 


Text“ ftnd 
Kirohhoff* 

Kelvin and 
Tait' 

Lam4 ** 

Saint- Venant* 

Pearson* 

V. K4rm4n“ 

^zy ^yy 

P, Q, R 

Ru Nt, N, 

ffv» lee i 

xxy yy, zz 

(r», o’l^, Og 

^ey ^%y 

S, T, U 

Ti, Ti, Ti 

Ifii lewy lay 

yz, Mf, xy 

1 ' 

} *'«> ’’w j 


^ Cambridge and Dublin Math, J., voL 6 (1851), p. 47, or MUcellaneoue Seientifie Paperit p. 67; 
also PhiL Tram. Roy. Soe., vol. 146 (1856), or Mucellaneoui Seientifie Papere, p. 119. In the first 
of these memoirs the word ** strain ’* was appropriated to express relative displacement, and in 
the second the word ** stress” was appropriated to express internal actions between the parts of a 
body. The memoir of 1856 also contains Bankine’s nomenolature for elastic oonstants of »olo> 
tropic solid bodies. 

* Baltimore Leeturee on Molecular Dynamiee^ Cambridge, 1904. 

* Todhnnter and Pearson’s HUUtry^ vol. 1, Note 7. 

* London Math. Soe. Proe,, vol. 21 (1891), p. 78. 

* Rapportt prieentie au Congrbt International de Phytique^ 1. 1, Paris, 1900. 

* Fmr the definitions see Article 8. 

* Natural PhiloBophy; fart 2. 

* Vorliiungen liber math* Pkyeik^ Mechanik 

* ThiorU de VdlaetieiU dee eorpe eolidee de Clebeeh^ Paris, 1883, frequently referred to as 
'^Annotated Clebseh.” 

** Th. V. K4rm&n gives this notation, as frequent in technical literature, in the Article ” FcBiif* 
keitsprobleme in Ifaschinenbau,” Eney* d, math* Fin., Bd. iv, Art. 27. 

For the definitions see Article 47. 

** Legone ear la thdoiie nuuhimatique de VilaNMM dee eorpe eoUdee* 
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Kelvin and Tait’s notation for strain-components and stress-components has been 
adopted by Lord, Rayleigh and J. H. Micbell, among others, and it was used in the first 
edition of this book. Kirchhoff ’s notation for stress-components has met with very general 
acceptance, but there seems to be no equally suggestive and convenient notation for strain- 
components. The notation Xy, Ty^ Zy for the components of traction across a plane, the 
normal to which is in the direction y, is supported by Voigt®. 

The word “rfiear” has been used in the sense attached to it in the text by Kelvin and 
Tait. Rankine^® proposed to use it for what has here been called tangential traction.” 
The word “traction” has been used in the sense attached to it in the text by Kelvin and 
Tait. Pearson® uses “traction” in the sense here attached to “tension.” The strains 
which have here been called “extension” and “shearing strain” have been called by him 
“stretch” and “slide.” It appears to be desirable to maintain a distinction between 
“simple shear,” or “pure shear,” and “shearing strain,” and also between “tangential 
traction” and “shearing stress.” 

The “stress equations” of equilibrium or motion (Article 64) are called by Pearson® 
“ body-stress-equations,” and the equations of equilibrium or motion in terms of displace- 
ments (Article 91) are called by him “body-shift-equations.” The terms “Young's 
modulus,” “rigidity,” “modulus of compression” (Articles 69, 73) are adopted from Kelvin 
and Tait^; these quantities are called by Pearson® the “stretch modulus,” the “slide- 
modulus,” and the “dilatation-modulus.” The number here called “Poisson's ratio” is 
called by Pearson® the “stretch-squeeze ratio.” 

For isotropic solids Lam4‘® introduced the two constants X and ft of Article 69; is 
the rigidity and is the modulus of compression. Kelvin and Tait and Lord Rayleigh 
have used the letter n to denote the rigidity. Saint-Venant® used the letter O, Many 
writers, including Clebsch and Kelvin and Tait, have used the letter as it is used in this 
book, to denote Young’s modulus : in Lord Rayleigh’s Theory of Sound the letter q is used. 
Pi)is8on’8 ratio, here denoted by <r, has been denoted so by Kelvin and Tait, Clebsch and 
Lord Rayleigh have denoted it by ^ Saint-Venant and Pearson by ly. In many of the 
writings of Italian elasticians the constants (X+V)/p p/p used, and denoted by 
a* and ; O and a are the velocities of irrotational and equivoluminal waves. Kirchhoff ® 
used two constants which he denoted by K and d ; A is the rigidity, and B is the number 
(r/(l — 2o'), where <r is Poisson's ratio. Kelvin and Tait^ used two constants w, n connected 
with LamtS's X and fi by the equations wi=X-bfH According to v. Kdrm^n^® in recent 
German technical literature Young’s modulus is denoted by A, the reciprocal of Poisson's 
ratio by m, and the rigidity by 0, 

In the case of ©olotropic solids there are comparatively few competing notations. 
Pearson® has suggested the following notation for the elastic constants which we have 
denoted after Voigt® by ... : — 

The rule is that any suffix 1, 2 or 3 is to be replaced by ara?, yy or and any suffix 
4, 5 or 6 is to be replaced by zx or xy. The first two letters in any symbol refer to a 
iJornponent of stress, as A*, and the last two letters to a component of strain, as a**. The 
letters in either of these pairs can be interchanged without altering the meaning of the 
Hymbol. The conditions (c«.«0, expressing that there is a strain-enerp-functiou, are 
represented by the statement that the two pairs of letters in a symbol are interchangeable. 
Cauchy's relatione (Article 66) amount to the statement that the order of the letters is 
indifferent 


Applied Mechanics. 



616 


NOTE B 


The constants by which the strain is expressed in terms of the stress, denoted in 
Articles 72 and 73 by On/n, , are denoted by Voigt® by , and this usage has been 
followed by Liebisch^^. Voigt® has proposed the name “modulus” for these coefficients, 
but this proposal seems to run counter to the usage implied in such phrases as “Young^s 
modulus.” Names for the coefficients Cu, ... and Cii/n, ... were proposed by Rankine^, and 
accounts of his terminology will be found in Lord Kelvin’s Baltimore Lectwree and in 
Todhunter and Pearson’s History^ vol. 2. 

NOTE B 

The notion of stress. 

One way of introducing the notion of stress into an abstract conceptual scheme of 
Rational Mechanics is to accept it as a fundamental notion derived from experience. The 
notion is simply that of mutual action between two bodies in contiict, or Mtween two parts 
of the same body separated by an imagined surface ; and the physical reanty of such modes 
of action is, in this view, admitted as part of the conceptual scheme. It m perhaps in this 
meaning that we are to understand the dictum of Kelvin and Tait'® that V force is a direct 
object of sense.” This was the method followed by Euler*® in his fori^ulation of the 
principles of Hydrostatics and Hydrodynamics, and by Cauchy*^ in his earliest writings 
on Elasticity. When this method is followed, a distinction is established between the two 
types of forces which we have called “body forces” and “surface tractions,” the former 
being conceived as due to direct action at a distance, and the latter to contact action. 

Natural Philosophers have not, as a rule, been willing to accept distance actions and 
contact actions as equally fundamental. It has been held generally that a more complete 
analysis would reveal an underlying identity between the two modes of action. Sometimes 
it has been sought to replace action at a distance by stress in a medium ; at other times to 
represent actions generally recognized as contact actions by means of central forces acting 
directly at a distance*®. As an example of the former procedure, we may cite Maxwell’s 
stress-system equivalent to electrostatic attractions and repulsions*®. The alternative 
procedure is exemplified in many of the early discussions of Elasticity, and an account 
will be given presently of Cauchy’s use of it to determine the stress-strain relations in a 
crystalline material^. Any such reduction of contact actions to distance actions tends 
to obliterate the distinction between surface tractions and body forces, and it has been 
customary to maintain the distinction by means of an hypothesis concerning the molecular 
stmcture of l)odies. In such theories as Cauchy’s the apparent contact actions are traced 
to distance actions between “molecules,” and these actions are supposed not to extend 
beyond a certain region surrounding a “molecule,” known as the “region of molecular 
activity.” The body forces, on the other hand, are traced to distance actions which are 
sensible at sensible distances. Thus a second way of introducing the notion of stress is to 
base it upon an hypothesis conceniing intermolecular forces. 

*♦ Phyaikaliiche Krystallographie^ Leipzig, 1891. 

« Nat Phil, Part 1, p. 220. 

*® Berlin Hist de VAcad., t. 11 (1755). 

*7 Exerciees de math^matigue, t. 2 (1827), p. 42. Cauchy’s work dates from 1822, see Intro- 
duction, footnote 32. 

*® The fiuctuation of scientific opinion in this matter has been sketched by Maxwell in a lecture 
on “Action at a distance,” Seientiftc Papen, vol. 2, p. 311. 

Electricity and UagneiUm^ 2nd edition (Oxford, 1881), vol. 1, Pert 1, Chapter V, Cf. Article 
53 (vi) iupra, 

^ “ Be la pression ou tension dans on systdme de points xnatdriels, ” Exerdces de mathAmatique^ 
t.8. (1828), p. 213. 
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A third way is found in an application of the theory of energy. Let us suppose that a 
stram-energy-function exists, and that the equations of equilibrium or vibration of a solid 
^ u method of Article 115, and let the energy of that portion 

0 t e 0 y w m is contained within any closed surface JS be increased by increasing the 
form increment of this energy is expressed as a surface integral of the 

//[{S ^ (*- ■')} 8«+-+-] <iS. 

Now in the formulation of Mechanics by means of the theory of energy, “forces” intervene 
as the coefficients of increments of the displacement in the expression for the increment 
o t e energy. The above expression at once suggests the existence of forces which act at 
the surface bounding any portion of the body, and are to be estimated as so much per unit 
of mea of the surface. In this view the notion of stress becomes a secondary or derived 
notion, the fundamental notions being energy, the distinction of various kinds of energy, 
and the localization of energy in a body. This method appears to be restricted at present 
to cases in which a strain-energy-fuiiction exists. 

The first and third of these methods are more appropriate than the second to a theory 
of the kind sometimes c<illed macroscopic” or large-scale, such as the theory of Elasticity 
for the most part is. In the second method, on the other hand, a “structure” theory, 
molecular, or atomic, or sub-atomic, is presupposed. To be adequate for the purposes of 
the theory of Elasticity, a structure theory of solid bodies ought to provide a foundation 
for the notion of stress, it ought to load to Hooke’s law, and it ought to lead, as another 
consequence, to the existence of a strain -energy-function. Further it ought to include the 
jwssibility that the relations between elastic constants, which have been called “Cauchy’s 
relations,” may not hold. These are four tests. 

Most of the structure theories that have been employed in the Mechanics of solid 
bodies represent the molecules, or it may be the atoms, or it may be some other elementary 
constituents of bodies, as .simple centres of force, endowed with the property of mass. Such 
elements are supi>osed to exert forces, one upon another, the force between any two 
elements P and F being directed along the line joining them, and the force exerted by P 
oil F being equal and opposite to that exerted by F on P, It is usual to suppose that the 
forces between structure elements vanish when the distances between such elements exceed 
a certain distance, usually described as the “radius of the sphere of molecular activity.” 
This is not strictly necessary. It would be sufficient to assume that they dimmish so 
rapidly with increasing distance as to become negligible at distances which are small com- 
pared with the smallest that can be measured by ordinary apparatus. 

Deflxiition of stress in a system of particles. 

Any structure theory of the kind just described provides a foundation for the notion of 
stress. This notion is introduced as follows : Let a plane p pass through a point 0 within 
the region occupied by the body, or system of structure elements, and let the normal to p, 
drawn in a specified sense, be denoted by v. Let P, P denote two structure elements, 
situated on the two sides of p, and such that the line PP', in the sense from P to P , makes 
an acute angle with the direction v. Let C denote a curve of area 8 drawn on p so as to 
contain the point 0, The linear dimensions of G are supposed to be such that the forces 
between structure elements, whose distances apart are of the order of these linear dimen- 
sions, are negligible ; but they are also supposed to be small compared with distances that 
can be measured by ordinary apparatus. The lines of action of some of the forces between 
structure elements such as P and F cross p within (7. The force-resultant F of all such 
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forooSy oonsidei? 0 d as acting upon tho elements such as -P, can be defined to be the tToctiofi 
across 8 of that part of the body, towards which v is drawn, upon the other part ; and the 
quotient FjS is the tractim per unit area across the plane p at the point ft Tractions so 
defined have identical properties with those introduced in Chapter II, and lead in the same 
way to the definition of components of stress. 

Cauchy’s theory. Lattice of simple point-elements. 

Structure theories, which have in common the notions already explained, differ from 
one another in the additional assumptions that are made as to the masses of the difierent 
structure elements, as to the law of force between these elements, and as to the arrangement 
of these elements. In the simplest of them it is assumed that all the masses are equal, that 
the force is a function of the distance only, and that the elements formj a homogeneous assem- 
Mage, This means that, if .4, Care any three points of the assemblagb, there is a point /) in 
the assemblage so situated that CD is equal and parallel io A and has me same sense as A B. 
Another way of describing the arrangement is to say that the structureWlements occupy the 
points of a lattice. A lattice is defined as a set of points such that, if the ^rdinates of one of 
them are Xq, xo, the coordinates of the others are expressed by the formulae 

njCi + a2C2*f WsCg, 

where « 2 > •••» ^3 constants, and Wi, « 2 ) ^3 ^^7 be any integral numbers pasitive 

or negative. 

This theory*— the simplest of all those structure theories in which the elements are 
attracting or repelling particles — is that which was developed by Cauchy and Poisson to 
account for the elastic properties of crystalline solids. The application to isotropic solids 
is made by supposing that in them the crystallization is confused, so that no part, at all 
large compared with molecular dimensions, forms a single homogeneous assemblage. It 
seems to be desirable to work out the theory so far as to show how it leads to Hooke’s law, 
to a strain-eoergy-function, and to Cauchy’s relations. In the develoj)ment of the theory 
its founders replaced certain summations by integrations, and this step afterwards provoked 
criticism, which suggested that Cauchy’s result might not be a necessary consequence of 
the theory, but might depend upon this doubtful step. It will appear that the step is 
unnecessary, and that Cauchy’s result cannot be evaded in this way. 

Formulae for the components of Initial streae. 

We shall now take the system to be of the simple type that has just been described, and 
form expressions for the components of stress in accordance with the definition of stress in 
a system of particles. The plane p will be taken to be parallel to the plane of a 
coordinate system, and the sense of the normal to it that of x increasing, so that the j of 
P' is greater than the x of P. The distance between P and P* will be denoted by r, the 
force between them, estimated as an attraction, by ^ (r), and the direction cosines of the 
line from P to P by X, /*, p. Then X is positive. The force-resultant F of all the forces 
between i)airs of elements such as P and F can be resolved into components parallel to the 
axes, and equal to 2Q{X^(r)}, ^oiptf^r)}, where the symbol 2^ denotes a certain 

summation. This summation is to be taken over all pairs of elements, the lines joining 
which cross the plane p within the curve (7, of area 8^ surrounding the point 0. If PP 
a line fulfilling these conditions, there are multitudes of other lines, of the same length and 
direction as PP, which also fulfil them. The summation is effected by first counting these 
linee, and then summing for all the relevant values of r and X, /a, Belevant values of 
X, ft, N are thoae determining the directions of lines joining one lattice point to another, I 
the restriction that X is positive. This resection will be removed presetitly. Relevant j 
values of r are such as can be distances between lattice points, and are smallmr than the j 
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jioeitf dinwO^M of C. To oomt the number of the lines that have the aatue r, X, ja, v, we 
obsoTfo that it is the number of lattice points whose distance from some point wi^n C, 
measured in the direction (X, fXj v), does not exceed r ; and this is the number of lattice 
tioints P' in the volume of a cylinder, whose height is rX, and whose base is the part of the 
plan® P ■within the curve C. This again is the quotient of the mass within the cylinder 
(iivided by the mass at any lattice point jp ; or it is expressed by (pXr<S')/m, where m is the 
yaass of a structure element, and p is the density of the body at 0. The components of the 
traction across y? at 0 can therefore be expressed as 

(p/m) S . 2i {X*f cj)(r)}, (p/ni)S, 2aXpr<J,(r)}, (p/m) S . 2i{Xifr<J)(r)}, 

where the symbol Sj indicates summation over all the relevant values of r and X, p, v. 
Here X is necessarily positive, but this restriction can be removed. Any lattice point 
bisects the distance between two others, so that with any possible r and X, p, v there is 
associated an equal r with the signs of X, p, p reversed. Thus we may express the oom- 
yonent tractions in the forms 

(p/2m)5'.2{X*r<f»(r)}, (p/2m)5.2{Xpr</>(r)}, (p/2m)5. 2{Xvr</>(r)}, 

Yhere the symbol 2 indicates summation over all relevant values of r and X, p, v (X positive or 
legative). 

It follows that the comiionents of stress at the point 0 are given by such formulae as 
A (p/2m) 2 {XV<;)(r)}, ) ** (p/2m) 2 {Xp r 4)(r)}. 

not in a state of stress these six quantities vanish. If it is m a state of 
J^^thecesixquantifearetbecompouentsoftbatstress. We shall denote them 

yXA 

CliftB^68 du6 to Btrain. 

to investieate the changes that are made in the above expre^ions when 
^ .o™nied hv a small rotation. It may he_assumed 


We have t»ow _ 

body maiergo.® a . tltoTf the strain (expressed by com- 

‘ . .. i...*;™ /.....n.aMKl bv components Wi, ot*i »•) 


imensious - ---- - ,„„»aaedhv components w., w,, ».) 

meuts to transfL the lattice into a sUghtly different 


at, in a r^iou of dimensions ■ 


u?7nyT^'2t^h?iSX X,; V, becomes r (1+e), where 

111 any rX becomes rX+d(rX), where 

. formuhe for 8(rp) « H- 


ith similar i 






eneeJf. becomes + _2,.) r,M+(e„+2%)^«* 

dinlike manner F.beoomeB 
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NOTE B 


When there is no initial stress, these formul© show that the components of stress are 
linear functions of the components of strain, thus verifying Hookers law ; and they show 
that the stress-strain relations have such forms as 

“ Cji Bgx +■ *4" ^13 ^14 *4* * 

“ ^xx + ^62 “4“ ^63 ■4" ^64 4* ^06^*y > 

where 

On * (p/2m) S [X^r {r <^'(r) - (f>{r)}l 
Ci 2 = (p/2w) S {r(f>Xr) - <#)(r)}], 

There are 16 of these coefficients, 15 being the number of homogeneous products of the 
fourth degree of the three quantities X, /i, i# ; so that we have, not only the relations of the 
type Crs^Cgrt required for the existence of a strain-energy-function, hut also, in addition, 
the three relations of each of the types Ci 2 =C 66 and ^14 = 056 , which are Cauchy^s relations. 

It appears that Cauchy’s relations are an inevitable consequence of the assumed 
structure theory, and do not depend upon replacing summations by intipgrations. 

\ 

Lattice of multiple point-elements. \ 

The simplest structure theory having failed, it becomes necessary to devise something 
more complex. This was recognized by Poisson who proposed to regard the molecules of 
a crystal as little rigid bodies, capable of rotation as well as of translatory displacement. 
The suggestion was, after a long time, worked out in detail by Voigt 22 . A little later Lord 
Kelvin announced the result that Cauchy’s relations could l)e avoided by imagining a 
crystal to consist of two interi)enetrating homogeneous assenjblages^ of point-elements of 
the kind considered above. A more general construction of this kind has been devised by 
M. Born^, who proposed to regard each structure element of a crystal as a set of attracting 
and repelling particles, the particles of all the sets l)eing similarly arranged relatively to 
each other, and the sets being similarly situated and oriented with resi>ect to a lattice. 
Bom showed how this construction could be adapted to accord with current views of the 
nature of atoms as aggregates of electric charges. His theory is develoi>ed with the object 
of accoutiting for thermal and other properties of solid bodies as well as their elastic 
properties. 

In what follow^s wo shall set before ourselves the more modest aim of showing that an 
extremely simple construction of the kind devised by Born is adequate as a foundation for 
the notion of stress in the theory of Elasticity. With this aim in view we can permit our- 
selves certain simplihcations which would be out of place in a more general discussion of 
the atomic theory of solid bodies. 

We propose to take, as representing structure elements of a crystal, pairs of associated 
point-elements. Each structure element is to coiisist of two constituent particles, which 
we call M and W. In the unstressed state these are to be arranged so that all the J/’s form 
a homogeneous a.ssemblage, or are at the points of a lattice, and all the W’s form a con- 
gruent homogeneous assemblage, or are at the |)oints of another lattice, which could 

S. D. Poisson, Paris, Mim. de V Acad,, t, 18 (1842). 

** W. Voigt, Odttingen Abh, 1887, and Lehrbuch d, Kristallphysik, Leipzig u. Berlin, 19l0.j 
vn Kap. II Absohn. 

*8 Sir W. Thomson, Edinburgh Roy, Soc. Proc,, vol. 16 (1890), reprinted in Math, and Phyt' 
Papers, vol. 3, p. 896. See also Appendix J to Lord Kelvin’s Baltimore Lectures Cambridge, 1904- 
M. Bom, Dynamik d. KristallgitUr, Leipzig u. Berlin, 1916. A 8eco..a edition with a new 
ti^ AUmiheorie d,/esUn Zustandes, appeared in 1928 as a part of Eney, d, tnath, Wiss,, Bd. 
and was also, published separately at Leipzig and Berlin. 
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)btained from the i/-lattice by a translatory displacement. The components of this dis- 
placement parallel to fixed axes of a?, y, z are denoted by «, 6, c, so that, for example, a is 
the excess of the j^-coordinate of any N above the d?-coordinate of the associated If 
% is one associated pair, and (M\ N') another, the distances MM' and MM' are equal. 
They will be denoted by r. The distances MM, MM', M'M will be denoted by q, i', r". 
The particles M are assumed to act upon each other with attractive or repulsive forces, as 
the P's did in the simple structure theory, and the force between if and M', estimated as 
an attraction, is denoted by (l)(r). In like manner the particles Mare assumed to act upon 
each other, and the force between M and M', estimated as an attraction, is assumed to be 
the same as the force between M and M', viz.: ^(r). The M^e are also assumed to act 
upon the N'e. The force between M and the associated N is denoted by F{q), the force 
between if and N' is denoted by ^(r'), and the force between M' and M by all being 
estimated as attractions. The functions F, ^ may be the same, or different, or the same 
with differences of sign only. The direction cosines of MM' and MM', in the sense from M 
to M' I will be denoted by v; the direction cosines of MM', in the sense from M to M', 
will be denoted by y!, v': the direction cosines of MM', in the sense from M to M', will 
be denoted by X'', fx", v". As regards the masses of the particles, the simplifying assumption 
is made that they are all equal. The mass of any one particle will be denoted by w. 

We shall proceed in the same way as in the simple structure theory, first finding 
expressions for the component tractions across a plane, deducing formulse for the initial 
stress, evaluating the changes due to strain and rotation, thence verifying Hooke’s law, 
proving the existence of the strain-eneigy-function, and showing that Cauchy’s relations 
are not necessarily true. There is, however, a new circumstance in the new theory, one 
which did not require attention in the previous theory, viz.: the condition that each 
particle in any structure element must be in equilibrium under the forces exerted upon it 
by other particles. In the previous theory this condition was satisfied identically, because 
with any two particles P and P there was associated a third P", such that P bisects FF', 
In the present more complex structure this is not the case. It will be most appropriate to 
introduce this condition of equilibrium of particles after obtaining formuloB for the initial 
‘ ess. 

In other expositions of the theory it has been usual to obtain the results from an 
ergy function, but it seems to be desirable to determine the form of the stress-strain 
lations directly from the definition of stress in a system of particles. 


Fonnolsd for the initial strese* 

As before we consider the traction across the part of a plane const, that is within 
le curve U. There will be five types of lines joining particles, viz.: those specified by MM', 
M', MM', MM', and MM, and we can write down each of the component tractions in the 
rm of five sums. Thus the :p-comi)onent is 

2*{X«(r)}+So{X^(r)}+2«{X’x(0}+2o{X"x(0}+2o{(o/j)^(?)^^ 
ie y-component is 

(r)} + So {/* <#> W) + So {p' x (^)} y X (^')} + {{biq) F(q)}, 
nd the ;{-component is 

Xo W} + 2o {>-'#' W} + 2o {•-' x(0} +2o {i'" x(0} +2o 

'he summations symbolised by So are to be taken over all the pairs of i«rticlM whose 
sining Imes cut the plane within C, and are such that X, X^X" are all psitive. It 
s also convenient to assume temporarily that a is positive. w a^ump ion may e 
^gaided as being, not a restriction of generality, but a definition d.scnminatmg between 
^and M, It will be removed presently. 
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NOTE B 


The summations are effected by first counting the lines that have the same defining 
quantities, such as X, fs v, r, and then summing for all the relevant values of these 
quantities. 

The number of lines of type MM' is the number of lattice points M* in a cylinder, of 
height Xr, standing on the part of the plane that is within C\ and this is the quotient of 
the sum of the masses at all these points divided by the mass at one of them, or it is 
^(pS\r)/my where the factor ^ makes its appearance because the mass within the cylinder 
is the sum of the masses, not merely of all the Jf*s in it, but also of all the ^s in it. In 
the same way we can count the lines of the other types. The results are that the jr- and 
^-components of the traction are expressed by the formulae 

(p/m) 6^21 {X»r<#»(r)}+i {X'* / X (0}+i Si {V'V' X (O} + i 

(pirn) S [2i {Xp r ^ (r)} + i 2i [Xp / x (O) + i V' X (^0} + l|(a6/ q) F ((/)], 

where the summations symbolized by 2i refer to the relevant values of such quantities a 
X, p, V, and r, and it is still understo^ that the quantities X, X', X'" arci positive. 

The assemblage of the if *s (and that of the N^b) is like that of the\P*8 in the previou 
theoiy, and thus the restriction to positive X can be removed by multiplying by an 
taking the summation to refer to all directions along which points in the same lattice ar 
met with. To see how the quantities X', p', v\ r' are affected by reversing the signs c 
X', p\ we observe that, if (if, N) and (if', N') are two structure elements, and if" is 
point of the ifdattice such that M bisects then there is also a point iV" of th 

JT-lattice such that N bisects N*N*\ and then MN'* is equal and parallel, but opposite i 
sense, to IfM\ and NM" is equal and parallel, but opposite in sense, to MN\ Thus th 
effect of reversing X', p', v' is to change them into a possible X", p", and to change the i 
belonging to them into the corresiwnding We may therefore remove the restrictioiii 
that X' and X" are positive by condensing the terms containing r' and r" into a single teni 
(in /), allowing X', p', v to take all their possible values in the two combined lattices, am 
multiplying by i. 

As regards the sign of a, if if is on the nearer side and N on the further side of th( 
plane, so that a is positive, the component tractions arising from F(q) art:. 

{a/q) F{q) x (p/2m) Sxa, (blq) F(q) x (p/2m) Sxb, (c/q) F (q) x (p/2m) Sxe. 

But, if if is on the further side and F on the nearer side, so that a is negative, they are 
( - alq)F{q) X (p/2m) Sx(-a\ {-blq)F(q) X {p/2m)S X ( - b), 

{-elq)F{q) x (p/2*n) S%{~e). 

Thus the form of the terms contributed by F{q) to the tractions across the part of the 
plane within C is independent of the sign of a. 

We may accordingly write down the expressions for the components of initial stresw in 
such forms as 

XJ»Mplim)i2 {X*r^(r)}+S *(/)}+ (a*/?) /’(?)], 

r.,m-(p/2«)[J {Xpr ^(r)| +S {X>Vx(rO> + (a6/j)/'(y)J, 
where the sammatians eymbolized by Z refer to all relevant pairs of partiolea. Wheo there 
is DO initial atreaa these expressions vanish, and in what follows this srill be aseumed to be 
the casa 

Kqnilibrinm of « partiolo. 

We oonmder a particle, Jf say. The oonditiona that it may be in equilibrium io the 
initial state are 
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In the same way we may write down the oonditions of equilibrium of a particle the 
forms 

^y'Kin}-(hlq)F(q)^0, S{/'x(0}~ W5r)i^(?)-0, 
but these are not new equations, because all the possible values of X", /*", v", r" are possible 
values of -X\ — r', and conversely. We have thus three equations in addition to 

those expressing the vanishing of the initial stress. 


Changes due to strain. 

We have now to find the changes that are made in the various quantities when the 
body undergoes a small strain, accompanied by a small rotation. Just as in the previous 
theory the strain may be regarded as homogeneous, and the rotation as uniform, through- 
out the portion of the body over which the summations extend. 


To specify the strain and rotation of the body it is convenient to think of the centres of 
mass of the structure elements, that is the middle points of the lines of type ifilT, as 
forming a lattice. If the middle point of MN is denot^ by P, the coordinates of any P in 
the unstressed state are given by such expressions as 


Xo+WiUj 4- 4-^303, ,yo4’^i^i4'%^24'%?>3, 2o4'WjCi4-n2C24'W3C3, 
where yo) -*0 constants which are not altered by the strain or rotation, the nine 
constants ... t <^3 specify the lattice, and tij, ^3 integers specifying the point P 

of the lattice. The coordinates of the M associated with Pare obtained from those of P by 
viding coordinates of the N associated with the same P are 

obtained from those of P by adding ^a, The coordinates of M' are obtained from 

hose of M by substituting Wj', w./, for n^, %, and the coordinates of N' aro obtained 

rom those of N by the same substitution. The effect of the strain and rotation is to re- 
hue the lattice siiecitied by aj , a*, , C3 by a lattice specified by slightly different constants 
+ 5a . . . , uud further to change a, 6, c into a + 5o, 6 + 55, c 5c. So far as the geometry 
\ the ^system is concerned, 5a, 56, 5c are unrestricted, except by the condition that they 
lust be small, but it will appear that they are determined by the conditions of equihbnum 
' a ^larticle. The quantities 5a„ ... are given in terras of the components of strain and 

itation by the fonnulie 

5fl* •« 4- (i - ^») h 4 (i 4 ^v) j'l 

56k»(ic,w4Wi)u*+«FF^*4(iew-®*)Ck,V 2, 3) 


5ct«(4c« - flk4{ic,«4 w,) 

The quantity Xr ie the exoe* of the ;r<ooriinate of JT above that of Jf, and we can 
!refore write down the equation 

5 (Xr)«c«rXf4(4«.v-‘^*^*) 

ess of the jc-coordinate of W* above that of if, or it is ar 

. u the equation ^ ^ 

A fXVWs (XY - «) 4(4«xf- (i^f' - <?)45a, 

♦1, *. Zk in XV bv the Btrain and rotation. Similar formula oau he 

ng the change nroduced m Xr by me sinuu 

ten down for 8 (K). » (^r), 8 {„>'), 8 (.>*)• From the equ^mim 

^-(XrF+0.r)*+(.r)«. ,-=(Xy)*+O.V)*+(r»' 




hen find 



m 

where 


NOTE B 


6 = 6^50 X* + ^ + vX + «ay Xfi, 

+ Byy fJL^ + €„ v'^ 4 - Byg fi!v' + Bgg l/\' + Bjgy V fi! • 

We also have 

qb^sssaBa’^bbb'^cbc, 

Thus the changes in all the quantities that occur have been expressed. It is however con 
venient to modify those of the above formula which contain ^a, Bb, $c by writing 
dia=^+w,6— BTyC, 6i6«sfi6+ar*c- w,a, dic—fic+ar^a-tv® 6. 

Then we have 


B (XV) = (Xy - a) + (/iV - i>) 4- i (*'y - c) - Wg fiY 4- Wy vY 4* 

Bt* ** fi r 4“ X {BiCt — ® ^ c) 4“/* ~ i^flsv ^ ^vv ^ ”” 

4-*^^ (fiiC- j 

qBq^ aB^a i^bBib-^cBic. \ 

Equations of equilibrium of a particle in the strained state. 

We consider the changes due to strain and rotation in the left-hand members of the 
equations of equilibrium of a particle, that is to say in the expressions of the type 


2{VxM}+(«/9)^(9). 

In order that the paiticle may be in equilibrium in the strained state we must have three 
equations of the type 


i 8 (XV)+XV ^ 8r'] + (fi.a- i^.6+®,c)+a «j=0. 


The coefficient of ary in the left-hand member is 


2KxW}+Wy)-^(9)) 

which vanishes by one of the equations of equilibrium in the initial state. In like manner 
the coefficient of ar^ vanishes. Thus the equation becomes linear and homogeneous in 
^«ej ••• > ®*v» similar equations are obtained in the same way, and 

thus we have three equations to determine Sja, 5i6, BxC in terms of tyy, ... , g^y. These 
three equations could be solved so as to express dia, 5i6, as linear functions of 
^aaj results could be written 

d](Z=°a|^4*a2^iw4’*«>4~a«^cy) ^i^**ft^jB*4'...4“36^ay» 


When these expressions for dia, ... are introduced into the set of three equations, these 
equations become identities, holding for all values of the ratios egg leyyi,.,: It is 

therefore most convenient to obtain a set of 18 equations to determine the 18 constants 
oi, ye by equating to zero the coefficients of eggj e^^y in each of the three identities. 
This comes to the same thing as replacing d,a, ... by aieB,4-... , in each of the three 
equations of the type ~ 


2 {« (XV)+/r'w.-vV®,}+XV ^ «r'] 




8g-. 


and equatmg the coefficients of separately to zero. These equations are, of course, 
linear and homogeneous in Sgg , ... , egy, dja, Ji6, and free from ur«, Wy, m*. It may be 
noted that the first expression under the sign of summation in the equation just written 
gives rise to terms 

and these can be replaced by 
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Then by means of an abbreviated notation the 18 equations can be compressed into a 
compass. We shall write 

{ l , m , »)=2 

{I, m, «}=2[X'V'’"i<'“{x'(r')-r'-« ;^(/)}], 

di=a, d^—b, d^^c, 

«r,.=d[2{r'-‘x(r')}+?-‘i?’(?)]+dX ?'+{/, m, n}, 
whore 1 or 0 according as r and * are the same or different, and I, m, n are given by the 
rule that the coefficient of T, is the same as dr}d.Fd^, e.g., for r=*=l, and 

i=2, oi-O, M=0. Then the equations are of two types. The first type is 

(f, m, + ar,«<^« + Ol,rO» + O2,rA + «3,r')'« = 0, 

where r and i separately can take any of the values 1, 2, 3, and (f, m, n) is determined by 
the rule The second type is 

m, ^)+rfr^« + iC?,+2^-i(ar.ii + iO?« + 2 + an«+2<^<» + i)+ai.ra3 + * + «2.r/33 + ,+a3,yy3 + ,=0, 
here again r and 9 separately can take any of the values 1, 2, 3, and now if or «4-2 
\ a suffix of fl? or a is greater than 3 it is to be replaced by its excess above 3. Here again 
, w, n) is determined by the rule drd,^^d,^ 2 ^di^d 2 ^%\ It may be noted that 

«r,*=a«.r- 

Strain-energy-fimction. 

We consider the changes due to strain and rotation in the right-hand members of the 
quations expressing the initial stress, that is to say in such expressions as 

7hich, it will be remembered, vanish in the initial state. We need not attend to the change 
[\ p, because, for example, the contribution of bp to the right-hand member of the above 
quation is (bplp)Xx^^^\ which vanishes. We get at once expressions for the stress com- 
lononts in such forms as 

2[2\^(r)8(Xr) + XV» | 8r+2\'x(/)«(XV)+X'*/* ^ 8r'] 

+ im ^ (d.a-6sr.+cai)+a= ^ 8g]. 

r.- g-t 2 [<#.(r) {X d(Mr)+^d(Xr)}+X;tr* ^ 8r 

+x'(r'){x'8(py)+p'8(xy)}+x>y» 8/] 

+ ^ {a (8,8 -car* +«»,)+ 6 (8,a-8w,+car,)}+a8 ^ *?]' 

and in these we have to substitute the values previously found for §(Xr), ... , It is 
verified immediately that ar*, ®y, tir, disappear from these expressions, so that the stress 
t^omponents JT*,... are linear functions of the strain components c**,..., or we have 
Hooke*8 law. 

It is convenieut to evaluute first the contributions to ... of the variation 8r, which 
is er, and of the term eV' in Sr'. Denoting those contributions by .... we can write 
I'hem down at once in such forms as 

X^W s (p/2i») S [X* r {r </»'(r) - </>(r)} + W {r'x'(0 -x(»'')}]> 
snd can observe that they are entirely similar to the expressions for the stress oom- 
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ponents in the previous theory. If ... were complete expressions for the stress com> 
ponents, we should have, not only a strain-energy-function, but also inevitably Cauchy’s 
relations. 


Let the remaining terms in the expressions for the stress components be denoted by 
... , so that, for example, 

Then it is not difficult to write down the coefficient of any strain component in any of the 
expressions such as XjPK We proceed to verify the conditions for the existence of the 
strain-eneigy-function. These are relations of the four types 

dJQ^^dVfi) 

It will be sufficient to verify one of these, and we choose the second, jthe method for the 
others being precisely similar. We have 


W*) 


= 2 
2m 


|^2X i^(r) i>»r+2X'x(>-’){iO»'»^-6)+ae} 

(-i 5 X'-^a/»'+X'ao+/«'/ 8 (+i<'ye)J 

Hi 


lis) 






ytj - 


0iy») 

d(‘'zx 


q ' • 

: J'- 2 [<^(r),Ar+x(r') ‘X'/9,+/(Xy-a)+/n.} 

+ L [“Wi +6«i) ^ ^ + g y)] • 

In these such terms as 2 |X'x(^)} niay be replaced by such tenns as When 

this is done some tenns cancel identically, and some sets of tenim vanish in virtue of the 
equations such as Ay®)=0, which express the vaninhing of the initial strosa Retaining al] 
the terms that do not disappeiir in this way, and using notation already introduced, we lind 

? fST " 

+a,{(3, 0, 0)+rf,>7’}+/3,{(2, 1, 0)+rf,»dj 7’}+y«{(2. 0, 

-a, {(2, 1, 0)+rf,»<i,7’}-A{(l, 2, 0)Utdt*T} 


The three last lines are 


~r,{(i,i, iHWan 


^ (^i 1 • 1 «i • - «l,8yi) + ^6 (^l <*1, 2 “ ®l.aai “ ~ ^%Yi) 

- ft ( 02, * + J rfj 0*, 1 - Oj. 1 a« - Og, 2 3s ~ <*1, 8 y e) 

” yi (i ft ® 2 . 8 + ift%, 1 " «8. i^e ~®a»»y6)* 

The terms that are quadratic in the coefficients o, 3i y tsancel, and the linear terms’] 
come to 

ft (%,i<*6+®2,ift+^s.iy6)** ift (<*i,*®id*<»i,8ft +®aiyi)* ift(^ui®i‘b®i»*3i+fiH.8yi) 
or 

-ft{{2, 1, 0)-f ft*ftT~|fta|^i— + Jft {(2, 1, 0)-|-ft®ft3r-ftai,*} 

+ift{( 3 ,o,o)+ft*r-ft«f»»i!' 

which is 

-ift(2.1,0)+ift(ftftO)‘ 

Thus the relation in question is verified. 
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It was, of course, really obvious that there must be a strain-energy-function, quadratic 
in the strain components, as soon as it was proved that the stress components are linear 
functions of the strain components. For in a system of attracting and repelling particles, 
when the force between two particles is a function of the distance between them, there 
must be a potential energy function, which depends on these distances only. 

Failure of Cauchy’s relations. 

If Cauchy’s relations were true we should have three additional relations of each of the 

dey„ de^y ’ deyg ^ deyy. 

It will be sufficient to consider the first only. We have 

“ 2w ^ ^7, 1^) (-M'HVas+M'ft+x’Ve)] 

+ in I (5 "•^+ I 3^+ I >*)] 

^ ' ' 4 ^ ^ +X'(>-') {V i (XV' - (// - 6)+V^, +,*'«.} 

+ XVV2 (-iV6-|/i'a + XaG+/^'^6 + *''‘y6)J 

+ 4 [~s~ («^«+K)+a^ Sy {7 + 

As before, certain terms cancel in virtue of the equations of equilibrium of a particle in the 
initial state, and certain sets of terms vanish through the vanishing of the initial stress. 
Retaining all the other terms, we find 

ff'" - ''%***) = 2. 0) 

p \ ) 

+ aj {(3, 0, 0)+rf,'?’}+32{(2, 1, Q)Jrd{^d.,T) + yi ((2, 0, l)+d,%7'i 

-ae{(2, I, Vi)+d,^d^T\-M\, 2, 0)+d,rfj»r} 

-?«!('. 1> ^■^didid^T]. 

The last throe lines are the same as 

02 ~ "”^ 3 , 271 ) 

Aj ( J fl? 1 Us, s 4- i cfa « 1, 2 “ 2 «« - 2 ft "• «3. 2 1 /%) 

“ y« (1 ft 3 + J ft ®3, t - 1 , 3 <*6 «2, 3 ft • ®3, 3 ye)- 

The terms which are quadratic in the coefficients a, y do not now cancel, and the linear 
terms come to 

-rf,{(l, 2, 0)+rf,<i8’7’-«i8<ll.8} + i<^l{(li 2, 0) + rf,oJ8*r-irflll!,8-H“l.*> 

+ |d,{(2, 1, 0)+rf,*rf82’-irf.«I,S-irf8“l,l}. 

-Jrf, (1, 2, 0) + i</8(2, 1, 0)-i{rfi*O3,j+<ij*Oi,i-2rfj<i8«M)- 
There is therefore no necessity for tho expression to vanish, and its vanishing wo^d imply 
some particular configuration of the lattices, or some particular specification of the forces 

Wtween the particles. . , 

It. has thus been proved that Cauchy's relations are not a neoes^y con^uenre ot^e 
structure theory, which represents a crystal by a lattice of pairs f 
ttay be conclud^ that it would not be a necessary consequence of anj structure theory 

the more general type devised by Born. 
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NOTE C 


Applications of the method of moving axes. 


The theory of moving axes may be based on the result obtained in Article 36 . Let a 
figure of invariable form rotate about an axis of which the direction cosines, referred to 
fixed axes, are m, and let it turn through an angle h$ in time ht. At the beginning of 
this interval of time let any point belonging to the figure be at the point of which the co- 
ordinates, referred to the fixed axes, are y, 2 ; then at the end of the interval the same 
point of the figure will have moved to the point of which the coordinates are 


x-\‘{m-ny)B\Vih6---{x-l{lx-{-my’\‘nz)] (l-cosS^), . 

Hence the components of velocity of the moving point at the instant wh 
the point ( a *, y, z) are 


111 it passes through 


d 6 


dB 




. dB dB 




We may localize a vector of magnitude dBjdt in the axis (f, w, n), and specify it by com- 
ponents a)fp, so that <i>x—ldBjdt ^ .... This vector is the angular velocity of the figure. 
The components of the velocity of the moving point which is passing through the point 
{Xy y, z) at the instant t are then 


-y«,4-2(k)y, -Zfi>x’¥X(a,y -Awy+ywx. 

Let a triad of orthogonal axes of {x\ y', 2:'), having its origin at the origin of the fixed 
axes of (jT, y, 2), and such that they can be derived from the axes of (.r, y, 2) by a rotation, 
rotate with the figure; and let the directions of the moving axes at the instant t he 
specified by the scheme of nine direction cosines. 



X 

V 

z 

X* 

h 

nil 


/ 

1, 

mi 


z* 

h 

W »3 



Let BxyB^y ^3 denote the components of the angular velocity of the rotating figure {larali 
to the axes of afy y, so that 

and let a point {x\ y\ z) move so as to be invariably connected with the figure* The c 
ordinates of this point referred to the fixed axes are, at the instant 
and we may equate two expressions for the components of velocity of the |K>int We tin 
obtain three equations of the type 

{lixf 4 In/ 4 ^ 3 /)*= 4-%y^ (wi^i4wjdj4’Ws^3) 

4- 4“ 4 4 4 wis^s)* 

Since the axes of (y, y", z*) can be derived from those of (4?, y, z) by a rotation, we have eu 
equations as 
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oaif 

inde^ncJ^t'f SnLTwe /- ^ being 

diX* _ jt 


dt 

dntx _ 
^ “ 




dn^ 


dt 


IT =^ 2^3 — n,^. 




dt 

dm^ 
W 
dn^ . 

dt 


.( 1 ) 


Now let n, v w be the projections on the fixed axes of any vector, u’, V, vi the projections 
of the same vector on the moving axes at time t. We have such equations as 

(3?w d . f , j , _ 

M ^ di +^3^0 


(S (J< - w'di+u'ds) +«s (~ + i/d.) (2) 

Hence the projections on the moving axes of that vector whose projections on the fixed 
axes are 


are 


du dv dw 
dt^ dt^ dt 

dv! dd dw' 


,.(3) 


We may abandon the condition that the origin of the moving axes coincides with that 
of the fixed axes. The formula (1) are unaltered, and the formulae (2) also are unaltered 
unless w, v, w are the coordinates of a point. Let Xq, be the coordinates of the origin 
of the moving axes referred to the fixed axes, y, z and x\ y' z' those of any moving point 
referrett respectively to the fixed axes and the moving axes. We have such formula} as 

x-Xq-\-Iix'^’L^-\’ 

and therefore 


S ^ -yds+r'dj) +h +^3 -*'52+ydi). 

Let Wq be the projections of the velocity of the origin of (x\ y\ d) on the instantaneous 
positions of the moving axes, then we have 

=?w+ w+w- 

Hence the projections of the velocity of any moving point upon the instantaneous positions 
>f the moving axes are 

-f ^ V ^ ~ -pydi (4) 

These formulje can be utilized for the calculation of difterential coeflScients. Let 
? y, be any imranaetersi and let a triad of orthogonal axes of x\ y\ z be associated 
*’ith any system of values of the parameters, so that, when the parameters are given, the 
►osition of the origin of this triad and the directions of the axes are known. Let the 
miiion of a point relative to the variable axes be supposed to be known ; the coordinates 
’) y, sf of the point are then known functions of a, rf, y, .... Let .r, y, « be the coordinates 
the point referred to fixed axes. Then y, z also are functions of a, ft y, ...» and we 
^iHh to calculate the values of bxida , .... When o, ft y, ... are altered the origin of 
^ftriabie axes undergoes a displacement and the axes undergo a rotation, and we may regard 
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this displaoement and rotation as being effected continuously with certain velocities. Thus 
we have a velocity of the origin and an angular velocity of the triad of axes. This vdocity 
and angular velocity being denoted, as before, by their components t£o^ Vq', and di, ^2) ^3, 
referred to the instantaneous positions of the variable axes, the quantities 14^', di, ... 
are linear functions of dajcUt dfildt ^ ..., and the coefficients of da/dt ^ ... in these functions 
are known functions of a, jS, y, .... Thus we have such equations as 


ox da da , J \ 

0a dt'^^a dt 

[«o' + 1 

fZxf da 3*' 
dt'^dfi dt 

^ ~yd3+«'d2| 

+^ 2 ] 

[<+ 1 

fdj^ ^.^da 
^8a dt da dt 

^ “•2l'di4*^ d3|- 

4-^3 1 

W+i 

1^00 dt da dt 

) -^d2+^'d,j 


We may equate the coefficients o( dal dty d^jdt^ ... on the two sides of thei^ equations, the 
quantities Mq', ..., di, ... being expressed as linear functions of da/dt ^ .... \ 

In like manner, if «, v, w and u\ v\ vf denote the projections of any vector on the fixed 
and variable axes, equations (2) give us formulte for calculating .... \In applications 
of the method it is generally most convenient to take the fixed axes to co\iicide with the 
positions of the variable axes that are determined by particular values a, ft y, ... of the 
parameters, then in equations (2) we may put fi=»/i 2 =*« 3 =l and When this 

is done the values of ow/Sa, ... belonging to these particular values of a, ... are given by 
formulae of the type 


^^ ^d^ Zudy 
3a dt dfi dt Cy dt 




da . 3a' rfd c/y . \ . 


^3a dt c’j3 dt ^ 0y 

The above process has l)een used repeatedly in Chapters XVIII, XXI, XXI Y. As a further 
illustration we take some questions concerning curvilinear orthogonal coordinates. The 
coordinates being a, ft y, the expression for the linear element being 

and the variable axes being the normals to the surfaces, we have 




1 da 
hydt^ 


, 1 da 


1 dy 


To determine the values of dj, d 2 , we have recourse to Dupin’s theorem cited in Article 
19. It follows from this theorem that the tangents drawn on a surface y, at points of its 
intersection with a surface /9, to the curves in which the surface is cut by two neighlwuring 



Pig. 70. 



MOVING AXES 


surfaces of the fiimily a, say o and o+8a, ultimately intersect when St is Himiniahmt in- 
definitely, and the point of ultimate intersection 7 is a centre of principal curvature of the 
surface S. In Fig. 76 the point P is (a, |3, y), is (a+8o, ft y), P, is (a, (i+S0. y), Q is 
(o+8o, ^+«ft y). The length of the arc PPj can be taken to bo Ja/A,, and the 

of the length P,Q above P?, is, to the second order, 83 We may regard the 

tangents to PP, at P and P,Q at P, as intersecting in T, and take the length of PP* to be 

83/Aj. Then the angle PTP\ is - Aj ^ So. Hence the coefficient of daldt in dj is 

" ^ the coefficient of rfftcfe in d, is Aj ^ . We can now 

write down the formulee 

<«) 


and Ai ^3 


The above argument shows that the principal curvatures of the surface y, belonging 
to its lines of intersection with surfaces a and ft are respectively 

We have similar formulae for the principal curvatures of the surfaces a and ft 

Let Z, if, ^ be the direction cosines of a fixed line referred to the normals of the 
surfaces at a particular point (a, ft y), and let Z', N' be the direction cosines of the 
Slime line referred to the variable axes at any point. Then L\ M\ N* are functions of 
a, ft y, but Z, if, N are independent of a, ft y. We may use the formulae (5), and in them 
we may replace 4>, w by Z, if, N and u\ v\ w' by L\ M\ N\ We find 


w - sUy I r.©’ 


I These formulae were used in Article 58. 

To investigate expressions for the components of strain and rotatiwi^ we take {u^v^w) 

I to bo the displacement (w*, Uy\ and («, v, w) to he the displacement referred to fixed 
axes of X, y, t which coincide with the normals to the surfaces a, ft y at the point (a, ft y). 
Then we have, for example, at (o, ft y) 

Btt , ^ ou , . 0a 

Si * da* oy 0^ dy 

I Now using the formulsD (6) and (6) wo have 

0u da du dfi dy dug, da ?»« d$ dy 


Ot R E. Wd)b, Mmengtr af Math., vd. 11 (1882), p. 146. 
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and from these we have 

The formula (36) of Article 20 and (38) of Article 21 can now be written down. 

To investigate the ttrm-eqmtim^ we take the same system of fixed axes, and consider 
the resultants of the tractions on the faces of a curvilinear parallelepiped bounded by 
surfaces a, o+So, ft j8+Jft y, y+3y. (Cf. Fig. 3 in Article 21.) We may take the areas 
ofthefacesa,ftytobeAi, As, ^ 3 , where . 

Aj»3j33y/^2^3, Ski^hyialh^i^ 

The tractions per unit of area across the surface a can be expressed w A., F., ft, or by 
^ ^ ya, and the resultant tractions across the face Aj can be express^ as ft,Ai) 
ft«Ai or as mAi, ^Ai,-^Aj. In tho formuiee(5) J.A], Fa^i, ft, A, can take tbe places 
of tt, V, w, and mAj, 5^ii Similarly AuAs.^F^As, ftjAs can 

take the places of «, v, w, and a^Aj, j^Aj, j^yAs those of a', v', w', and so on. Now the 
equations of motion can be expressed in such forms as 

where the notation is the same as in Article 58. We have tho equations 

* I a +8^ (“''■> f + ^ a 

' i a + 1 a + 1 t 

^ a + 8j f + 4 a 

“ a f I a ^ a ■ 

where dj, dj are given by (6). Equation (19) in Article 58 can be written down at one 
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Additional deflexion^ of beams, 348; of plates, 

484 

Moloiropy^ 105, 149; of inertia, 300; curvi- 
linear, 164; produced by permanent set, 118 
Molotropic solid t Constants and moduluses of, 
106—108, 161 ; propagation of waves in, 18, 
298-300 
AfterstraiUt 116 

AngUf Transmission of stress from an, 211 
Anorthic crystals ^ 158 
Antielastie curvature^ 20, 131, 340, 361 
Applicable surfaces, 499 
Applied Mechanics, Treatises on, 112 ; criticisms 
of some methods used in, 346—348 
Arches, 447 

Average strains, Determination of, 175 
Axes, Principal, of strain, 37,62; of symmetry, 
150; Principal torsion-flexure, of a rod, 382; 
Moving, 628 — 632 

Barriers: see Conmctiviiy, multiple 
Bars: see Beams, Bods^ Torsion 


Bending moment, 329, 359 ; Belation of, to cur* 
vature, 129, 338, 359, 365 
BernoulWEulerian theory, 19, 365, 368, 869 
Beryl, Constants for, 163 
Biharmonic function, 135 
Bipolar coordinates, 273 
Blade: see Stability 

Body forces, 75; Particular integrals for, 183, 
229, 245, 262, 257, 304 
Boiler flues, Collapse of, 674 
Boundary conditions, 100, 134, 167, 228 ; in tor- 
sion problem, 313; in flexure problem, 330, 
332, 343; in plates, 27, 468—463; in shells, 
29, 536, 543; in gravitating sphere, 267; in 
vibrating sphere, 281 ; in vibrating cylinder, 
289, 292 

Bourdon^s gauge, 601 
Brass, Constants for, 13, 105 
Breaking stress, 114 

Bridges, Travelling load on, 26, 441 ; Suspension, 
361 

Buckling, Resistance to, 408. See also Stability 


Barytes, Constants for, 164 
Beam, Molotropic, 162, 344 
Beam, Bent, Curvature of, 131, 140, 338, 359, 
363; Deflexion of, 140, 339 ; Twist produced 
in, by transverse load, 340, 358; Stress pro- 
duced in, by transverse load, 139, 329—333, 
346, 357; Shearing stress in, 139, 331, 341, 
346; Displacement in, 140, 333, 338; Obli- 
quity of cross-sections of, 140, 338 ; Distortion 
of cross-sections of, 340; Strength of, 343; 
Extension produced in, by transverse load, 361, 

364. Bee tdBO Additional deflexion, Beams, Con- 
tinuous, Bending of Beams, Bending moment, 
Bemmlli-Eulerian theory. Neutral plane 
Beams, Continuous, 22, 364 ; Single span, 370- 
873; Several spans, 373—380 
Bdls, Vibrations of, 6, 552 
Bending of Beams, History of theory of, 2, 3, 20, 
21; by couples, 129-131, 162 ; by terminal 
load, 138- 140, 829-346; by uniform load, 
351—861; by distributed load, 366—369; of 
particular forms of section (narrow rectangu- 
1 m, 188, 846, 868; circular, 888, 887, W, 

841, 842, 846, 862; eUiptio, 885, M7, Ml, 

842, 846, 848; reotangnlar, 887, 844, 846; 
ottrer ipeoial forma, !®7 , 840, 846) ; natural y 
curved, 450 


Cannon: see Gun construction 
Cantilever, 21, 367 
Capillarity, 6 
Cartography, 63 
Cast iron, 109, 114, 115 
Cast metals, 97 

Cauchy*8 relations, 14, 100, 163, 617, 620, 627 
Central-line, of prismaUc body or curved rod, 
130 

Chains, Links of, 447 

Circuits, non-evanescible and reconcilable: see 
Connectivity, multiple 
Circular arc: see Arches and Circular ring 
Circular cylinder. Equilibrium of, under any 
forces, 270; strained symmetrically, 276; 
Vibrations of, 18, 287-292. See also Bending 


jf Beams . 

rcutor dUk, Botating, 147; Equilibrium of, 
under forces in its plane, 217—219 ^ 
rculor (>»), under 

272; EquiUbtium of, 402, 

..... JAi . trikemfiAna Af. 4al— 


Ckanped edge, of a plate, 482 
Clta^ end, of a 870 
CoUapee: see SUMUty 
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ColUdonx seeltfijpocf 
CoUmr fringttx bob Lights polarized 
Combined etrain, 848 
Compatibility ^ Conditions of» 49 
Complex variahle: see Conjugate functions 
Compression^ Modulus of, 12, 108, 107, 145 ; of 
a body underpressure, 108, 107, 142, 144, 164, 
176; of a sphere by its own gravitation, 143 ; 
of a body between parallel planes, 175, 277 ; 
Centre of, 187, 806 
Cones^ Equilibrium of, 203 
Conformal transformation: see Corrugate func- 
tions 

Corneal shells ^ thin^ Extensional solution for 
equilibrium of (under symmetrical conditions, 
5^, under lateral forces, 594, under unsym- 
metrical conditions, 601) ; Edge-effect (under 
symmetrical conditions, 591, under lateral 
forces, 595, under unsymmetrical conditions, 
605); of variable thickness, 593; Inezten- 
sional deformation of, 603; Approximately 
inextensional solution, 603 
Conjugate functions, 46, 91, 215, 219, 272, 313, 
329,335 

Corrugate property, of normal functions, 180; 

of harmonic functions, 230, 267 
Connectivity, multiple, 221, 223 
Constants, Elatftc, Controversy concerning, 13 — 
15; Definition of, 99; Magnitude of, 105; 
Thermal variations of, 109; of isotropic bodies, 
102; of crystals, 163; Experimental deter- 
mination of, 13, 104, 145, 163, 492 
Continuing equation, 432 
Coordinates, Curvilinear orthogonal, 51, 56; 
Lamp’s identities for, 52; Strain in terms of, 
53, 58, 631 ; Dilatation and Kotation in terms 
of, 54 ; Second derivatives in terms of first, 57 ; 
Stress-equations in terms of, 89, 167, 632; 
General equations in terms of, 141, 168. See 
also Bipolar coordinates. Conjugate functions. 
Cylindrical coordinates. Elliptic coordinates. 
Polar coordinates 
Copper, Constants for, 105 
Cracks, Diminution of strength on account of, 
278 

Crushing, of metals, 117; of cylindrical test 
pieces, 277 

Crystalline medium: see Mdotropie solid and 
(kystah 

Crystals, Symmetry of, 155 ; Classification of, 
157; Elastici^ of, 14,159; Elastic constants 
of, 168; Neamann's law of physical behaviour 
of, 14, 155 

CMe capacity, of a vessel, 124 
Cubic crystals, 157, 162 
Curt, of a veoKst, 46 
Currents, dbetiic, 225 


Curvature: see Beams, Bods, Plates, Shells, 
Surfaces 

Curve of sines, a limiting case of the elastiea, 8, 
405,406 

Cylindrical body of any form of section. Equi- 
librium ofi under tension, 108 ; under gravity, 
127, 175 ; under fluid pressure, 128 ; in a state 
of plane strain, 273; in a state of stress uni- 
form along its length, 849 ; in a state of stress 
varying uniformly along its length, 351; in 
a state of stress uniform, or varying uniformly, 
over its cross-sections, 475. See also Beams, 
Plane strain, Plane stress, Rods, Plates 
Cylindrical coordinates, 56, 90, 143, 164, 272, 
274, 288 I 

Cylindrical flaw, in twisted shaft, 123, 316 
Cylindrical shells (thick), Equfaibriam of, under 
pressure, 144 \ 

Cylindrical shells (f/itn), Inexteqsional deforma- 
tion of, 505 ; Vibrations of (inextensional, 512, 
547, general theory, 546, extensional, 543) ; 
Extensional solution for equilibrium of (under 
symmetrical conditions, 568, under lateral 
forces, 575, under unsymmetrical conditions, 
580) ; Edge-effect (under symmetrical condi- 
tions, 569, under lateral forces, 576, under 
unsymmetrical conditions, 582) ; under pres- 
sure, 570; Stability of, under pressure, 571— 
575; Bending of, 679; Approximately inex- 
tensional solution, 580 

Dams, Stresses in, 213 
Deflexion : see Beams and Plates 
Dermity, Table of, 105 

Diagrams, of plane stress, 88; Stress-sttain, 
113; unclosed, 120 

Dilatation, Cubical, 41, 61; uniform, 44; 
Average value of, 175; in curvilinear coor- 
dinates, 54 ; Waves of, 18, 293, 297 ; Centre 
of, 187 ; Determination of, 233 
Discontinuity, connected with dislocation, 223; 

Motion of a surface of, 295—299 
Disk : see Circular disk 
Dislocation, Theory of, 221, 225 ; in two-dimen- 
sional system, 221 ; of hollow cylinder with 
parcel fissure, 225; of hollow cylinder with 
radial fissure, 227 

Displacement, 86; effectively determined by 
strain, 50,222; many-vaiued, 221 ; one- valued 
in torsion and flexure of hollow shaft, 820, 
888 

D<«torf<oii,Wavesof,18,298,297,299; of cross 
seotioasof twisted prism, 820; of cross-sections 

of bent beam, 840 
Divergence, of a vector, 46 
Double force, 187, 246, 806 
Dynamical resistance, 26, 128, 481**487» 441 
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Earth, in a state of initial stress, 110, 143, 266 ; 
strained by its own gravitation, 143, 265; 
Stress produced in. by weight of continents, 
259; Ellipticityof figure of, 260; Tidal effeo- 
tive rigidity of, 261; Period of spheroidal 
vibrations of, 286 
Earthquakes, 309 
Ease, State of, 113 

Edge-effect, in thin shells, 549, 656, 570. See 
also Cylindrical shells, thin. Spherical shells, 
thin, Conical shells, thin 
Elastica, 3, 24, 401—405; Stability of, 411, 
421 

Elastic after -working, 116 
Elasticity, defined, 92; Limits of, 113, 115 
Ellipsoid, Solutions of the equations of equili- 
brium in, 248, 264, 267, 273 
Elliptic coordinates, 273 
Elliptic cylinders, Solutions of the equations of 
equilibrium in. 273 ; under torsion, 317 ; under 
flexure, 335; confocal, 319, 336 
Energy, Intrinsic, 93. See also Poteniial Energy 
and Strain -energy-function 
Equilibrium, General equations of, 6—12, 84, 
100, 183, 135, 141, 169, 229 
Equipollent Imds, Elastic equivalence of, 
132 

Existence theorems, 172, 232, 489 
Experimental results, Indirectness of, 96 
Extension, 32, 40, 44, 61 ; of a beam bent by dis- 
tributed load, 361 ; of a plate bent by pressure, 
479—484, 557-564 

Extensional vibrations, of rods, 428, 431 — 440; 
of a circular ring, 453; of plates, 497, 550; 
of shells, 542; of cylindrical shells, 546; of 
spherical shells, 551 
Extensums, Principal, 42, 62 
Extensonuter, 96, 113 

Factors of safety, 122, 123 
Failure: me Rupture 
Fatigue, 119 
Fissure: see Dislocation 
Flaws, Diminution of strength on account of, 
123, 252, 316 

Flexural rigidity, of beam, 869; of rod, 388; of 
plate, 464 
Flexure : see Beams 

^'lexure functions, 882, 835- 388, 343, 853 
flexure proUim, 882 
j see Plasticity 

I see Boiler flues 

1 117 

Fluor spar. Constants for, 168 

of energy, in vibratory motion, 177 
F^urier^g series, 818, 495 
mejlupture 


Frameworks, 28 

Frequencies, Number of, below fixed high limit, 
286 

Frequency, Approximate determination of, 441, 
448 

E'requency equation, 179 
Fresnel* s xoave-surface, 299 
Funicular polygon, 376 

Galileo* 8 problem, 2 

Geophysics, Applications of theory of Elasticity 
to, 263 

Girders: see Beams 
Glass, Constants for, 13, 106 
Graphic representation, of stress, 88; of the 
theory of torsion, 320 ; of the theory of flexure, 
341 ; of the solution of the problem of con- 
tinuous beams, 376 

Gravitation : see Compression and Earth 
Gravity, Effect of, on vibrations of spheres, 286 ; 

on surface waves, 309 
Green*s functions, 231 
Green*s transformation, 85 
Groups, of transformations, 71, 151, 157 
Gun construction, 145 

Hamiltonian principle, 166 
Hardening by overstrain* 116 
Hardness, 16 

Harmonic function, 135, 230 
Harmonics, Spherical, 249; Special solutions of 
the equations of equilibrium in terms of, 250, 
252; General solution of the equations of 
equilibrium in terms of, 263, 276; General 
solution of the equations of vibration in terms 
of, 279; applied to problem of torsion of 
round bar, 326 ; applied to problem of equili- 
brium of thin spherical shell, 589 
Heat : see Thermal effects and Specific heats 
Height, consistent with stability, 425 
Helix: see Rods, thin and Springs 
Hereditary phenomena, 121 
Hertz* s oscillator, Type of waves due to, 306 
Hexagcmal crystals, 158 
Hooke* s law, 2, 8, 12; generalized, 97; excep- 
tions to, 97, 112; follows from molecular 
theory, 620, 625 

Hydrodynamic analogies, to torsion problem. 
314 

Hysteresis, 118; in special sense, 120 

IdenXieal relations, between stiain-componenAs : 

see Compatibility, conditiotis of 
Impact, 16. 198—200; of spheres, 200; longi- 
tudinal. of bars, 25, 437, of metal rods with 
rounded ends, 440 ; InitiaUon of vibratioiis by, 
440 ; transverse, of bars, 441 
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Inccmpresnhle solidt Equilibrium of, 254, 256; 
Vibrations of, 288, 286; Waves on surface of, 
808 

Inexten$UnuU dispUeement, in thin rod, 446 ; in 
thin BheU, 499, 504, 521 
Initial siren, 109, 256, 259, 618, 621 
Integration, Methods of, for equilibrium, 15, 232, 
245, 247, 263 ; for vibratory motion, 179, 300, 
804 

Integro^ifferential equations, 121 
Intermolecular action, 6, 7, 9, 10, 616, 620 
Invariants, of strain, 43, 62, 102; of stress, 83 
Inversion, of plane strain, 215; applied to plate, 
490 

Iron, Constants for, 105 ; Elastic limits for, 116 ; 

Yield-points for, 116. See also Cast iroti 
Isostatic surfaces, 89, 91 
Isotropic solids, 102 
Isotropy, transverse, 160 

Kinematics, of thin rode, 381 — 386, 444 — 447 ; 

of thin shells, 517 — 524 
Kinetic analogue, for naturally straight rod, 399 ; 
for naturally curved rod, 400 ; ioxeUistica, 401; 
for rod bent and twisted by terminal forces and 
couples, 413; for rod subjected to terminal 
couples, 417 

Kinetic moduluses, distinguished from static, 
98 

Lamina, 4 

Lattice, 618 ; of multiple point-elements, 620 
Lead, Constants for, 105 
Length, Standards of, affected by variations of 
atmospheric pressure, Ac,, 124 
Light, polarized. Examination of stress-systems 
by means of, 89, 113, 366, 368 
Limitations of the mathematical theory, 112 
Limits, elastic : see Elasticity, Limits of 
Lines of shearing stress, in torsion, 315, 321 ; in 
flexure, 342 

Lines of stress, 88 ; for two bodies in contact, 
198 ; for force at a point, 201 
Load, 97; Sudden application or reversal of, 
123, 181, 487 ; travelling, 26, 441 
Loading, Effect of repeated, 119; asymmetric, 
of beams, 343; surface, of beams, 363, 866 
Longitudinal vHrations, of rods: see Eaten- 
tional vibrations, of rods 
Longitudinal waves, 7, 11 

Maenseppie, 617 
MagnefmeUf, deflexion bars, 124 
Maitttri Constitation of, 6, 620 
MaamdUU etrns-systm, 84. 87, 186, 616 
Membrane, Analogy of, to twisted shaft, 827; to 
bent beam, $46 


Middle third, Buie of, 86, 212 
Modes of equilibrium, permanent and transitory, 
368 

Modulus, 106, 616. See also Compression, Modu- 
lus of, Rigidity, Young^s modulus 
Molecular hypothesis, 6 — 10 
Momentary stress, 117 
Moments, Theorem of three, 23, 873 
Monoclinic crystals, 158 
Multiconstant theory, 13 

Neutral axis : see Galileo^ s problem 
Neutral plane, 338 
Neutral surface, 361, 364 j 
Nodal surfaces, of vibrating sphere, 284 
Normal forces. Bod bent by, 423 
Normal functions, of vibrating system, 179 
Normal integrals, ot linear differential equations, 
600 \ 

Notation, 614 \ 

Nuclei of strain, 186, 201, 208, 306; Solution of 
the problem of the plane in terms of, 240, 243 

Oblique crystals, 158 

Optics, Influence of theories of, in promoting 
research in Elasticity, 7, 8, 11, 30 
Orthogonal surfaces, 51 

Pendulum, Analogy to elastica, 401 
Perturbations, local, 189 
Photo-elasticity : see Light, polarized 
Piezo-electricity, 149 
Piezometer, 97, 145, 166 
Plane, Proldem of the, 15, 191—193, 203. 237>- 
245 

Plane strain, 45, 137 ; Displacement accompany- 
ing, 204 ; Transformation of, 214 
Plane stress, 82, 137 ; Displacement accompany- 
ing, 206; in plate, 467 

Plane stress, Generalized, 138, 207; in bent 
beam, 138, 363; in plate, 471 
Planes, Principal, of s trees, 81 
Plasticity, 116 

Plate, bent by couples, 132 ; under forces parallel 
to its faces, 208, 467 ; general theory of slresii 
In" a, 465-— 458 ; boundaiy conditions for, 
458 — 468 ; flexural rigidity of, 464 ; theory of 
moderately thick, 465—487; additional de- 
flexion of, 484; approximate theory of thin, 
487—489, 530; strength of, 489; vibrations 
of,496— 498; 8tobilityof,527,528; extension 
of, under pressure, 482, 557 ; bent to oylin* 
dricftl fom, deflexion of oompve^ 

with thickness, 489, 562, 564 
Plates^ of special forms: Circular {moderaUiy 
thick), loaded at centre, 475 ; bent by presrore, 
481, 4lBd; of vanable thickness, 487; 
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loaded symmetrically, 489 ; vibrations of, 496 
Elliptic, bent by pressure, 484, 486 ; vibrations 
of, 496. Rectangular, under pressure, 487, 
491—496; in form of long strip, 669—664! 
Semi-eiliptic, 496. With ntraight edge, 491 
Plates, History of theory of, 6, 27—29 
Poisson's ratio, 13, 103, 107 
Polar coordinates,^^, 91, 141, 164, 201, 272, 286, 
507 

Potassium chloride, Constants for, 163 
Potential, Newtonian, Theory of, 172, 230 
Potential energy, of strained body, Minimum, 
171 ; Theorem concerning, 173 
Potentials, direct, inverse logarithmic, 192, 193 
Pressure, 16; hydrostatic, 81; does not produce 
rupture, 122 ; between bodies in contact, 193— 
198. See also Compression 
Prism, Torsion of : see Torsion 
Prismatic crystals, 158 
Punching, of metals, 117 
Pyrites, Constants for, 163 

Quadratic differential forms, 49, 50, 52 
Quadric surfaces, representing distributions of 
strain, 36, 41, 62, 63, 67; representing distri- 
butions of stress, 81, 83 
Quartz , Constants for, 163 

Radial displacement, 142, 144, 164 
Radial vibrations, of sphere, 2B5; of spherical 
shell, 286; of cylindrical shell, 546 
Rari-constant theory, 13 
Rayleigh-waves, 309 
Rays, equivalent, 149, 156 
Reality, of the roots of the frequency equation, 
180 

Reciprocal strain-ellipsoid, 37, 62 
Reciprocal theorem, Betti’s, 16, 173, 233, 235, 
245 

Refraction double, due to stress, 89; due to un- 
equal heating, 109 
Resilience, 173 

Aeittitution, Coefficient of, 25, 440 
Rhomhie crystals, 158 
Rhomhohedral crystals, 158 
Rigid-body displacement, superposable upon dis- 
1 placement determined by strain, 50; or by 
stress, 169 

Rigidity, 104, 107. See also Flexural rigidity, 
Tidal effective rigidity. Torsional rigidity 
Ring : see Circular ring 
Rock-salt, Constants for, 163 
1 naturaUy curved, Approximate theory of, 
396, 444 ; Problems concerning, 400, 421, 424, 
W— 460; vibrations of, 461—454 

thin, KmemaHos of, 381; Equations of 
equilibrium of, 886 ; Strain in, 889 ; Approxh 


mate theory of, 392 ; slightly deformed, 895 ; 
Problems of equilibrium concerning, 399--~426; 
Vibrations of, 427—481; of variable section, 
426, 442; l?roblems of dynamical resistance 
concerning, 431 — 443 

Rotation, of a figure, 69; Strain produced in a 
cylinder by, 146; Centre of, *187, 306; Strain 
produced in a sphere by, 254, 260 
Rotation, Components of, 38, 73; referred to 
curvilinear coordinates, 56, 58; Determination 
of, 236, 244 

Rotationally elastic medium, 169 
Rupture, Hypotheses concerning conditions of, 
121 

Safety', see Factors of safety and Rupture 
Safety, Curve of, in plate under pressure, 561 
Saint- VenanVs principle, 131 
Scope of the mathematical theory, 123 
Screw-propeller shafts, 122 
Secondary elements of strain, 59 
Semi-inverse method, 19 
Set, 113 

Shafts: see Rotation, Torsion, Whirling 
Shear, Pure, 33; Simple, 33, 70, 71; Used by 
Kelvin and Tait to denote a strain, 615; by 
Eankine to denote a stress, 615 
Shearing strain, 45 

Shearbuj stress, 81 ; Cone of, 84. See also Beams 
and Lines of shearing stress 
Shells, thin, Inextensional displacement of, 499 
—514; General theory of, 29, 615—537; Vi- 
brations of, 512 — 514, 638 — 552 ; Equilibrium 
of, 534 — 537, 564 — e567. See also Cylindrical 
shells, thin, Conical shells, thin. Spherical 
shells, thin, and Torsion 
Simple solutions, 185, 190 
Sound watm, 95 

Sphere, Equilibrium of, 15, 249 ; under radial 
force, 143 ; with radial surface displacement, 
251 *, under radial surface traction, 251 ; twist* 
ed, 252; subjected to body force, 262, 257; 
gravitating incompre8sible,255— 259; rotating, 
254—260; with given surface displacement, 
265 ; with given surface tractions, 267 ; Vibra- 
tions of, 278 — 286 

Spherical cavity in infinite solid, 252, 265 
Spherical shell. Equilibrium of, under pressure, 
142, 164; Vibrations of, 286 
Spherical shells, thin, Inextensional deformation 
of, 507; Inextensional vibrations of, 518; 
Extensional and other vibrations of, 549; 
Extensional solution for equilibrium, 588; 
Approximately inextensional solution, 586; 
Edge-effect, 586, 590 
Spheroidal vihraHons, 286 
Springt 28, 416 
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Stability, (General criteria, S0| 99, 409 ; Strength 
deimndent on, 124; ol strut, 3, 406—409; 
Soothweirs method for, 410, 638, 671; of 
ekutica, 411, 421 ; of rod snbjeoted to twisting 
couple and thrust, 417 ; of ^t blade bent in 
its plane, 426 ; of ring underpressure, 24, 430; 
Height consistent with, 419 ; of rotating shaft, 
442 ; of plate under thrust, 638 ; of tube under 
pressure, 671 

Statical method^ of determining frequencies, 441 

Steel, Constants for, 105; Elastic limits and 
yield-points for, 116 

Strain, Cauohy*s theory of, 8 ; Examples of, 32 ; 
Homogeneous, 36, 66—73 ; determined by dis- 
placement, 39 ; Components of, 39, 61 ; Trans- 
formation of, 42; Invariants of, 43, 44, 62; 
Types of, 44, 46 ; Resolution of, into dilatation 
and distortion, 47 ; Identical relations between 
components of, 48 ; Displacement effectively 
determined by, 60, 222; referred to curvilinear 
orthogonal coordinates, 54, 58, 631; General 
theory of, 59 — 66 ; Composition of finite homo- 
geneous, 71; Appropriated by Rankine to de- 
note relative displacement, 614 

Strain-ellipeoid, 37, 64 

Strain^eMrgy ’function. Introduction of, 11; 
Existence of, 12, 94, 820, 625, 627; Form of, 
98; in isotropic solids (by Hooke’s law), 102, 
(by transformation), 155; in asolotropic solids, 
100; in crystals, 159; in bodies with various 
types of ffiolotropy, 160 ; Generalization of, 99 

Strength, ultimate, 114 

Streee, Cauchy’s theory of, 8; Notion of, 75, 
616; Specification of, 77; Measure of, 79; 
Transformation of, 80; Types of, 81; Reso- 
lution of, into mean tension and shearing 
stress, 83 ; uniform and uniformly varying, 86, 
100, 103, 126; Graphic representation of, 88; 
Lines of, 88; Methods of determining, 100; 
Direct determination of, 17, 135, 137, 465 ; 
Appropriated by Rankine to denote internal 
action, 614; Definition of, in a system of par- 
ticles, 617 

Stmi-Ufferencei see Rupture 

Strm^uatioM, 84 ; referred to curvilinear co^ 
ordinates, 89, 168, 632 

Strm-fmetiaM, 17, 87, 136, 204—207, 274- 

277 

Strete-raultantB and $tre$$-couple$, in rod, 386; 
in plate, 28, 466; in shell, 628 

StfdthUrain relationt, deduced from Hooke’s 
law, 97— 99; in isotropic solids, 102—104; in 
nolotroidc a^s, 106 ; deduced from structure 
ilie<»y {Caa<diy), 620, (Bom), 626 

Strueiute,oimeUd», 112; of crystalline materials, 

618,620 

Structure theory, 617 


Strut : see Stability 
Supported edge, of a plate, 462 
Supported end, of a rod, 370 
Surface of revolution. Equilibrium of solid 
bounded by, 274 ; as middle surface of shell, 
665 

Surface tractiom, 76 
Surfaces. Curvature of, 600, 613 
Suspension bridges, 361 
Symbolic notations, 299, 616, 626 
Symmetry, geometrical, 149 ; alternating, 160 ; 
elastic, 161 ; of crystals, 166 ; Types of, 160 

Tangential traction, 79, 83 j 
Tenacity, 114 I 

Tension, 76 ; Mean, 83 \ 

Terminology, 614 \ 

Testing machines, 113 \ 

Tetragonal crystals, 168 
Thermal effects, 95, 108 \ 

Thermodynamics^ Application of, 93, 96 
Thermo-elastic equations, 108 
Tidal deformation, of solid sphere, 261 
Tidal effective rigidity, of the Earth, 262 
Tides, fortnightly. Dynamical theory of, 262 
Time-effects, 116 
Topaz, Constants for, 164 
Tore, incomplete, Torsion and flexure of, 444 
Torsion, History of theory of, 3,19; of a bar of 
circular section, 128; of a sphere, 252; of 
prisms of isotropic material, 310 — 324; of 
prisms of solotropic material, 324 ; of prisms 
of special forms of section, 317 — 320; Stress 
and strain that accompany, 44, 810, 315; 
Strength to resist, 316 ; of bar of varying cir- 
cular section, 325— -327 ; Distribution of ter- 
minal force producing, 327; of a thin shell, 
567 

Torsion function, 312 
Torsion problem, 311 

Torsional couple, in rod, 386 ; in plate, 455 ; in 
shell, 528 

Torsional rigidity, 312 ; Calculation of, 322 
Torsional vibrations, of a sphere, 285; of n 
cylinder, 288; of a rod, 429; of a circulai 
ring, 453 

Tortuosity, of central-line of rod, 381, 397, 414i 
444, 447 

Traction, 75 ; used by Pearson in sense of ten- 
sion, 616 

Transmission of force, 16, 183, 211. See also 
Plane, Problem of the 
Trees, 426 

Triclinic crystals, 168 
TvJbes : see Cylindrical shells 
Twinmng, of eiystals, 163 
Tmst, ol a rod, 881, 382, 446 



matters treated 


Typical ftexural itrain, of thin shell, 602 

Vniquemn of solution, for equiUbrium, 170 ; for 
vibmtions, 176; exceptions to, 80, 409 

VarUuionaleqmtim, 166; Difficulty of forminir 
for thin shell, 582 
Variatimva, Calculm of, 172, 493 
Vibratiom, General theory of, 178—181 
Viscosity, 117 

Watch-spring, 119, 556 

Waves, in isotropic solid, 11, 18, 293—297, 300, 
304; in aeolotropic solid, 18; 298-300; in 
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inftnite,cylinder, 288-292; due to variable 
forces, 304—307; due to forces of damped 
harmonic type, 306; over surface of solid, 
307—309 ; in plate, 309 
Wave-surfaces, 299 
Wedffe, Pressure on faces of, 212 
Whirling, of shafts, 442 
Winding ropes, in mines, 437 
Uork, done by external forces, 93 

Yield-point, 114 

Youngh modulus, 4 ; in isotropic solids, 103 ; 
magnitude of, 105; in aeolotropic solids, 107, 
161 ; Quartic surface for, 108, 162 
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21068-5, 21069-3 Two volumes, Paperbound $8.00 

Harpsichord Music, Johann Sebastian Bach. Bach Gesellschaft edition. A rich 
selection of Bach’s masterpieces for the harpsichord: the six English Suites, six 
French Suites, the six Partitas (Clavierubung part I), the Goldberg Variations 
(Qavlenibung part IV), the fifteen Two-Part Inventions and the fifteen Three-Part 
Sinfonias. Qearly reproduced on large sheets with ample margins; eminently play- 
able. vi + 312pp. 8% X 11. 22360-4 Paperbound $5.00 

The Music of Bach: An Introduction, Charles Sanford Terry. A fine, non- 
technical introduction to Bach’s music, both instrumental and vocal. Covers organ 
music, chamber music, passion music, other types. Analy 2 es themes, developments, 
innovations, x + Il4pp. 21075-8 Paperbound $1.25 

Beethoven and His Nine Symphonies, Sir George Grove. Noted British musi- 
cologist provides best history, analysis, commentary on symphonies. Very thorough, 
rigorously accurate; necessary to both advanced student and amateur music lover. 
436 musical passages, vii 20334-4 Paperbound $2.25 



CATALOGUE OP DOVER BOOKS 


Introduction to Astrophysics: The Stars, Jean Dufay. Best guide to ob- 
servational astrophysics in English. Bridges the gap between elementary populariza^ . 
tioni and advanced technical monographs. Covers stellar photometry, stellar spectra 
and classification, Hertzsprung-Russell diagrams, Yerkes 2>dimensional classifica- 
tion, temperatures, diameters, masses and densities, evolution of the stars. Trans- 
lated by Owen Gingerich. 51 figures, 11 tables, xii l64pp. 

(USCO) 60771-2 Paperbound <2.00 

Introduction to Bessel Functions, Frank Bowman. Full, clear introduction to 
properties and applications of Bessel functions. Covers Bessel functions of zero 
order, of any order; definite integrals; asymptotic expansions; Bessel’s solution to 
Kepler’s problem; circular membranes; etc. Math above calculus and fundamentals 
of differential equations developed within text. 636 problems. 28 figures, x + 
1 35 pp. 60462-4 Paperbound $1.75 

Differential and Integral Calculus, Philip Franklin. A full and basic intro- 
duction, textbook for a two- or three-semester course, or self-study. Covers para- 
metric functions, force components in polar coordinates, Duhamel’s theorem, 
methods and applications of integration, infinite series, Taylor’s series, vectors and 
surfaces in space, etc. Exercises follow each chapter with full solutions at back 
of the book. Index, xi -f 679pp. 62520-6 Paperbound $4.00 


The Exact Sciences in Antiquity, O. Neugebauer. Modern overview chiefly 
of mathematics and astronomy as developed by the Egyptians and Babylonians. 
Reveals startling advancement of Babylonian mathematics (tables for numerical 
computations, quadratic equations with two unknowns, implications that l^th^ 
Korean theorem was known 1000 years before Pythagoras), and sophisticate 
astronomy based on competent mathematics. Also covers transmission of this 

knowledge to Hellenistic world. 14 plates, 52 figures, xvii -f 240pp. 

22332-9 Paperbound $2.50 


The Thirteen Books of Euclid’s Elements, translated with introduction md 
commentary by Sir Thomas Heath. Unabridged republication of definitive edition 
based on the text of Heiberg. Translator’s notes discuss textual and hngmstic 
Liters, mathematical analysis, 2500 years of critical commenta^ on the Elements. 
Do not confuse with abridged school editions. Total of xvn 4- I4l4pp. 

60088-2, 60089-0. 60090-4 Three volumes, Paperbound $8.50 

Whitehead systems. 367pp. ^ 


Prices subject to change without notice. 

Avalia,!. « you, hoci ZT'Div.JTui.lSis'Si 

music, art, literary history, social sciences and other areas. 



